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L et X be a com p lete m etric space, and let W i: X →X fo r i= 1,⋯, n be con t inuou s m app ings.

T he {X ;W 1,⋯,W n} is ca lled an itera ted funct ion system , abb revia ted IFS. A nonem p ty com pact

set A < X is ca lled an a t t racto r of the IFS if A sa t isf ies the set equat ion A = ∪n
i= 1W i (A ). IFSs

w ith their a t t racto rs p rovides a conven ien t fram ew o rk fo r the descrip t ion, classif ica t ion, and

comm un ica t ion of fracta ls.

In 1986, Barn sley [1 ] in troduced a class of IFSs, each of w h ich has a un ique a t t racto r w h ich

is the graph of som e con t inuou s funct ion defined on a com pact in terva l. L et { (x i, y i)∈R2; i= 0, 1,

⋯, n} be a given set of da ta po in ts w ith x 0< x 1< ⋯< x n. W e deno te I = [x 0, x n ] and I i= [x i- 1,

x i ] fo r i= 1,⋯, n. L et L i: I→I i fo r i= 1,⋯, n be con tract ion hom eom o rph ism s w ith L i (x 0) = x i- 1

and L i (x n) = x i. L et F i: I×R→R fo r i= 1,⋯, n be con t inuou s m app ings w ith F i (x 0, y 0) = y i- 1, F i

(x n , y n) = y i and, fo r som e con stan t q∈[ 0, 1) , ûF i (u , v 1) - F i (u , v 2) ûΦ qûv 1- v 2û fo r any u∈I ,

v 1 and v 2∈R. N ow define m app ings W i: I×R→ I×R by W i (x , y ) = (L i (x ) , F i (x , y ) ) fo r i= 1,

⋯, n. T hen fo r som e com pact in terva l [a , b ], the IFS{I×[a , b ];W 1,⋯,W n} has a un ique a t t rac2
to r G. G is the graph of a con t inuou s funct ion f : I→[a , b ] w h ich sa t isf ies

f (x i) = y i,　　i = 0, 1,⋯, n.

Such an f is ca lled, by Barn sley, a fracta l in terpo la t ion funct ion, abb revia ted F IF , fo r the fracta l

d im en sion of G is u sua lly fract iona l.

In th is no te w e genera lize Barn sley’s con struct ion of F IF s and an sw er a quest ion of Barn sley

and H arring ton [ 2 ] in a m o re ex tended sen se.

L et x 0< x 1< ⋯< x n and let y 0, y 1,⋯, y n∈R. W e d enote I = [x 0, x n ], J = {1,⋯, n} and I i=

[x i- 1, x i ] f or i∈J . L et J 1 and J 2 be tw o subsets of J w ith J 1∪ J 2= J and J 1∩ J 2= Ï. L et L i: I→

I i f or i∈J be con traction hom eom orp h ism sa tisf y ing
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L i (x 0) =
x i- 1,

x i,
　

if i∈ J 1

if i∈ J 2

(1)

L i (x n) =
x i,

x i- 1,
　

if i∈ J 1

if i∈ J 2

(2)

L et F i: I×R→R fo r i∈J be con t inuou s m app ings w ith

F i (x 0, y 0) =
y i- 1

, y i,
　

if i∈ J 1

if i∈ J 2

(3)

F i (x n , y n) =
y i,

y i- 1,
　

if i∈ J 1

if i∈ J 2

(4)

and, fo r som e con stan t Α∈[0, 1) ,

ûF i (u , v 1) - F i (u , v 2) û Φ Αûv 1 - v 2û

fo r a ll u∈I , v i∈R, v2∈R and i∈J .

N ow define Υi∈C ( I ) by Υi (x ) = F i (x , y 0) fo r i∈J . D eno te h = m ax {û y 0 û ,‖Υ‖∞,⋯,‖Υn

‖∞}, Γ= (h+ ûy 0û ) ö(1- Α) , a= y 0- Γ, b= y 0+ Γ and K = I×[a , b ]. T hen w e have the fo llow ing

condu sion.

Theorem 1T he IFS {K ; W i, i∈J } d ef ined as above has a un ique a ttractor G , G is the g rap h of a

con tinuous f unction f : I→[a , b ] w h ich obey s

f (x i) = y i, i = 0, 1,⋯, n.

N ow w e fu rther assum e tha t L i: I→I i fo r i∈J are affine and F i: I×R→R fo r i∈J have the fo l2
low ing fo rm s,

F i (x , y ) = Αiy + q i (x ) ,

w here Αi∈ (- 1, 1) , û ΑiûΦ Α, q i∈C ( I ) and i∈J .

Theorem 2　L et the IFS {K ;W i, i∈J } d ef ined as in T heorem 2 sa tisf y the above assum p tion. L et f

be an F IF g enera ted by the IFS. F or each m∈{0, 1, 2,⋯} one can eva lua te exp licitly the m om en t

in teg ra l f m = �Ix
m

f (x ) d x in term s of f m - 1, f m - 2,⋯, f 0, the in terp ola tion p oin ts {x 0, x 1,⋯, x n}, the

sca ling p a ram eters {Αi: i∈J } and the m om en ts Q k , i= �Ix
k
q i (x ) d x w here k∈{0, 1,⋯,m } and i∈J .

References

[1 ] M. F. Barn sley, F racta l f unctions and in terp ola tion , Con str. A pp rox. , 2 (1986) , 303- 329.

[ 2 ] M. F. Barn sley and A. N. H arring ton, T he ca lcu lus of f racta l in terp ola tion f unctions, J. A p2
p rox. T heo ry. , 57 (1989) , 14- 35.

—402—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.


