Journal of M athem atical Research & Exposition
Vol 17, Na 2, 203- 204, M ay 1997

On a Class of Fractal Interpolation Functions

Qian X iaoyuan
(Inst of M ath Scis , Dalian U niversity of Technology, 116024)

Keywords iterated function systans, fractal interpolation functions, moments

Classif ication AM S(1991) 41A, 69 /CCL 0174 41

L et X be a completemetric gpace, and letw i: X =X fori= 1, ,n be continuousmappings
The {X;W 1, ,Wa} iscalled an iterated function system, abbreviated IFS A nonempty compact
set A C X iscalled an attractor of the IFS if A satisfies the set equation A= =W i(A). IFSs
with their attractors provides a convenient franevork for the description, classification, and
communication of fractals

In 1986, Barnsley [1] introduced a classof IFSs, each of w hich has a unique attractor w hich
is the graph of some continuous function defined on a compact interval Let { (xi,y) R?%i=0,1,

, n} be a given set of data pointsw ith xo< x1< < xn W e denote | = [xo, xa] and li= [x 1,
xi]fori=1, ,n LetL:l-Ilifori=1, ,n becontraction homeomorphisnswithL i(xo)= xi 1
andLi(xn)=xi LetFiIXx R-Rfori=1, ,nbecontinuousmappingsw ith Fi(xo,yo)=yi 1,Fi
(xn,yn)= yiand, for ome constant q [0,1), |Fi(u,v1)- Fi(u,v2) |< qlvi- vo|foranyu 1,
viandva R Now definemappingsW : IX R-I1X RbyW i (x,y)= (Li(x),Fi(x,y)) fori= 1,

,n Then for sme compact interval [a, b], the IFS{Ix [a,b];W 1, ,W .} hasa unique attrac-
tor G. G isthe graph of a continuous function f: | - [a, b] which satisfies

f(xi) = vyi, i= 01 ,n

Such an f iscalled, by Barnsley, afractal interpolation function, abbreviated FIF, for the fractal
dimension of G is usually fractional

In this notew e generalizeBarnsley’ s construction of FIFsand ansv er a question of Barnsley
and Harrington'” in amore extended sense

Let xo< xa< < xnand let yo,y1, ,yn R Wedenote = [xo,xna],J= {1, ,n} and Ii=
[xi 1, xi]fori J. LetJiandJzbetwosubsetsd Jwithd: Jz2=J andJin J2= O LetLi |-
lifor i J becontraction haneamorphisn satifying
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Xi- 1, dfi J1
Li(XO) = { (1)

Xi, ifi J2
L) Xi, ifi  Ji )
i\Xn) =
Xi- 1, dfi Jo2
LetFi:IXx R-Rfori J becontinuousmappingsw ith
Yi- ifi J
Fi(Xo,Yyo) = { ' . ' (3
Jyi, ifi J2
Vi, ifi Ja
Fi(Xn, yn) = . (4)
yii1, ifi  J2

and, for sme constant « [0, 1),
[FiCu,v) - Fi(u,va) | = atfva- ve

forallu I,vi R,v Randi J.

Now define® C (1) by ®(x)= Fi(x,yo) fori J. Denote h=max{ |yo| Il ¥ «, I R
I}, T (h+ |yo|)/(1- ®,a= yo- Mb=yo+ Mand K= Ix [a,b]. Thenwe have the follow ing
condusion

Theoram 1The IFS{K;W i,i J} dd ined as above has a unique attractor G, G is the graph d a
continuous f unction f: | - [a, b] w hich obeys

f(xi)=vy,i= 0,1, ,n

Now we further assume thatLi: | - lifori J are affineand Fi: IX R-R fori J have the fol-
low ing form s,

Filx,y) = oy + ai(x),

whereo (- 1,1), |a|=o g Cc() andi J.

Theoram 2 Letthe IFS{K;Wi,i J} deined asin Theoran 2 satify the above assumption L et f
be an FIF generated by the IFS. For eachm {0,1,2, } onecan evaluate explicitly themament
integral fm= [ix"f (x)dx intemsd fm- 1,fm 2, ,fo, theinterpolation points{xo, x1, ,Xn}, the
scaling parameters {&: i J} and themanentsQwi= [ix“gi(x)dx wherek {0,1, ,m} and i J.
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