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Kronecker Products of Positive San idef initeM atr ices*
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(Dept ofM ath , Univ. of Sci & Tech of China, Hefei 230026)

Abstract An nx n real (not necessarily symmetric) matrix A ispositive sam idefinite if
xA x" = 0 for each nonzero n-dimensional real row vector x. A necessary and sufficient

condition for the kronecker product of two positive samidefinite (not necessarily sym-
metric) matrices to be positive samidefinite is given in thispaper.
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1 Introduction

L et S™" denote the set of all nx n symmetric real matrices, R” " the set of all nx n real
matrices, and R" the pace of n-dimensional real row vectors For agivenA R"", S(A)=
Z@+AT) andK (A)=

-;“ (A- AT) are the symmetric part and the skav symmetric part of A, regectively, where
A" is the trangose of A. The rank and deteminant of A are denoted by r= r(A) and det
(A), respectively. The detem inant factorw ith order r of the A-matrix S(A)+ K (A) isde-

noted by D (A). Furthemore, denote
m=m@A)=r@A)- r(KQA)),
p=p@A)=r(s@))- degl (¥),

9= qa) = T(@) - 2r(SA)) + degD.()),

k= k@) = 3 (deg@ (V) - r@A) + r(K@®)),

w here deg O (1)) is the degree of the Apolynomial D ((A). Recall (see [1]) thatA isposi-
tive samidefinite (regp. positive definite) if xAx'=0 (rep. xA x'> 0) for each non-zero x

R ForA,B R"™", A andB are congruent if there existsanon- singlar P R™ " such that
B=PAP"
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In 1970, C. R. Johnoon' first investigated the positive definite (not necessarily sym-

metric) matrices J S L i’ established the canonical form sof the positive definitematrices

under congruence J S L i™ gave further the canonical form s of the positive samidefinite
matrices under congruence
It iswell known that the Kronecker product of two positive san idefinite symmetricma-

trices is still positive sanidefinite The result for positive samidefinite (not necessarily sym-

1
metric) matrices is not necessarily true For exanple, takeA = [ 0] Then, xAx'=0

for each non-zero x R’ This mplies that A ispositive samidefinite It is easy to calculate
that x (A @A )x'= 2(x1xs- x2x3) for each x= (x1,x2,x3,x4) R® Hence, if x= (0,1, 1,0),
then x A®A)x'= - 2< Q0 SoA @A isnot positive samidefinite The purpose of this paper
is to give a necessary and sufficient condition for the Kronecker product of two positive
san idefinite (not necessarily symmetric ) matrices to be positive sam idefinite

2 Main reaults

W e need the follow ing lenmas
Lenma2 1 LetA R"™"bepositivesanide inite ThenA iscongruent to the canonical f om:
A = diag(Im,A1,A2,A3,0n 1), (1)

where In  R”™and On + R™ 7™ 7 are the identity matrix and the zeromatrix, respective-

ly,
A= diag ' aﬂ,[ : azl], [ : akM R,
Lo ai - az - Ak
Ao i 1 1J [ 1 1J [ 1 1J -
= I ’ 1 1 1
S N -1 -1
01 0 1 0 1
As= diag c][ J [ J R*™ 2,
] -1 -1

and * jai, * ia2, ,* iaareall d thenon-zerorootsd Dr(A),as= &> =a> Q

v

Proof See [3]

Lenma 2 2 If A R"™"ispositive de inite, then r(A)=r(S(A))= deg D (d)), and A is
congruent to the block diagonal matrix:

A = diag(Im,A 1), (2
w here the sense o A1 isthesameasLenma 2 1
Proof Since A is positive definite, we have r= r (A) = n and the diagonal blocks of the
forms[_ i j and[_ (1) j do not occur in the canonical fom A

Lenma2 3 LetA R"™"bepositive sanidef inite Then the f ollov ing assertions hold:
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(1) All rootsd D (A are zero if and only if
deg@ (V) = r(A) - r(KA));

11 ~
(2) The block[ 1 J does not occur in the canonical form A o A if and only if
deg@ (M) = r(s@A));
0 1 -
(3) The block 1 does not occur in the canonical fom A" o A if and only if
r@)- r(s@)) = r(s@)) - deg@® (V).
Proof This isan mmediate corollary of Lenma 2 1

Lenma 2 4 (1) LeteA R™"andB R"' Then diag (A,B) is positive senidef inite if and
only if A and B are positive sanid€ inite]

(2) 1f A,B R""arecongruent and A is positive senidef inite, then B is also positive
san id€ inite;

(3) If A, R™"arecongruent, and B,D R"'are congruent, then A @B and C®OD
are congruent

Proof The proof iseasy, therefore isomitted
Lenma 2 5Leta> Oand b> Q Then
1 a 1
(1) [ . 1]@[ 0 j is positive sen idée inite (regp. positive def inite) if and only if

ab<1 (rep. ab< 1);
(2) All follav ing matrices are not positive san idé inite:

T ) )
a®01(;|,[1al_|®11,

L- a 1 L- 1 - a L- 1 @

1 1] [ 1 b 1 1] [ 1 1
o 1% 1o 11

-1 0d L-p 1d'L-1 L- 1 o

1 1] _ [ o 1] 0 1 1 b )
o 2. ° o] 1.

L- 1 -1 0’ Lo 1 - p 1

o0 1] _ [ 1 0 1 0 1
o %Yol 0 Y

L- 1 o " L- o'L- 1 -1

1 a
Proof Denote A = [ 1] ®[
- a -

") to the block diagonal matrix:
S di [1 ai' [ 1 - akﬂ
= | , i
ag ab - ab 1
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S ispositive sanidefinite (rep. positive definite) if and only if det S= 1- a’h’= 0 (rep.
1- a’*> 0). This mplies that (1) holds
The proof of (2) is similar.

Theorem 2 6 LetA R™"and B S"' be positive sanidef inite Then A @B is positive
san ide inite
Proof FromLenma?2 1, A iscongruent to the cannonical form A~ M oreover, B iscongru-

ent to the diagonal matrix B = diag (Is,0O+ s), wheres= r(B). It follows from Lenma 2 4
that A ®B is congruent to thematrix:

A OB = diag(ln OB, A1®B,A.OB, A:s®B, O. B).

1 ~ 1 1
[ 2 os wd[ 2. [ 0] e
- a - a - a

1 a - ~
[ J OB’ is positive samidefinite From Lemma 2 4, A1 OB is positive san idefinite

- a
11 11 11
OB di [ J [ J,o[. |  R™2
[-1c] Iag{—l -1 e

Hence, from Lenma 2 4, A:®B’ ispositive sanidefinite In addition,

0 1 0 1 0 1
o5 dag | J | Jo Re
[-1<J 'ag[-l -1 e

Consequently, A s®B ispositive samidefinite Finally, 1n®B diag(Ims,Om( 9). SO Imn @B

Since

Smilarly,

ispositive sanidefinite, too. From L enma2 4, A @B ispositive sanidefinite ThusA @B is
positive samidefinite

nxn

Corollary 2 7LetA R™"and B S" 'be positive def inite Then A @B is positive def inite

Proof From Lenma 2 2, A iscongruent to the block diagonal matrix:
A = diag(Im,A1).
M oreover, B iscongruent to 1. From Lemma 2 4, A ®B iscongruent to thematrix:

A®I= diag(lm @ I, A1 O 1y).

Clearly, In®@ 1= Imtand A 1@ I are positive definite ThusA @ I is positive definite
Theoran 2 8LetA S™"and B R"' be positive sanidef inite Then A @B is positive
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san idd inite
Proof The proof is smilar to that of Theoren 2 6 and isomitted

Theoram 2 9LetA R"™"and B R"'be positive sanide inite and non- symmetric Then A
OB is positive sanidd inite if and only if the follav ing conditions hod:

(D rAa)=rs@A))=deg@ (N)=r, and r(B)=r(SB))=deg(Ds(A))=s, whereD:
(N and Ds(A) are the determ inant f actorsw ith order r and order sd the Amatrices AS (A ) +
K@) and ASB)+ K B), repectively;

(2) If «and Bare the rootsof D (A) and Ds(A), regpectively, then |x8|=1
Proof W e first prove that A ®B is congruent to a block diagonal matrix G w hose diagonal
blocks are of the follow ing form s

R E R

1 al 1 b 1 al 1 1] 1 al 0 1
@ y @ ] @ ’
- a 4 L-op d'l-ad L1 d'l-a d L-1 0
o1 1] ] 2] [ 1ol ] 11l [ 1 1] [ o 1]
@ , @ y @ 1
- 10 L-p d'l-10d L1 09'L-1d 7 L-10
o0 1] ] 12 6] [ o 1] [ 1 1] [ o 1] _[ o 1]
® , @ y @ H
-1 0d L-p d'l-10d 7 L-1d'l-10d L1049

and the zero matrix Og, where a> 0 and b> Q
Since A iscongruent to the canonical form A” and B is congruent to the follow ing canoni-
cal fom:

o3}
1

diag(lmv,B 1,B2,B3,0@ 9),

[ 1 b 1 be o
B.= diag 11] [ J R

L- b - be

i 1 1 L
B,= diag O-|’ '[ (;| Rszzp,

1 1
1 1
0 1 0 1 _
Bs= diag L J [ 1 J R

w here

v

A ®B iscongruent to thematrix:
A®B = diag(ln ®B,A1OB,A2QB,A:®B,0. ®B).
Clearly, we have

1 - B aB
- a - aB B
_ U e a|m1 [ B: asl] [ B. aBZJ [ Bs aB:;J J
dlag ’ 3 ’ ,OZ(t- 9| .
- alm’lm’ = aBl B - aBZ B - aBS B
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Note that

RIEE R
A I I A S I
[=2] w20 Y [ e 1Y),

and
B aB 1 0 1 1 01
2] | el 0 Yl Y
- aBs B - a -1 - a -1
1 a . o . . L
Hence[ 1] ®B’ ispemutation similar to such a block diagonal matrix that its diagonal
- a

blocks are of the form s

B R LB PO I B

a
1 a 0 1
[ J ® [ 1 (;| , and the zero block O.
- a -

11
Smilarly, [ 1 (J OB ispemutation similar to such a block diagonal matrix that its diag-

onal blocks are of the forms

B R B RO

1 1 0 1
[ 1 J@[ 1 J,andthezeroblocko.

11
A nd[ 1 J ®B is pemutation similar to a block diagonal matrix w hose diagonal blocks

are of the follow ing fom s

L del YL el Y

0 1 0 1
[ 1 J@[ 1 J,andthezeroblocko.

— 332 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Finally, In®B= diag(, ,B) R" "™ ispemutation smilar to a block diagonal matrix
w hose diagonal blocks are of the form s

IR IRTIRT

Thus the assertion holds

Now suppose thatA ®B ispositive sanidefinite By theproof above, A ®B iscongruent
to a block diagonal matrix G. From L enma 2 4, G ispositive sanidefinite It follow s from
L enma 2 5 that G does not contain the diagonal blocks having one of the formsin (3). If A~

11 -
contains the diagonal block [ L (;| , thenB does not contain the blocks having the form s

1 11 0 1 -
[ b j[ 1 C;| and[ 1 J In other words, B is synmetric Hence, B is symmet-

ric, acontradiction This mpliesthatA™ doesnot contain the block Az Similarly, A doesnot
ocontain the block Az Therefore,

A~: d|ag(|m,A l,On— r). (I)
ByLenma2 3, wehaver=r(A)=r(S(A))=deg® (). Smilary, we have
BN: diag(lm',Bl,On- s). (||)

ands= rB)=r(S(B))=degOs(A)). This mplies that (1) holds In addition, smilar to
the proof above, A ®B is congruent to the block diagonal matrix w hose diagonal blocks are
of the follow ing form s

1 a 1 1 a 1
|,[ aJ],[ bg}[ a}@[ bg},lﬁf§k,1Sg§k’, (iii)
- - b YL- oa 1 - by 1L

1 a 1 by
and the zero matrix O. T herefore, [ j ®[ b 1] is positive samidefinite From
- af -

Lemma2 5, aiby=<1 Since
DA(A) = det(lS@A) + KA)) = X"(X+ a) ¥+ ad),

the non-zero rootsof D «(A) are * ia1, * ia2, ,%* iax Similarly, the non-zero rootsof D s(A)
are * ibi, + ib2, ,* ibe. Consequently, (2) holds

Finally, suppose (1) and (2) are satisfied It followsfrom (1) andLemma2 3, A and
B are congruent to thematrices (i) and (ii), regpectively. HenceA ®B is congruent to

A ®B = diag(ln ®B,A1®B,0n  @B).

Hencew e obtain that A ®B is congruent to a block diagonal matrix G w hose diagonal blocks
are of the forms (iii). It follow s from (2) andL enma 2 4 that G is positive san idefinite
This mplies that A ®B ispositive san idefinite
This completes the proof.

Note that if A R™" ispositive definite, thenD (A= det(AS(A)+ K (A)). Hence, we
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have

Theorem 2 10LetA R™"andB R"'bepositivedd inite ThenA @B ispositive de inite if
and only if |08|< 1for each root xd det(AS(A))+ K (A)) and each root B det(A(S(A))
+K@)).

Proof The proof isomitted
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