
T h is is a con trad ict ion. H ence V n (x ) is a neighbou rhood of x. T hu s X is a first coun tab le space.

Since, a quasi2base is a K 2netw o rk, from T heo rem A (iii) , w e know tha t X is a L a snev space, so

X is m etrizab le.

Corrllary 2. 4　If X has a Ρ2CF quasi2base, then the f ollow ing sta tem en ts a re equ iva len t:

( i)X is m etriz able.

( ii)X is a L a snev sp ace.

( iii)X is a F r’échet sp ace.

( iv )X is a k′2sp ace.

Remark　 It is know n tha t if a k2space has a Ρ2CF base, then it is m etrizab le. So , a quest ion m ay

be ra ised: If a k2space has a Ρ2CF quasi2base, is it m etrizab le? T he quest ion is in terest ing since

w e have a lready know n the rela t ion: k′+ (Ρ2CF quasi2base) α] k+ (Ρ2CF base). How ever, is th is

ba lance rela t ion essen t ia l?
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关于La snev空间的超空间
谢　琳

(辽宁师范大学数学系, 大连 116029)

刘　勇
(大连铁道学院, 大连 116022)

摘 要

讨论了L a snev 空间的超空间的某些性质. 文中构造一反例,证明存在可数L a snev 空间,其紧

子集超空间不是层型空间. 并指出文[6 ]中关于上述结果的证明中有一关键性失误,故[6 ]中的反例

尚不能说明上述结论成立. 本文还对具有 Ρ2CF 拟基的 k′空间给出一个刻画定理.
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On Hyperspace of La snev Space
Ξ

X ie L in
(D ep t. of M ath. , L iaon ing N o rm al U n iversity, D alian 116029)

L iu Y ong
(D ep t. of Basic Course, D alian R ailw ay Inst itu te, 116022)

Abstract　 In th is paper, som e p ropert ies of the hyperspaces of no rem p ty com pact sub sets

of som e L a snev spaces are d iscu ssed and a m istake in [6 ] is co rrected.

Keywords　 clo su re2p reserving, CF fam ily, L a snev space, st ra t if iab le space.

Cla ssif ica tion　AM S (1991) 54B 20öCCL O 189. 1

0. In troduction

In [6 ] T. M izokam i w an ted to show tha t there ex ists a coun tab le L a snev space X such tha t

its hyperspace K (X ) of com pact sub sets is no t st ra t if iab le space. How ever, in the p roof g iven

by T. M izokam i there is a crit ica l m istake, hence th is p rob lem is st ill un so lved.

In Sect ion 1 w e w ill con struct a L a snev space w h ich is d ifferen t from tha t g iven by T. M i2
zokam i and p rove tha t its hyperspace of com pact sub sets is no t st ra t if iab le.

In Sect ion 2, a p roperty of L a snev space w ith Ρ2com pact f in ite clo se K 2netw o rk is character2
ized, and an exam p le is g iven to show tha t there ex ists a L a snev space w h ich has no Ρ2com pact f i2
n ite clo sed K 2netw o rk and its hyperspace is M 0 space.

F ina lly, w e p rove tha t a k′2space w h ich has a Ρ2CF quasi2base is m etrizab le space.

Every space in th is paper is assum ed to be regu lar H au sdo rff space. L et Ξ deno te the set of

a ll po sit ive in tegers and Ξ1 the first uncoun tab le o rder num ber. O ther no ta t ion s in genera l topo lo2
gy are referred to [2 ]. T he ex ten t of space X is deno ted by e (X ). T he sym bo l Q deno tes the set

of ra t iona l num bers.

L et K (X ) deno te the hyperspace of nonem p ty com pact sub sets of X w ith fin ite topo logy.

F (X ) (< K (X ) ) is the space of fin ite sub sets of X . O ther rela t ive no t ion s and no ta t ion s of hy2
perspace can be found in [5 ].

1. An Exam ple

T he clo sed con t inuou s im age of m etrizab le space is ca lled L a snev space. M 2 (o r M 3) space is
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ca lled stra t if iab le space. T he p rob lem tha t w hether the hyperspace of a L a snev space is st ra t if i2
ab le is st ill open ( [6 ], [ 8 ], [ 7 ]).

Remark 1　 In [6 ], T. M izokam i w an ts to show tha t there is a L a snev space X such tha t K (X )

is no t st ra t if iab le (exam p le 2. 1). U nfo rtuna tely, h is p roof has a crit ica lm istake w h ich can no t be

m ade up. How ever, M izokam i’s idea st ill g rea t ly in sp ired u s.

Exam ple 1. 1　T here ex ists a coun tab le L a snev space X such tha t K (X ) is no t st ra t if iab le

space.

( i) The con struction of X. L et S be the set of irra t iona l num bers in cro sed in terva l [0, 1 ]; D

be a coun tab le den se sub sets of S ; N 0= {0}∪{1ön: n∈Ξ}.

L et X ′= D×N 0∪ S×{0}< R
2. X = X ′öS×{0} is the quo t ien t space ob ta ined by iden t ifying

S×{0} to a po in t. f : X ′→X deno tes the quo t ien t m app ing and p = f (S×{0}). O bviou sly f is a

clo sed m app ing, hence X is a L a snev space.

Remark 2　T he space X in [6 ] is con structed as fo llow s:

X ′= {x∈Q : 0Φ x Φ 1 and x≠1ön (n∈Ξ) }× ({0}∪{1ön: n∈Ξ}) ;

A = { (x , 0) : (x , 0)∈X ′};

X = X ′öA , p = f (A ) ;

N k = (1ö(k + 1) , 1ök )×[0, 1ök ]∩ X ′; N ′= ∪k∈ΞN ′k;

N = f (N ′) , w here (1ö(k + 1) , 1ök ) is open in terva l.

Fo r com parison, in the fo llow ing m o st of the no ta t ion s are adop ted from [6 ], bu t som e w ill

be regu la ted.

( ii) The proof tha t K (X ) is no t st ra t if iab le space　Suppo se tha t K (X ) is st ra t if iab le

space, then there ex ists a CP clo sed neighbou rhood base ∀ of {p } in K (X ) ( [1 ] L emm a 7. 3).

Fo r each B
δ∈∀ deno te O (Bδ) = ∪{F∈F (X ) ; p∈F∈B

δ}, it is easy to know tha t O (B ) = {O (Bδ) ;

Bδ∈∀} is a neighbou rhood base of p in X . O ther no ta t ion s are as fo llow s:

Fo r every d∈D ,

I′n (d ) = ({d }× (0, 1ön ]) ∩ X ′, I n (d ) = f [ I′n (d ) ];

fo r x i∈I (d i) ( iΦ n) (w here I (d ) = I 1 (d ) ) ,

∀(x 1,⋯, x n) = {B
δ∈ ∀: {p , x 1,⋯, x n}∈ In t B

δ};

fo r r1, r2∈Q∩[0, 1 ], r1< r2;

S′(r1, r2) = { (a , b) ∈X ′: r1 < a < r2} = ( (r1, r2) ×N 0) ∩ X ′;

S (r1, r2) = f [S′(r1, r2) ];

O (∀) öS (r1, r2) = {O (Bδ) ∩ S (r1, r2) : B
δ∈ ∀}.

F irst ly, w e w ill p rove the fo llow ing basic fact. If ∀′< ∀, and O (∀′) rest ricted in S ( r1, r2) is a

neighbou rhood base of p in S (r1, r2) , then fo r every d∈D∩ (r1, r2) , every Β1, Β2∈ (r1, r2)∩Q (Β1

< Β2) and n∈Ξ, there ex ist x∈I n (d ) and tw o ra t iona l num bers Α1, Α2∈ (Β1, Β2) such tha t O (∀′
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(x ) ) öS (Α1, Α2) is a neighbou rhood base of p in S (Α1, Α2).

If o therw ise, then there ex ist d∈D∩ (r1, r2) , Β1, Β2∈ (r1, r2)∩Q , fo r every x i∈I (d ) and Αi,

Αi+ 1∈ (Β1, Β2)∩ Q (Αi< Αi+ 1) , there ex ists a neighbou rhood V i of p in S (Αi, Αi+ 1) such tha t S (Αi,

Αi+ 1)∩O (Bδ) ⁄ V i fo r every Bδ∈∀′(x i). Since I (d ) is a coun tab le set deno te I (d ) = {x i: i∈Ξ}.

T ake a strict ly increasing ra t iona l num ber sequence {Αi} i∈Ξ, such tha t Α1= Β1, lim Αi= Β2. Fo r each

x i and Αi, Αi+ 1, take V i as above narra t ion. L et V = ∪i∈ΞV i, then V is a neighbou rhood of p in S

(Β1, Β2). Since O (∀′) öS (Β1, Β2) is a lso a neighbou rhood base of p in S (Β1, Β2) and one w ill easily

know tha t

O (∀′) = ∪
i∈Ξ

O (∀′(x i) ) ,

so there ex ists j∈Ξ and B
δ∈∀′(x j ) such tha t

O (Bδ)∩ S (Β1, Β2) < V , therefo re O (Bδ)∩ S (Αj , Αj+ 1) < V j , th is is a con trad ict ion.

L et {bi} i∈Ξ deno te the set of ra t iona l num bers in (0, 1). A pp lying above p roved facts, w e

take induct ively coun tab le m any elem en ts Bδ
n (n∈Ξ) in B and a po in t sequence {x n}n∈Ξ.

( i)Choo se d 1∈D . W e take x 1∈I (d 1) and ra t iona l num ber Α1< Β1 such tha t O (∀(x 1) ) öS (Α1,

Β1) is a neighbou rhood base of p in S (Α1, Β1) and b1 | (Α1, Α1).

T ake d 2∈D∩ (Α1, Β1) , x 2∈I 2 (d 2) , Α2, Β2∈ (Α1, Β1)∩ Q such tha t b2 | (Α2, Β2) and O (∀ (x 1,

x 2) ) öS (Α2, Β2) is a neighbou rhood base of p in S (Α2, Β2).

Since O (∀(x 1) ) öS (Α1, Β1) is a neighbou rhood base of p in S (Α1, Β1) , choo se Bδ
1∈∀(x 1) such

tha t x 2| O (Bδ
1).

( ii) Fo r nΕ 1, assum e tha t d n∈D∩ (Αn- 1, Βn- 1) , x n∈I n (d n) , Αn , Βn∈ (Αn- 1, Βn- 1)∩Q , Bδ
n- 1∈

∀(x 1,⋯, x n- 1) have been cho sen and sa t isfy:

(1) O (∀(x 1,⋯, x n) ) öS (Αn , Βn) is a neighbou rhood base of p in S (Αn , Βn) ;

(2) bn | (Αn , Βn) ;

(3) x n | O (Bδ
n- 1).

T hen choo se d n+ 1∈D ∩ (Αn , Βn ) , x n+ 1∈ I n+ 1 (d n+ 1) , Αn+ 1, Βn+ 1∈ (Αn, Βn )∩ Q such tha t bn+ 1 |
( Αn+ 1, Βn+ 1) and O (B (x 1,⋯, x n+ 1) ) öS (Αn+ 1, Βn+ 1) is a neighbou rhood base of p in S (Αn+ 1, Βn+ 1).

By induct ive assum p tion w e can choo se Bδ
n∈∀ (x 1,⋯, x n) and x n+ 1 | O (Bδ

n).

A s above w e take induct ively {Bδ
i} i∈Ξ, {x i} i∈Ξ and in terva l fam ily { (Αn , Βn) }n∈Ξ sa t isfying:

(a) lim Αn= lim Βn= y∈S , and in X ′lim x i= (y , 0)∈X ′, then in X lim x i= p.

(b) {x 1,⋯, x n , p }∈Bδ
n , bu t {p }∪{x i} i∈Ξ| Bδ

n , th is is due to x n+ 1 | O (Bδ
n).

So the com pact set F = {p }∪{x i} i∈Ξ| ∪n∈ΞBδ
n. T ake arb it ra rily a neighbou rhood〈V 1, ⋯,

V m〉of F in K (X ) , w here V i is an open sub set of X . It is read ily to verify tha t there ex ists k

such tha t {x 1, ⋯, x k , p }∈〈V 1, ⋯, V n〉, then〈V 1, ⋯, V m〉∩B
δ

k≠Ï. H ence F∈CL (∪n∈ΞB n ).

How over, ∀ is a CP clo sed neighbou rhood base, th is is a con trad ict ion.

Remark 3　T here are som e m isp rin ts in [6 ], bu t the key fau lt is tha t the set〈N 〉is regarded as

a neighbou rhood of {p } in K (X ). In fact, N is no t even a neighbou rhood of p in X . In addi2
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t ion, if the concrete con struct ion of neighbou rhood base of p is no t g iven defin tely, the resu lts

tha t the neighbou rhood base of {p } is no t CP fam ily can hard ly be p roved. M o reover, even if K
(X ) of Exam p le 2. 1 in [6 ] is no t M 2 space, the p roof w ill a lso be m o re d iff icu lt than tha t in th is

paper.

2. K-network, CF qua si-ba se and La snev space

L et U be a fam ily of sub sets of X . W e call U com pact2f in ite if {U : U∈U ,U∩ F≠Ï} is fi2
n ite fo r each F∈K (X ) ; U is a K 2netw o rk of X if fo r each K∈K (X ) and every open set V =
K there ex ists a fin ite fam ily U 0< u such tha t K < ∪U 0< V ; U is CF fam ily if UöK is f in ite

fam ily fo r every K∈K (X ) ; U is a quasi2base of X if fo r every open sub set V of X and every

po in t x∈V , there ex ists U∈U such tha t x∈ In tU < U < V .

It is know n tha t com pact2f in ite fam ily m u st be CF fam ily.

T he fo llow ing resu lts a re w ell2know n.

Theorem A　F or a sp ace X the f ollow ing a re equ iva len t:

(1) X is a L a snev sp ace.

(2) X is a F réchet sp ace and has a Ρ2com p act f in ite K 2netw ork.

(3) X is a F réchet sp ace and has a Ρ2CF K 2netw ork.

F rom (2) , it is na tu ra l to ask tha t w hether every L a snev space has a Ρ2com pact2f in ite clo sed

K 2netw o rk [ 6 ]. Y. Ge and C. L iu have p roved tha t a L a snev space has a Ρ2com pact2f in ite clo sed K 2
netw o rk if and on ly if it is a N space [ 3 ], [ 4 ]. H ere, w e give a necessary condit ion fo r the ex istence

of the Ρ2com pact2f in ite clo sed K 2netw o rk of any L a snev space.

Theorem 2. 1 X is a sp ace and has a Ρ2com p ct2f in ite closed K 2netw ork. F or every m etriz able sp ace

M , if there ex ists a con tinuous closed m app ing f :M →X , then f or every x∈X , the inequa lity e (f
- 1

[x ]∩CL (M ø f
- 1 [x ]) ) ΦN 0 hold s.

T he p roof is d irected and so is om it ted.

In [ 6 ], T. M izokam i p roved tha t if a L a snev space X has a Ρ2com pact2f in ite clo sed K 2net2
w o rk, then K (X ) is paracom pact Ρ space.

T he fo llow ing exam p le show s tha t th is condit ion is no t necessary.

Exam ple 2. 2　T here ex ists a L a snev space X w h ich has no Ρ2com pact2f in ite clo sed K 2netw o rk

and K (X ) is M 0 space.

A space is ca lled M 0 space if it has a Ρ2CP base con sist ing of clopen sets.

(1) The con struction of X. D eno teM = Ý {M Α: Α< Ξ1}, w hereM Α= {x
Α
n: n∈Ξ}∪{x

Α
Ξ} is hom e2

om o rph ic copy of N 0= {0}∪{1ön: n∈Ξ}, w here x
Α
Ξ is the un ique accum u la t ion po in t of M Α; let A

= {x
Α
Ξ: Α< Ξ1}, X = M öA is the quo t ien t space ob ta ined by iden t ifying A to a po in t. L et f :M →X

be the quo t ien t m app ing and p = f (A ). Since e (f
- 1 (p )∩CL (M ø f

- 1 (p ) ) ) = N 1, f rom theo rem 2.

1 o r [3 ], X has no Ρ2com pact2f in ite clo sed K 2netw o rk.

(2) The proof tha t K (X ) is M 0 space. W e st ill deno te f (x
Α
i ) = x

Α
i ( i< Ξ) ; X k = {x

Α
i: iΦ k , Α<
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Ξ1 }; U (p ) = {U : p∈U ; fo r each Α< Ξ1 there ex ists k∈Ξ such tha t U∩ I Α= I
k
Α}, w here I Α= f

[M Α], I
k
Α= {x

Α
i: iΕ k }. O bviou sly U (P ) is a clopen neighbou rhood base of p. D efine F k = F

(X k ) ; fo r each F = {x 1, ⋯, x n }∈F (X ø {p }) , and U∈U (p ) w ith U∩ F = Ï, w e deno te Fδ=

〈{x 1,⋯, x n}〉and Uδ(F ) =〈U , {x 1},⋯, {x n}〉

U k = {Uδ (F) : F ∈F k; U ∈U (p ) andU ∩ X k = Ï}, {H k = Fδ: F ∈ {F k}.

　　To begin w ith no te tha t {∪k∈ΞH k }∪{∪k∈ΞU k } is a topo logy base of K (X ). L et E∈〈V 1,

⋯,V m〉; w here V 1,⋯,V m are open sub sets of X . It suff ices to con sider the situa t ion w here E is a

infin ite com pact sub set. Since p is the un ique accum u la t ion po in t in X , p∈E , w ithou t lo ss of

genera lity assum e p∈∩{V i, iΦ k 0} and p | ∪{V i: k 0< iΦ m }, take V ∈U (p ) and V < ∩i< kV i,

then E øV is f in ite. T ake a i∈E∩ V k+ i ( iΦ m - k 0) , A = {a i: iΦ m - k 0}, there ex ists n such tha t

X n = (E øV )∪ A . D eno te F = (V ∩ E∩ X n)∪A ∪ (E øV ) and U = V øX n. Since V ∩ E∩ X n is f i2
n ite, it is easy to see tha t E∈Uδ(F )∈U n and Uδ(F ) <〈V 1,⋯,V m〉.

O ne can read ily check tha t H k is a CP fam ily. N ow , w e show tha t U k is a CP fam ily fo r

each k∈Ξ. L et U′< U k , E | ∪U′. Since E is com pact. E∩ X k and A = {Α: E∩ ( I
k+ 1
Α ø{p })≠Ï

are fin ite sets. D eno te A = {Αi} i< n. Fo r each Αi∈A , take m i= m in{ j: x
Αij ∈E∩ ( I

k+ 1
Αi

ø {p }) }; F 0=

(E∩ X k )∪ (x
Αim i

: iΦ n}; V = X ø F 0. W ithou t lo ss of genera lity, assum e tha t û E û = N 0. T hen V
δ

(F 0) is a neighbou rhood of E in K (X ). Fo r any U
δ(F )∈U k , if K∈U

δ(F )∩V
δ(F 0)≠Ï, then E

∩ X k = K∩ X k = F , and {x
Αim i

} iΦ n< K∩ (X øX k ) < U , so E∩ (X øX k ) < U , thu s E∈U
δ(F ). Since

E | ∪U′, w e have Vδ(F 0)∩ (∪U′) = Ï, hence ∪U′is clo sed. T h is com p letes the p roof.

In [6 ], T. M izodam i gave an exam p le to show tha t there ex ists a L a snev space w ithou t Ρ2CF

quasi2base and ra ised the quest ion;“W h ich k inds of spaces have a Ρ2CF quasi2base?”T he fo llow 2
ing resu lts characterize com p letely tho se k′2space (thu s F réchet spaces and L a snev spaces) w h ich

have such a base.

Theorem 2. 3　k′2sp ace w ith Ρ2CF quasi2base is m etriz able sp ace.

Proof　L et ∀= ∪{∀n: n∈Ξ} be a quasi2base of k′2space X , w here ∀n is CF fam ily. Fo r each x∈

X , deno te ∀n (x ) = {B ∈∀n: x∈ In tB }; V n (x ) = ∩∀n (x ). Since ∀ is a quasi2base, fo r every U

con ta in ing x there ex ists n∈Ξ such tha t V n (x ) < U. W e p rove tha t V n (x ) is a neighbou rhood of

x. If no t, then x∈CL (X øV n (x ) ). Since X is k′2space, there ex ists a com pact sub set F such tha t

x∈CL (X øV n (x ) )∩ F ) < F. D eno te the com pact sub set CL (F∩ (X øV n (x ) ) = H . {B ∩ H : B ∈

∀n (x ) } is a fin ite fam ily. L et B i∈∀n (x ) ( iΦ m ) such tha t {B i∩ H : iΦ m }= {B ∩ H : B ∈∀n

(x ) }. T hen

(∩
iΦ m

B i) ∩ H = ∩ {B ∩ H : B ∈ ∀n (x ) } = V n (x ) ∩ H .

H ø (∩
iΦ m

B i) = H øV n (x ) = (X øV n (x ) ) ∩ F.

Since x∈ In tB ( iΦ m ) and ∩iΦ mB i is a neighbou rhood of x ,

x | CL (H ø ∩
iΦm

B i) = CL (F ∩ (X øV n (x ) ).
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