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1 Introduction

There are paperson real idenpotent matrices (for instance [1], [3] and [4]). The first
author of thispaper in [5] proved that the second ajoint matrix of a Fuzzy idempotent matrix
is idempotent Ourmotivation of thispaper isinitiated from [5] andw e prove that an adjoint
matrix of a real idempotent matrix is idempotent

2 Lanmas
W e have two lenmas in this section W e need some definitions

Def inition 1 (i) R denotes the set & all real numbers M »(R) denotes theset o all n by n real
matrices

(ii)) LetA Mn(R). A 'denotes the tranpose o A.

(iii) LetA= (ai) Ma(R). Thecdactor Aij o aijindet(d) is (- 1)’ times the deter-
minant o the sutmatrix o order n- 1 obtained by deleting the ith rov and the jth column
fran A, where det(A) denotes the detemninant o A (see [6, p. 57]).

(iv) If A isamatrix o order n and A ij is the cdf actor of ai; in det(A ), then thematrix

Aun A2xn A
. Ar Az A n2
adja) = Ay)'=
Aln A2n An
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is called the adjointmatrix o A (see [6,p. 58] for adj (A)).
(v) Eij inMn(R) denotes the matrix obtained fran the identity matrix Ih= | by inter-
changing rav iand rav j(i# j).

Lenma lLetA Ma(R) (n=3). Thenw e have that
adj(EijA Eij) = Ej (adj(A))E”
W eomit the proof of Leanma 1

Lenma 2W e assume thatn=3 LetA= (aj) M .(R) bea real matrix o order n def ined by

1 ifl<i=j=<n- 2
aj=0 if iz jand1=1i, j=n- 2
O ifn- 1<i,j=<n

A ssume thatA isidenpotent Thenw e have the f ollov ing:

(i) If ariZOfor 1=i<n- 2, then ain. 2= Ofor 1<j<n- 3, and an=Q
(ii) If an# Ofor 1=i=n- 2, thenan=O0for 1=j<n- 3, and ain 1= Q
(iii) If an1Z0for 1=i<n- 1, thenar ;= Ofor 1=j<n- 3and aw= Q
(iv) If aw# Ofor 1=i<n- 2, then an= Ofor 1=j<n- 3, and a. 1= Q
W eanit theprod o Lenma 2

Example 1W e list 18 real 5% 5 idempotent matricesA with r (A )= 3 (the rank of A isequal
1 0 0 O

01 0O
to 3). In thisexanple, [0 0 1 z
0 00O

La b O O
(A)=5and a#z 0, b# 0, and z# Q In thismatrix, we can add that:

(i) If az 0,b# g 0 and all other entriesof A sand A s are zero, thenw e can have au= z#

o O o

denotes a 5x 5 real idempotent matrix A with r

o

0 and all other entriesof /A and sA must be zero, w hereA i and A denote repectively the ith
row and ith column of A.

(ii) Smilarly, if z# 0 and all other entriesof /A and sA are zero, then only non-zero en-
tries are a= as1 and b= asz

(1) (2) (3)
10000 1 000wu 1 000wu
0100 v 01000 0100 v
0010w 0010w 00100
a 0000 0 b 00O 0 0c 00O
0000O0TO 0000O0TO 0000
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(4) (5) (6)
1 0 0 0 O 1 00 0 O 1 0 0 0 u
01 0 0O 01 0 0 v 0 1 0 0 O
0 01 0w 0 01 0 O 0 01 0 O
a b 0 0O a 0 c 0O 0O b c OO0
0 0 0O00O0 0 0 0O 0 00O
o . ® (9)
1 0 0 0 O 1 0 0 0 O 1 00 0O
01 0 0 O 0 1 0 0 0 0 1 0y O
0 01 0 O 0O 01 0 0 0 01 =z O
a b c 0O 0O 0 0O0O0O 0 00O 0O
LO 0 0 0 O La b ¢c O a 0 0 O
w1
1 0 0 x O 1 0 0 x O 1 00 0O
01 000 01 0y O 01 000
0 01 z O 0 01 0O 0 01 z O
0O 00O O 0 0 00O O 0 0 0 0 O
LO b 0O O O LO 0 ¢ 0 O La b 0 O
W as ()
1 0 0 0O 1 0 0 x O 1 0 0 x O
010wy O 01000 010y 0
0O 01 0O 0 01 0O 0 01z O
0O 0 00O 0O 0 00O 0O 0 00O
La 0 ¢ 0 O LO b ¢ 0 O/ LO 0 0 O

. _ an (18)
1 0 0 0 x 1 0 0 0 O 1 0 0 x wu
0 1 0 0y 01 0 0O 0 1 0y v
0O 01 0 z 0O 01 0O 0 01 zw
0O 0 00O a b c 0O 0O 000 O
0O 0 0 0 d Ld e f 0 Q 0O 000 O

3 Theoran

W e quote the follow ing [2]:

If A isa real idanpotent matrix of order n, then A is smilar to a diagonal matrix diag
(1,1, ,1,0, ,0), thatisA=T(diag(1,1, ,1,0, ,0))T ', whereT isanon-singular
matrix of order n

W e prove the follow ing theoram.

Theorem LetA= (aj) Ma(R) bea real idenpotentmatrix. Then the adjointmatrix adj (A)
is idempotent

Proof The proof consistsof several steps
(i) Suppose the rank r(A) of a real idempotent matrix A of order n isequal to n Then
we see that A = I.= |, the identity matrix W e can compute adj(A) as| and hence adj(A )=
| is idempotent
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(ii) Suppose that r(A)=n- 1 Thenwe can assune, w ithout lossof generality, that

1 0 O 0 0

0O 1 O 0 0

A= 0O 0 1 0 0
0O 0 O 1 0

Lax a2 as an1 0!

W e can compute adj(A ), the adjoint matrix of A asfollow s

1 0 0 0 0

0 1 0 0 0

] 0 0 1 0 0
adj(A) =

0 0 0 1 0

L- a1 - a2 - a3 - an1 O

W e can show that adj(A ) is idempotent

(iii) W e referring to Lenma 1 and 2, and Exanple 1, we claim that if A isan idenpo-
tent of rank (n- 2), then oneof the follow ing three statements holds

(1) A hastwo rows (A« 1and A ) each of wo is the zero vector.

(2) A hastwo columns (» sA and A ) each of Wwo is the zero vector.

(3) A hasone row and one column (A~ 1and A, orAn.and « A ) both of them are zero
vectors

(iv) W e just prove that the claim mentioned in the above (iii) istrue (for a case). Sup-
pose that A isan idempotent of rank of (n- 2) and suppose, in addition, that ai= 1 for i=
1,2, ,n- 2andai= Ofori=n- 1landi=n Thenwecan show that ai;= Ofor i# j and 1=
i,j<n- 3, anda;=Ofori#z jandn- 1<i,j<n Now if ar ..Z 0(1=<i<n- 2), thenn iA,
the n- 1 column, must be the zero vector. In addition, if anZ 0(1<j=<n- 2) then A (then
column) must al be the vector. Thisproves the claim for a case (referring to 17, Exanple
1).

The rest of all other casesw ill be proved by a smilarway usingL enma 2

Now we see that adj(A)= 0 M. (R) for an idempotentmatrix of order (n- 2), where O
denotes the zero matrix Therefore adj(A) is idempotent

(v) LetA be an idempotent matrix of rank k, where k=<n- 3 W e again refer to L em-
mas 1 and 2, and Example 1, andw e easily deduce that adj(A )= Owhen A isan idempotent
of rank k(k=n- 3). Weknow that adj(A)= 0 is idenpotent Thisproves T heoram.
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