This is a contradiction HenceV .(x) isa neighbourhood of x. ThusX isafirst countable gace
Since, aquasi-base isaK -network, from Theoram A (iii), weknow that X isalL asnev pace, 0
X ismetrizable

Corrllary 2 4 If X hasa 0CF quasi-base, then the follav ing statements are equivalent:

(i)X ismetrizable

(i)X isal asmev Pace

(iii)X isa Fr’ échet pace

(iv)X isak'-gpace
Remark It isknow n that if ak-gace hasa 0-CF base, then it ismetrizable So, a question may
be raised: If a k-gpace has a -CF quasi-base, is it metrizable? T he question is interesting since
w e have already know n the relation: k'+ (0*CF quasi-base) ©k+ (0-CF base). However, is this
balance relation essential?
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Abstract In thispaper, somepropertiesof the hypergpacesof noranpty compact subsets
of somel amev Paces are discussed and am istake in [6] is corrected
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Q Introduction

In [6] T.M izokaniw anted to show that there existsacountabIeLa‘énev gace X such that
its hyperspace K (X ) of compact subsets is not stratifiable pace How ever, in the proof given
by T. M izokani there is a critical mistake, hence thisproblem is still unolved

In Section 1wew ill construct alL asev gacew hich is different from that given by T. M i-
zokani and prove that its hypergpace of compact subsets is not stratifiable

In Section 2, aproperty of L asev gacew ith o-oompact finite close K -network is character-
ized, and an exanple isgiven to show that there existsalL agev gacew hich hasno g-compact fi-
nite closed K -network and its hypergace isM o pace

Finally, we prove that a k'-gacew hich has a ¢*CF quasi-base ismetrizable gpace

Every gace in thispaper isassumed to be regular Hausdorff pace L et wdenote the set of
all positive integers and w the first uncountable order number. O ther notations in general topolo-
gy are referred to [2]. The extent of pace X isdenoted by e(X). The symbolQ denotes the set
of rational numbers

Let K (X) denote the hypergace of nonempty compact subsetsof X w ith finite topology.
F x) (CK (X)) isthe paceof finite subsetsof X. O ther relative notions and notations of hy-
persace can be found in [5].

1 An Example

— Theclosed continuous image of metrizable gpace is called L amev gpace M 2(orM s) ace is
* Received Dec 3, 1994
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called stratifiable gpace The problan that w hether the hypergpace of alL asev gace is stratifi-
able is still open ([6], [8], [7]).

Renark 1 In [6], T.M izokamiw ants to show that there isalL agev gace X such that K (X)
is not stratifiable (example 2 1). U nfortunately, hisproof hasa critical mistakew hich can not be
made up. How ever, M izokami's idea still greatly ingired us

Example 1 1 There exists a countable L asnev gace X such that K (X)) is not stratifiable
gace

(i) The construction of X. L et S be the set of irrational numbers in crosed interval [0, 1]; D
be a countable dense subsetsof S; N o= {0} {1/n:n «}.

LetX'=DXNo Sx{0}CR% X=X'/5x {0} isthe quotient pace obtained by identifying
Sx {0} to apoint f:X'-X denotes the quotient mapping and p= f (Sx {0}). Obviously f isa
closed mapping, hence X isal asev face
Renark 2 The gpace X in [6] is constructed as follow s

X'={x Q:0=< x=<1landx#z 1/n(h wW}x (0} {1/nin });

A={(x,0): (x,0) X'};

X=X"/A,p=1fQA);

N= (1/(k+ 1), /&) [0,1/k]ln X' N'=  « &Nk

N=fN"), where (1/(k+ 1), 1/k) isopen interval

For comparison, in the follow ing most of the notations are adopted from [6], but somew ill
be regulated

(ii) The proof that K (X ) is not stratifiable gpace Suppose that K (X)) is stratifiable
gace, then there exists a CP closed neighbourhood base Bof {p} in K (X) ([1]Lenma 7 3).
For each B BdenoteO®)= {F F (X);p F B}, itiseasy to know thato B)= {0 (®);
B B} isaneighbourhood base of p in X. Other notations are as follow s

Foreveryd D,

'a(d) = ({d} x (0,2/n]) n X', 1a(d) = f[1'a(d) ];
forxi 1(d) (i< n) wherei(d)=11(d)),
B(x1, ,xn) = {BA B {p,x1, ,Xn} IntBA};

for ri,,r2 Qn [0, 1], ri< ry

S'(ri,r2) = {(a,b) X':ri< a< ra}= ((r, r2) X No) n X';

S(r1, r2) = f[S' (ry, r2) |; A

0B)/S(r,r2) = {OB) n S(ri, r2):B Bl
Firstly, wew ill prove the follow ing basic fact If B'C B, and O (B') restricted in S (r1, r2) isa
neighbourhood baseof p in S (rs, r2), thenforeveryd D n (r1, r2), every B, B2 (r1,r2) n Q (B
< B) andn « thereexistx 1.(d) and wo rational numbersou, e (B, f2) such that O (B'
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(x)) /S (o, 0e) is a neighbourhood base of p in S (o, ov).

If othenw ise, then thereexistd D N (ri, r2), B, 2 (r1,r2) n Q, forevery xi 1(d) and o,
o1 (B, BAz) N Q (i< o+ 1) . _there exists a neighbourhood Vi of p in'S (o4, 06+ 1) such that S (o,
o+1)N OB)ZViforeveryB B (xi). Sincel (d) isa oountable set denote | (d) = {x:i w}
Take a strictly increasing rational number sequence {¢}i « such that cu= fi, Im &= S For each
xiand o, 0+ 1, takeVias above narration LetV= i &, thenV isa neighbourhood of p inS
(B, ). SinceO (B') /5 (B, B2) isald aneighbourhood baseof p in'S (B, B2) and onew ill easily
know that

0(B) = 0(BKx)),

o there existsj wand BA B'(x;) such that

0B)n S(B, B)CV, therefore0 B) n S(x,0+1) CVj, thisisa contradiction

Let {bi}i »denote the set of rational num bers in (0, 1). Applying above proved facts, we
take inductively countablemany elementsB.(n «) in B and apoint sequence {xn}n

(i)Choosed: D. Wetakex: |(di) and rational nunber cu< S such that O (B(x1)) /5 (o,
o) is a neighbourhood base of p in S (o4, f1) and S (o4, o).

Taked2 DN (o, ﬁl) ,xz2  12(d2), oe, ﬁz (ou, Bl) N Q such that S (0w, Bz) and O (B(x1,
x2)) /5 (0, B2) is a neighbourhood base of p in S (ce, f52). A

Since O (B(x1)) /5 (x, ) is a neighbourhood base of p in'S (o, B1), chooseB: B(x1) such
that x2¥0 (B 1). X

(i)Forn=1, assume thatdn D N (e 1, B 1), Xn  Ta(dn), 00, B (O 1, Br-1) N Q, B2
B(x1, ,xn 1) have been chosen and satisfy:

(1) o (B(x1, ,xn))/S(on, ) isa neighbourhood base of p in'S (oh, Bv);

(2) & (on, Br);

(3) xaSO B 1).

Then choosedm 1 D N (0, Bo), xne1  Tne1(dne1), Oue 1, Brr (0w, ) N Q such that b 1S
(e 1, Brv 1) and O B (x1, , xne1)) /S (0 1, B 1) is & neighbourhood base of p in S (0ks 1, B 1).
By inductive assumptionw e can chooseB» B(xi, ,xn) and xn 1€0 B).

A s abovew e take inductively {Bi}i o, {xi}i wand interval fanily { (cu, B2) }n o satisfying:

(@ lmow=ImpB=y S, andinX'lim xi= (y,0) X', then in X Im xi= p.

(b) {x1, ,xn,p} B, but{p} {xi}i «&Bn, thisisdue to x 150 Bn).

So the compact set F= {p} {xi}i «& « Bn Take arbitrarily a neighbourhood V1,
Vm of F in K (X), whereViisan open subset of X. It is regdily to verify that there exists k
such that {x1, ,x«&, p} Vi, ,Va, then Vi, ,Vm NnB«# Q@ HenceF CL ( n «Bn).
Howover, B isaCP closed neighbourhood base, this isa contradiction

Renark 3 There are omemigrintsin [6], but the key fault is that the set N is regarded as
a neighbourhood of {p} in K (X). In fact, N isnot even a neighbourhood of p in X. In addi-
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tion, if the concrete construction of neighbourhood base of p is not given defintely, the results
that the neighbourhood baseof {p} isnot CP family can hardly beproved M oreover, even if K
(X) of Example 2 1in [6] isnotM = pace, theproofwill also bemore difficult than that in this

paper.

2 K-network, CF quasi-base and Lasiev space

Let U beafanily of subsetsof X. W ecall |J compact-finite if {U:U |J,un Fz & isfi-
niteforeach F K (X); | isaK-network of X if for each K K (X) and every open setV D
K there exists a finite family [JoCu such that K C |JoCV; |J isCF family if J/K isfinite
family for every K K (X); U isa quasi-base of X if for every open subsetV of X and every
pointx V, thereexistsUu [|J such thatx IntuCuU CV.

It is know n that compact-finite fanily must be CF family.

The follow ing results arew ell-know n

Theorem A For a space X the follov ing are equivalent:

(1) X isalL asnev Pace

(2) X isa Fréchet pace and has a g-canpact f inite K -netw ork

(3) X isa Fréchet pace and has a 0-CF K -new ork

From (2), it isnatural to ask thatw hether every L agev gace has a o-compact-finite closed
K -network'®. Y. Ge and C L iu have proved that aL avsnev gace has a g-oompact-finite closed K -
network if and only if it isaN gace® .
of the crcompact-finite closed K -network of any L asev Pace

Here, we give a necessary condition for the existence

Theorem 2 1X isa gace and has a o~canpct-f inite closed K -netw ork. For every metrizable space
M, if thereexistsa continuous closed mapping f:M —X, then for every x X, the inequality e(f " *
[x]nCL M X" *[x])) =N oholds

Theproof isdirected and © isomitted

In [6], T. M izokami proved that if aL asev gace X has a o-compact-finite closed K -net-
work, then K (X) isparacompact o ace

The follow ing exanple show s that this condition is not necessary.

Example 2 2 There existsal asnev gace X w hich has no o-compact-finite closed K -network
and K (X) isM o ace

A ace iscalledM o gace if it has a 0CP base consisting of clopen sets

(1) Theconstruction of X. DenoteM = ®{M « o< (w1}, whereM «= {xf:n «} {xa} ishome-
omorphic copy of N o= {0} {1/n:n «}, where x&is the unique accumulation point of M « let A
= {x& o< w},X=M /A is the quotient ace obtained by identifying A to apoint Letf:M —X
be the quotientmapping and p=f (A). Sincee(f *(p)nCL M " *(p)))=N 1, from theorem 2
lor [3], X hasno o-compact-finite closed K -network

(2) The proof that K (X) isM o pace W e still denote f (xi) = xi'(i< @); X«= {xi: i< k, o<
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w}; U)={u:p U; for each o< w there existsk wsuch thatU n l.«= la}, where o= f
[M o], 1a= {x% i=k}. Obviously |J (P) is a clopen neighbourhood base of p. Define F «= F
(Xi); foreach F= {x1, ,xa} F (X Np}), andu | (p) withun F= § we denote F =
{x1, ,xa} andU (F)= U,{xi}, ,{xn}

Uk= {UA(F)ZF FoU U@ andu n Xe= &, {H«= FE {F

To beginwithnotethat { « oH«t { « «|J«} isatopology baseof K (X). LetE  Vy,

,Vm ; whereVi, ,Vmareopen subsetsof X. It sufficesto consider the situationwhere E isa

infinite compact subset Since p is the unique accumulation point in X, p E, without loss of

generality assumep N {Vi i< ko} and p§ {Viko< i< m}, takeV |J(p) andV Cn Vi,

then E VW isfinite Takeai EN Vi i(i< m- ko), A= {a: i< m- ko}, there existsn such that

XD (E'W) A. DenoteF= (Vn En X») A (EX) andU=V X» SinceVn En Xnisfi-
nite, it iseasy to seethatE U (F) UnandU (F)C Vi, ,Vm.

One can readily check that H « isa CP family. Now, we show that |J« isa CP fanily for
eachk w LetJ'cUx EE | SinceE iscompact En XvandA={x En (I8 “p})# 8
are finite sets DenoteA = {&}i<n Foreach o A, takemi=min{j:x{ En (I& "p}H}; Fo=
(En X« (x#:i< n}; V=X Ko W ithout lossof generality, assume that [E [=No Thenv
(Fo) is aneighbourhood of E in K (X). ForanyU (F) Uk ifK U (F)nV (Fo)# § thenE
N X«= Kn Xie= F, and {xn}i=nCKN (X X)CU, DEN (X X CU, thusé U (F). Since
ES U' . wehaveV (Fo)n ( |J')= 8 hence |J' isclosed Thiscompletes the proof.

In [6], T.M izodami gave an exanple to show that there existsalL asev gacew ithout 0-CF
guasi-base and raised the question; “ W hich kindsof spaces have a -CF quasi-base?” T he follow -
ing results characterize completely those k'-gace (thus Fréchet spaces and L avsnev paces) w hich
have such a base

Theoram 2 3 k'-gpacew ith 0-CF quasi-base ismetrizable space

Proof Let B= {B.n «} beaquasi-baseof k'-gpace X, where B, isCF fanily. For each x
X, denote B.(x)={B Bu:x InB}; Va(x)= n B:.(x). Since B is a quasi-base, for every U
oontaining x there existsn w such thatV.(x) CU. W eprove thatV.(x) is a neighbourhood of
x. If not, thenx CL (X Wn(x)). SinceX isk'-space, there existsacompact subset F such that
x CL (X Mn(x))n F)CF. Denote the compact subset CL (Fn (X Wa(x))=H. {BNn H:B
B.(x)} isafinite family. LetBi B.(x) (i< m) such that {Bin H:i<m}={Bn H:B B
(x)}. Then
(iQmBi)nH:n{BnH:B Bi(x)} = Va(x) n H.

HNNB) = HMa(x) D X Ma(x)) n F.

Sincex IntB (i< m) and n i= B is a neighbourhood of x,
x € CL(HN0B) DCL(Fn (XMa(x))
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