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Abstract　W h itney’s lemm a is an im po rtan t theo rem in the loca l singu larity theo ry of

germ s of C
∞ funct ion s. In th is paper, w e p rove the g loba l conclu sion of th is lemm a.

Based on th is genera liza t ion, the p last ic yield criterion fo r certa in k ind m ateria ls is d is2
cu ssed in deta il. W e find tha t fo r th is k ind m ateria ls the m o st genera l fo rm of the p last ic

yield criterion shou ld be �(J , J
’
2, J

’2
3 ) = 0. F ina lly, w e sha ll a lso g ive som e p ract ica l ex2

am p les fo r exp lana t ion.
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1. Prel im inar ies and sym bols

N o ta t ion: L et Α= (Α1, Α2, ⋯, Αn) , Β= (Β1, Β2, ⋯, Βk ) , (Α, Β) = (Α1, Α2, ⋯, Αn , Β1, Β2, Βk ) , Αi ( i

= 1, 2, ⋯, n) and Βj ( j = 1, 2, ⋯, k ) be non2negat ive in tegers. T hen

ûΑû = ∑
n

i= 1

Αi, ûΒû = ∑
k

j= 1

Βj ,

D Α, Βf (x , y ) =
5ûΑû+ ûΒû

5x Α11 ⋯5x Αnn 5y Β11 ⋯5y Βkk
f (x , y ) ,

w here (x , y ) = (x 1, x 2, ⋯, x n, y 1, y 2, ⋯, y k)∈Rn× Rk.

T he ring of C
∞ funct ion s on Rn×Rk w ill be deno ted by C

∞ (n+ k ). M (k ) = {f ∈C
∞ (n+

k ) û f û Rn×{0}= 0}, then M (k ) is an idea in C
∞ (n+ k ). It is easy to show tha t f ∈M (k ) if and

on ly if

f = ∑
k

j= 1
f jy j , f j ∈C∞ (n + k ).
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M (k ) s = {f ∈C∞ (n + k ) ûD Α, Βf ûRn×{0} = 0fo r a ll Αand Βw ith ûΒû < s}.

Rn×{0} is a sub space of Rn×Rk: { (x , y )∈Rn×Rk û y 1= y 2= ⋯= y k= 0}.

D ef in it ion 1　 A C
∞

f unction f on Rn×Rk
is ca lled f la t on the subsp ace Rn×{0}< Rn×Rk , if

f and its p a rtia l d eriva tives of a ll ord ers a re z ero a t every p oin t of Rn×{0}.

D ef in it ion 2　M (k ) ∞= ∩
∞

S = 1
M (k ) s.

It is obviou s tha t M (k ) ∞ is the set of a ll f la t funct ion s on Rn×{0}.

H encefo rth, M (1) ∞ is the foca l po in t of ou r w o rk, i. e. , the fla t funct ion s on Rn×{0}<

Rn×R.

2. L emma s

L emma 1　Π s∈N , the f ollow ing equa lity hold s: M (k ) s·M (k ) ∞= M (k ) ∞.

Proof　F irst, w e w ill show tha t M (k )·M (k ) ∞= M (k ) ∞.

(1) 　Π f ∈M (k ) < C
∞ (n + k ) , �∈M (k ) ∞, becau se M (k ) ∞ is an idea l of C

∞ (n + k ) ,

therefo re f ·�∈M (k ) ∞] M (k )·M (k ) ∞Α M (k ) ∞.

(2)　Π �∈M (k ) ∞,

�(x , y ) =∫0

1 d
d t

�(x , ty ) d t =∫0

1

∑
k

j= 1

5
5y j

�(x , ty ) y j d t = ∑
k

j= 1
h j (x , y ) y j ,

w here

h j (x , y ) =∫0

1 5
5y j

�(x , ty ) d t.

　　W e need on ly to show tha t h j∈M (k ) ∞ ( j = 1, 2, ⋯, k ).

Π Α= (Α1, Α2, ⋯, Αn) , Β= (Β1, Β2, ⋯, Βk ) , w e have

D Α, Βh j (x , 0) = D Α, Β∫0

1 5
5y j

�(x , ty ) d t
y 1= 0, ⋯, y k= 0

= ∫0

1

tûΒû 5ûΑû+ ûΒû+ 1

5x Α11 ⋯5x Αnn 5y Β11 ⋯5y Βj + 1
j ⋯ 5y Βkk

�(x , ty ) d t
y 1= 0, ⋯, y k= 0

　　N o te tha t if �∈M (k ) ∞, then its part ia l deriva t ives of a ll o rders belong to M (k ) ∞, too

(D efin it ion of the fla t funct ion). F rom th is,

5ûΑû+ ûΒû+ 1

5x Α11 ⋯5x Αnn 5y Β11 ⋯5y Βj + 1
j ⋯ 5y Βkk

�(x , 0) = 0.

T herefo re, D
Α, Β

h j (x , 0) = 0] h j∈M (k ) ∞. Fu rtherm o re, M (k ) ∞Α M (k )M (k ) ∞.

Syn thesize (1) and (2) : M (k )M (k ) ∞= M (k ) ∞.
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U sing the above equality and by induct ion, w e know tha t Π s∈N ,

M (k ) sM (k ) ∞ = M (k ) ∞.

L emma 2　f ∈M (k ) ∞
if and on ly if Π s∈ N , f can be rep resen ted by the f ollow ing f orm :

f (x , y ) = ∑
ûΒû= s

f Β (x , y ) y Β11 ⋯ y Βkk ,

w here f Β∈M (k ) ∞.

Proof　 It can be direct ly deduced from L emm a 1.

L emma 3　 (Genera liza t ion of E. Boerel T heo rem )　 G iven a sequence of C
∞

f unctions on Rn

{f m (x ) } (m = 0, 1, 2, ⋯) , there ex ists a C
∞

f unction on Rn×R. f : Rn×R→R such tha t

D 0,m f (x , y ) û Rn×{0} = f m (x ).

Proof Π r> 0 and f m (x ) , w e can m ake a C
∞ funct ion f m w ith com pact suppo rt K (0, r) w h ich

is the clo sed ball a round 0 w ith rad iu s r: ûx ûΦ r, and f m (x ) = f m (x ) on K (0,
r
2

). Fo r sim p le

and conven ien t, f m (x ) is w rit ten as f m (x ) yet. O nce m o re take a C
∞ funct ion

Υ: R → R , 0 Φ ΥΦ 1, Υ(y ) = 1 fo r a ll ûy û Φ r
2

, Υ(y ) = 0 fo r ûy û Ε r.

　　L et

f (x , y ) = ∑
∞

m = 0

f m (x )
m !

ym Υ( tm y ). (1)

　　A ssum e tha t the sequence tm (m = 0, 1, 2, ⋯) can be defined to m ake the series

∑
∞

m = 0
D Α, p f m (x )

m !
y m Υ( tm y ) (2)

convergnet un ifo rm ly fo r each Α= (Α1, Α2, ⋯, Αn ) and each natu ra l num ber p , then f (x , y )

w ou ld be a C
∞ funct ion and cou ld be differen t ia ted term by term.

Since fo r each tm , Υ( tm y ) = 1, as long as ûy û is sm all enough, and the d ifferen t ia t ion is a

loca l p roperty. T h is g ives

D 0,m f (x , y ) û Rn×{0} = f m (x ).

T herefo re w e need to show tha t a sufficien t ly rap id ly increasing sequence { tm } m akes the se2
ries (2) un ifo rm ly convergen t fo r every Α. N ow , w rite the m 2th term in (1) in the fo rm :

1
tm

m f m (x )
m !

( tm y )m Υ( tm y ) =
1
tm

m

f m (x ) Ωm ( tm y ).

T he funct ion Ωm van ish ou tside {û tm y ûΦ 1}.
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L et M m = m ax {ûD
Α, p (f m (x ) Ωm (y ) ) û ûΑû+ p < m }. N o te tha t fo r each given m , there are

on ly fin itely m any (Α, p ) w ith ûΑû+ p < m and tha t supp (f m Ωm ) < { (x , y ) û ûx ûΦ r, ûy û Φ r}.

H ence M m ex ists. Since tm > 1, it fo llow s tha t fo r ûΑû+ p < m tha t

D Α, p f m (x )
m !

y m Υ( tm y ) Φ ( tm ) ûΑû+ p 1
tm

m

M m <
M m

tm
.

　　N ow , choo se a sequence Εm > 0 such tha t ∑
∞

m = 0 Εm converges and choo se tm >
M m

Εm
, then

M m

tm
< Εm. T hu s, fo r ûΑû+ p < m , the m 2th elem en t of (2) is dom inated by Εm.

Since r is a rb it ra ry, the lemm a is t rue.

F rom th is lemm a, w e know tha t fo r any given fo rm al pow er series (no t necessarily con2

vergen t) ∑
∞

m = 0
f m (x )

m ! y
m , there ex ists a C

∞ funct ion on Rn×R w ho se T aylo r series a t every

po in t (x , 0)∈Rn×{0} is exact ly th is fo rm al pow er series.

3. The ma in results

Theorem 1　A ssum e tha t h: Rn×R→ R is a C
∞

f unction and f la t on Rn×{0} ( (x , y ) = (x 1, x 2,

⋯, x n , y ) ) , then

r (x , y ) =

h (x , y ) on Rn × R+

0 on Rn × {0}

h (x , - - y ) on Rn × R-

is C
∞

on Rn×R and f la t on Rn×{0}.

Proof　N o te tha t

Υ1: Rn × R+ → Rn × R+ , (x , y ) û→ (x , y )

and

Υ2: Rn × R- → Rn × R- , (x , y ) û→ (x , - - y )

a re an en t irety d iffem o rph ism (C∞ topo logy m ap ) from Rn×R
+ on to Rn×R

+ and from Rn×

R- on to Rn×R- , respect ively, and h (x , y ) is a C
∞ funct ion on Rn×R+ and on Rn×R- , re2

spect ively.

T he key po in t of the p roof is to show tha t r (x , y ) is f la t on Rn×{0}, i. e. , r (x , y ) and

its part ia l deriva t ives of a ll o rders are con t inuou s and zero a t every po in t of Rn×{0}. Con sid2
er

ca se (1)　 A s y→+ 0:

Since h (x , y ) is d ifferen t iab le on Rn×R and fla t on Rn×{0}, therefo re, fo r any Α= (Α1,

Α2, ⋯, Αn) , ΑiΕ 0 ( i= 1, 2, ⋯, n) , one know s easily tha t

D Α, 0
+ r (x , 0) = 0.

　　N ow , by induct ion w e w ill p rove tha t fo r each Α= (Α1, Α2, ⋯, Αn) and any po sit ive in teger

Β,
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D Α, Β
+ r (x , 0) = 0.

　　A s Β= 1,

D Α, 1
+ r (x , 0) = lim

△ y→+ 0

D Α, 0h (x , △ y ) - D Α, 0h (x , 0)
△ y

= lim
△ y→+ 0

D Α, 0h (x , △ y )
△ y

.

　　How ever, D
Α, 0

h (x , y ) is a lso fla t on Rn×{0}. T herefo re, Π s∈N , there ex ists a fla t

funct ion Ω(x , y ) on Rn×{0} such tha t

D Α, 0h (x , ∃y ) = (∃y )
s
2Ω(x , ∃y ).

T ake sΕ 3, w e have

D Α, 1 r (x , 0) = lim
∃y→+ 0

(∃y )
s
2Ω(x , ∃y )

∃y
= 0.

　　A ssum e tha t D
Α, k
+ r (x , 0) = 0 ho lds fo r Β= k.

A s Β= k+ 1, from the exp ression of r (x , y ) , by induct ion, w e ob ta in tha t as y > 0, Π k

∈N , D
Α, k

r (x , y ) has the fo llow ing fo rm :

D Α, k r (x , y ) =
akD

Α, k
u h (x , y )

( y ) k
+

ak+ 1D
Α, k+ 1
u h (x , y )

( y ) k+ 1}
+ ⋯ +

a2k- 1D
Α, 2k- 1
u h (x , y )

( y ) 2k- 1
, (3)

w here ak , ak+ 1, ⋯, a2k- 1 are con stan ts ( independen t of x and y ) , u= y .

In o rder to show tha t D
Α, k+ 1
+ r (x , 0) = 0, w e need on ly to show tha t fo r each i ( i= 1, 2, ⋯,

k - 1) , the righ t deriva t ive of G i (x , y ) w ith respect to y a t y = 0 is zero , i. e. D
0, 1
+ G i (x , 0) =

0. W here,

G i (x , y ) =

ak+ iD
Α, k+ i
u h (x , y )

( y ) k+ i
, (x , y ) ∈ Rn × R+ ,

0, (x , y ) ∈ Rn × {0}.

(4)

　　N o te tha t D
Α, k+ i
u h (x , u ) is f la t on Rn×{0}, therefo re Π s∈N , there ex ists the fla t func2

t ion on Rn×{0}�k+ i (x , u ) such tha t D
Α, k+ i
u h (x , y ) = y

s
2 �k+ i (x , y ).

U sing the above exp ression and acco rd ing to defin it ion: D
0, 1
+ G i (x , 0) = 0.

ca se (2)　 A s y→ - 0, sim ila r to case (1) , w e know tha t D
Α, Β
- r (x , 0) = 0.

Syn thesize case (1) and (2) : D
Α, Β

r (x , 0) = 0, i. e. r (x , y ) and its part ia l deriva t ives of

a ll o rders are zero on Rn×{0}.

F ina lly, u sing lemm a 2 and the exp ression s of r (x , y ) and D
Α, Β

r (x , y ) , w e have tha t fo r

any Α= (Α1, Α2, ⋯, Αn) and fo r any s∈N and any non2negat ive in teger Β, there ex ists the fla t

funct ion ΕΑ, Β, s (x , u ) on Rn×{0} such tha t

ûD Α, Βr (x , y ) û Φ ûy û
s
2　ΕΑ, Β, s (x , y ) û.

　　 It fo llow s tha t

lim
(x , y )→ (x 0, 0)

D Α, Βr (x , y ) = 0 = D Α, Β (x 0, 0).
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　　T herefo re, r (x , y ) and its part ia l deriva t ives of a ll o rders are con t inuou s a t every

po in t of Rn×{0}. T hereby, r (x , y ) is C
∞ and fla t on Rn×{0}.

Theorem 2　 (Global W h itney’s L emm a) 　 L et f (x , y ) be a C
∞

f unction on Rn ×R, and

Π (x , y )∈Rn×R, f (x , - y ) = f (x , y ). T hen there ex ists a C
∞

f unction

g : Rn × (R + ∪ {0}) →R

such tha t g (x , y
2) = f (x , y ).

Proof　 Since Π (x , y )∈Rn×R, f (x , - y ) = f (x , y ) , therefo re f (x , y ) = f (x , ûy û ).

Set u= y
2 (Π y ∈R ). T hen uΕ 0 and ûy û= u . T hu s

f (x , y ) = f (x , ûy û ) = f (x , u ).

　　Becau se Υ: Rn×R+ →Rn×R+ , (x , u ) û→ (x , u ) is an en t irety d iffem o rph ism from Rn×

R+ on to Rn×R+ , therefo re f (x , u ) is C
∞ on Rn×R+ .

A s (x , u ) ∈Rn×R+ , choo se �(x , u ) , then �(x , u ) = f (x , u ) ∈C
∞ on Rn×R+ and �

(x , y
2) = f (x , ûy û ) = f (x , y ).

In a genenera l w ay, a lthough f (x , u ) is C
∞ on Rn× (R + ∪{0}) , as above sta ted, f (x ,

u ) is no t necessarily C
∞ on Rn×{0}! How ever, under the hypo thesis of th is theo rem , w e

can p rove tha t f (x , u ) and its part ia l deriva t ives of a ll o rders can be ex ten ted con t inuou s2
ly to Rn× (R + ∪{0}). T hu s, �(x , u ) = f (x , u ) is a lso C

∞ on Rn× (R + ∪{0}).

Since Π (x , y )∈Rn×R, f (x , - y ) = f (x , y ). T herefo re, D
0, 2m - 1

f (x , 0) = - D
0, 2m - 1

f (x ,

0). T hereby D
0, 2m - 1

f (x , 0) = 0. T herefo re, f (x , y ) has the fo rm al pow er series a t every

po in t (x , 0)∈Rn×{0}) as fo llow s:

∑
∞

m = 0

D 0, 2m f (x , 0)
(2m ) !

y 2m.

　　Con sider the fo llow ing fo rm al pow er series:

∑
∞

m = 0

D 0, 2m f (x , 0)
(2m ) !

um.

　　F rom L emm a 3, w e know tha t there ex ists a C
∞ funct ion g Α(x , u ) on Rn×R w ho se T ay2

lo r series a t every po in t (x , 0)∈Rn×{0} is exact ly th is fo rm al pow er series.

Set h (x , y ) = f (x , y ) - �Α(x , y
2). T hen h (x , y ) has tw o p ropert ies as fo llow s:

(1)　T he fo rm al pow er series of h (x , y ) a t any po in t of Rn×{0} is zero , thereby h (x ,

y ) is f la t on Rn×{0}.

(2)　Π (x , y )∈Rn×R, h (x , - y ) = h (x , y ).

U sing p roperty (1) and T heo rem 1, w e know tha t

r (x , y ) =
h (x , u ) (x , u ) ∈ Rn × R+

0 (x , u ) ∈ Rn × {0}

is C
∞ on Rn× (R + ∪{0} and fla t on Rn×{0}. In o ther w o rds, h (x , u ) and its part ia l

deriva t ives of a ll o rders can be ex ten ted con t inou sly to Rn× (R + ∪{0}). T hu s, h (x , u )
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and g Α(x , u ) a re a ll C
∞ funct ion s on Rn× (R + ∪{0}). F rom th is, w e can deduce tha t f (x ,

u ) is C
∞ on Rn× (R + ∪{0}).

T ake �(x , u ) = f (x , u ) , (x , u ) ∈Rn× (R + ∪{0}) , then �(x , u ) is C
∞ on Rn× (R + ∪

{0}) and g (x , y
2) = f (x , ûy û ) = f (x , y ) , Π (x , y )∈Rn×R}.

4. The appl ica t ion and exam ples

L emma 4　 (G. Glaeser) 　 A ssum e tha t f (x 1, ⋯, x n) is a C
∞

and sym m etric f unction in va ri2
able x 1, ⋯, x n ( i. e. f or any rep lacem en t of n letters Π, a lw ay s hold f (x 1, ⋯, x n) = f (x Π(1) , ⋯,

x Π(n) ) ) , then there ex ists a C
∞

f unction �(y 1, ⋯, y n) such tha t f= �. N. W here N d enotes the

N ew ton m app ing :

N =

y 1 = ∑
n

i= 1
x i,

y 2 = ∑
1Φ i< jΦ n

x ix j ,

�

y n = 0
n

i= 1
x i.

Proof　 It can be seen in [1 ] p. 125, 3. 4.

Theorem 3　 A ssum e tha t the m a teria l is isotrop ic, the p lastic y ield f unction is C
∞

and the

y ield stresses (absolu te va lue) f or com p ression and p u lling a re the sam e, then the p lastic y ield

su rf ace can be w ritten by the f orm : �(J 1, J
’
2, J

’2
3 ) = 0, w here J 1= Ρ1+ Ρ2+ Ρ3, J

’
2, J

’
3 a re the sec2

ond and th ird inva rian ts of the d ev ia toric stress tensor.

Proof　 Since the m ateria l is iso trop ic, therefo re the p last ic su rface can be w rit ten by F (Ρ1,

Ρ2, Ρ3) = 0, w here F is a symm etric funct ion in Ρ1, Ρ2 and Ρ3, Ρ1, Ρ2 and Ρ3 deno te the p rincipa l

st resses.

F irst, second and th ird invarian ts of st ress ten so r are

N 1 =

J 1 = Ρ1 + Ρ2 + Ρ3,

J 2 = (Ρ1Ρ2 + Ρ2Ρ3 + Ρ3Ρ1) ,

J 3 = Ρ1Ρ2Ρ3

and F is C
∞ and symm etric in Ρ1, Ρ2 and Ρ3, f rom L emm a 4, w e know tha t there ex ists a C

∞

funct ion f such tha t

F = f üN 1.

N am ely the p last ic yield criterion can be rep resen ted by f (J 1, J 2, J 3) = 0.

Fu rtherm o re, from the rela t ion betw een stress and the devia to ric st ress ten so r in p las2
t icity, w e easily know tha t the p last ic yield su rface can be deno ted by

f (J 1, J ’
2, J ’

3) = 0.

　　A cco rd ing to [ 2 ], p. 17, if fo r com p resion and pu lling the yield st resses of the m ateria l

a re sam e, then f m u st be an even funct ion of J
’
3. F rom T heo rem 2, there ex ists a C

∞ func2
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t ion � such tha t g (J 1, J
’
2, J

’2
3 ) = f (J 1, J

’
2, J

’
3).

If w e do no t con sider the effect of hydro sta t ic p ressu re, the p last ic yield su rface fo r th is

k ind m ateria l shou ld have the fo llow ing fo rm :

�(J ’
2, J ’2

3) = 0.

　　[2 ], p. 45 po in ted ou t tha t P rager found tha t the ab serva t ion s can be app rox im ately fit2
ted by tak ing

�(J ’
2, J ’2

3 ) = J ’
2 (1 - 0. 73

J ’2
3

J ’3
2

)

in p lace of �= J
’
2. T h is exam p le is by no m ean s occasiona l. F rom T heo rem 2, w e know tha t

it is on ly a specia l exam p le in the genera l case fo r th is k ind m ateria ls.
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W h itney 引 理 的 推 广 及 应 用
岑 燕 斌

(黔南师专数学系, 贵州都匀 558000)

岑 燕 明
(贵州民族学院数学系, 贵阳 550025)

摘　要

C
∞函数芽的局部奇点理论中,W h itney 引理是一个很重要的定理. 本文将证明该定理的

整体结论. 基于这一推广, 详细地讨论了一类材料的塑性屈服准则. 发现, 对于这类材料, 塑性

屈服准则最一般的形式应是: g (J 1, J
’
2, J

’2
3 ) = 0. 最后举例加以说明.
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