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On n- W idthsfor Sane CVD M atr ices*

W u H uoxiong
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Abstract In thispaperwe prove that da= 0x= d*= bx, where da, &, bx denote
the Kolmogorov, linear, Bernstein 2k-widths of A (BIy) in Iy, d* denotes the
Gelfand 2k-w idth of AT B I) in %', respectively. B Iy denotes the unit ball of 5. A
isaN xM CVD matrix (N>M = rank A, M isodd). -+ =1, —+ == 1(1=q=<p
<+ 00 ,p# 1).
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1 Introduction

LetA beanN xM matrix, abbreviated asA M "*" with column vectors a’,
a. Forl=p,qg< + o, set

h: = {x R": “X"p: (zl |Xi|p)-;-<+ 0},

b= Rk (3 ki) % + w3},

BIh: = {x R:|x[p= 1
The nwidth, in the sense of Kolmogorov, of A B I%) in I3 is given by
M NY. _— .
da(A, 10, 13): = annf ||§fI:QlymLfn Inx -y
w herelL n is any subspace of Iy of dimension n

The linear n'width of A B I5) in Iy is given by

aAL T, I5): = ipnf ”xsrfsgl”ﬁ\x- Pox [k,
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w here P» runsover allN XM matricesof rank n

The nwidth of A (B Iy) with repect to Iy, in the sense of Gelfand, is defined by
n M Ny, —
d (A! P!|Q)- - I{]nf ”ﬂ:Q:Lth"q'
X ><n

w here X » is any subspace of I of dimension n

Thenwidthof A B %) in I, in the sense of Bernstein, is given by
b, 5, 15): = sup igf””Ax |k

belp=1
w here X n+ 1 is any subgpace of Iy of dmension n+ 1
ForA STPI(NXM), I=min(N, M), and 1<g=<p< + o,p# 1, Buslaev'"
proved that

dn(A, 15, 13) = &A1, 10) = d"AT, I3, 1) = @A, 15, 13).

In thispaper, forA CVD (N xM) (N >M = rankA, M isodd),and 1<q=<p< +
o, p# 1, we present the corregponding results(for 2k-w idths).

2 Prelm inar ies

Definition 1L etA= (a;) M """ If all nozerokx kminorsd A have the same sign,
A issaid to besign- consistent o order k, abbreviated by A SC«(N XM ). If all kx k
minors & A are nozero and have the same sign, A issaid to be strictly sign- consistent o
order k, abbreviated by A SSC«(N XM ).

Let x= (x1, xz, ,xv) R". Denote by S (x) the number of sign changes in
thesegence obtained from x1, x2, , xw by deleting all zero tem's, by S™ (x) themaxi-
mum numbers of sign changes possible in the vector x by allow ing each zero to be re-
placed by + 1or -1 W e define that

S: (X) = mgxs+ (XKJXK+1| y XM, X1, l XK)!

Sc (x): = maxs’ (Xu X 1, 5 XM, X1, 5 XK.

Definition 22 LetA M"™ 1If foranyy R", S: (Ay)<S: (y), thenA issaid to be
gyclic variation- diminishing, abbreviated by A CVD (N XM ).

N xM

Lenma 1¥'LetA M
(A oD (NXM)=A SCa1, r=1,2, Kk
(ii) A sSSCa- 1St (Ay)=S: (y), Vyz Q

,M=2k- 1,N>M = rankA. Then

Lenma 22 1f A SCk(NxXM), 0< k<min(N, M), rankA > k, then there exists
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{A U’}O’ZOC SSC«k such that A s —A (O'—>+ 00 )
Lenma3LetA M" ™ 1f {Ade=1CM"™ andAs—A (0-+ ®), then

dn@ o b, 15) = da(A, 15, 15) (0 -+ o),
A5, 15) - &A@, 5,15) (0~ + o),
d"@Aelh,5) -d"@,5,5) (0~ + «),
bhAo ly, 1) - (A, I3, 1) (0 -+ o).

Proof W eonly prove that dn (A o, I3, I§) —dn(A, 15, 15) (0—+ o), theproof for theoth-
ers are smilar By the definition and the duality theoram of the best approximation, we

have
di(A T, 15): = inf P, inf ||A x -yl
_l _l_
= |nf ||xSﬂJp P |(f A o) | ( = 1)
Hf lly =
and

deA, 13, 18) = inf S, "TSEI? |(F,A%) |

W eonly need to prove that

e, e |(F.Ax) |- e, P |(F,AX) [(0 -+ o)
||L4‘ ||f||‘

holds unifom ly forL »
Since
|, Aax) | < [, Ao A)x|+ [EA) ]| = [Flklac- A)x|h+ |G,A%) |
[(EAx) [ =k flae- Adxlh+ [(.A%) ],
o Vx Bly, we have

sp [(F,Ax) | = |G- A)xlh+ sup [(FAX) ],
I|f||—l ||f||,1

sup |(f Ax)|< "(Ao- A)x||q+ sup |(f Aax)l
||f||-1 ||f||-1

thus

”Srlp suLp |(F,A ) |- SR, P [ .Ax) |l
Il ="

< "X:;"JQl"(AU- A)x||q- - 0(0- -+ o).
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Therefore
IIXSIT:Ql fSUR |(f A X) | - IIXSIEFS)l fsuLpn |(f A ) |(a_, + )
Il =1 il =1
holds unfomly forL »
So

d”(Ao'rlhfl’lalrg{) "d”(AlL’\Fl’Ivlﬁ) (O-"+ 00)

3 Themain results

Definition 3L etA MNXM,Z R')A R, 1<p, g< + o. |If
A T (A Z) (a) = Aq (Z) () ||Z ||FJ = 1!
then we say that (z,A) isa (p,q) spectrum couplesd A, denoted by (z,A) SP(@A,p,

). where (a) 9= |a|* "sgna for real numbers a and s,

@) o= (|22 *sgnzs, |22 [ *sgnzz, , |ew |7 'sgnzu)
for vectorz= (z1, z2, , zw). z is called a pectrum vector A, Aisa spectrum num ber
od A.
Theorem 1ForA M "*", M isodd, rankA=M, if A SSCa-1,r= 1,2, M k
[0 n Z, 1< p,g< + o, then
SPaA,p,9e = {(z,) SPQA,p,q):Sc(z) = k} # O,
w here Sc(z) denotes S¢ (z) = St (2).
Proof For k= 0, theproof iseasy (see [1]). W eonly prove thecase of k= 1
L et
2k+ 1
o* = {y R*hy= (y ,y2k+1),z lvi|= 1}.
1
Foranyy O, set
u(ty): ={sgny,0=< t< |y:| ,sonyae,
|y1|+ |y2|+ + |y2k|§t§ |y1|+ |y2|+ + |y2k+1|},
z(y): = (zaly), ,zv(y)),

m
w here Zi(y):MJ.*'M—lu(t,y)dt, i=1,2, ,M.Weeasily see that Sc (z(y)) =2k

Define

Zo(k): = {z(y):y 0%}, Zs(k): = {z= z(y):y 0O*C I,
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w here zs(y) satisfiesA T (A zs(y)) @= pé 1(y) (ze1(y)) @ with ps 1(y) such that "Zs(y)
||p: 1, zo(y)= z(y).

It is easily know n that Zs(k) is an odd, oontAinuous correpondence oAf 0% Thus,
Vs 7', from Borsuk Theoren'", there existsz  Zs(k) such that S¢ (z) = 2k Set

Ys(k): = {y (OSi(z(y)) = 2k 2 @
Then Ys(k) isaclosed subset of 0% Furthemore, Ys(k) isa compact subset Obvious
ly, Yo(k) DYi(k)D DYVYs(k)D , = that there existsyo n 2oYs(k). By similar
proof of the [1,L enma 1], there exists subsegence {zs (yo)}s z* C {zs(yo)}s z* such
that zs (yo) converges to a spectrum vector x of A, us converges to the corregponce gpec-
trum number A and
Vs Z', S (zs(yo)) = 2k=S: (x) = 2k
ByLenmal, foranyy 0%, weal®o have
St (zs(y))= St AT (Azs 1(y)) @ = Sc (Azs 1(y))
< Sc(Azs 1(y)) =S¢ (zs 1(y)) <
< St (zoly)) = Sc (z(y)) = 2
o
Se (zs+1(yo)) < Sc (zs(yo)) < 2k= S¢ (x) < S: (x) < 2k

Therefore Sc (x) =S¢ (x)=Sc(x)= 2k, i e (x,A) SPx(A,p,q)e Thisproves T heo-
rean 1 O

L et

A = inf{Xx (z,d) SPx(A,p,q)ch

Theoren 2 If p=gq, then under the same hypothesis in Theoren 1
dacA, 5, 15) = oA, 13, 15) = Xc= d*@A", 5, 15) = ba(A, 7, 13)
and the characterics o the gptimal subgpace for dx (w ith the gptimal matrix for ox) are
given
By the similar proof of [1, Theorem 2], wemay easily prove that d=«= Ax For prov-
ing that 6«= Ax, we need the follow ing lenma

L enma 4 U nder the assumption o Theorem 2, we have that for any V (z,A) SPx«(A,
p,q)c, thereexistsL 2C Iy, dimL < 2k such that
dA®BR),Lah): = sup inf [Ax- ylh=a
Y Lo x BI"S

Proof V (z,d) SPx(A,p,q)={(x,) SP@A,p,q): Sc(x)= 2k}. By Definition 3 and
Lanma l, we have Sc(A z) = Sc(z) = 2k W ithout loss of gerenality, we only consider
thecaseof S" (Az)=S" (z2)= 2k

From Sc(z) = 2k and S (z) = 2k, there exists 0= io< 1< i2< < ix< ix1= M
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such that zj (- 1) *=0(or<0), i1+ 1<j<i, r=1, ,2k+ 1, with the

additional provio that zj= 0 mplies j= i- for some r (If za+1= 0 then zaZ 0 and iz 1=
izt 1=M ). Thusforr=1, , 2k, either (a). zizi ..< 0, or(b). zi=0,zi-1zi+1<Q

r |r+l
W e define vectors {€}%1CR", where

] |Zi | e 1), i= i,h+ 1
(€)i= . if zizi+1< G
0, othersi

(er)i = dilif Zi = Q
I=1, ,2, thenwehave (¢, (z) »)=0,r=1, ,2
Similarly, we can construct {f }%:C R" such that (f', Az)=0,r=1, , 2

Set
(fhae) (FLA€) (FHA €
| @hAae) (A€ (f2,A )
(f Zk,A el) (f Zk,A eZ) (f Zk,A eZk)
If = 0, then, for e 0 snall enough w e have
(fLA€e) + € (f*,A€) (f1,A %)
f2 A€ f2AE) + € f2 A
N I GV B (VY Ay |
(f*,Ae) (f* A€) fF*Ae™) + €

since ¢ isapolyminalw ith regpect to ew ith the root Q
W ithout loss of gerenality, we can assumethat =0, and & Oas =0
Now, we construct theN xM matrixD = (ds) M "™, by

1) f # 0, then

(fLAe) (fFHLAE™) (4, d)
dij: = I
(f Zk,A el) (f 2k,A eZk) (f 2k, aj)
(A el) i (A 62k) i aij
2) If = 0, then
(fhae)+ € (FLA€) (FH,A€e") (F4,d)
(f3A€) (fLA€) + € (f3,A €% (f%a)
dijZ = . -el,
(f Zk,A el) (f 2k,A e2) (f Zk,A e2k) + € (f 2k’ aj)
(A el) i (A e2) i (A EZk) i aij
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where @’ denotes the ith column of A, (A€'): denotes the ith component of A €.
ThusVy R"wehave

(fLA€) (fFLA€)  (FLAY)
Dy = .
(f*,Ae) f*Ae*) (F*Ay)
Ae Ae™ Ay
or
fLAe)+ € (YA€) (fHA€eY) (fHAY)
(f2Ae) (fLA€) + € (f2,A€") (f2Ay)
Dy = .t
(t*Ae) (f*,A¢€) (F* A + € (F*Ay)
A€ A€ A ™ Ay

LetDy=Ay- Pxy. Then Px= (pij) M M rank Pa= 2K,
%
pi = aj- dij= Zbrj(Aer)ii: 1, N,j= 1, M,
=)

where bj isconstant (r=1, ,2; j=1, ,M).
W emay easily prove some propertiesof D as follow s(see [3]).
1) rangeP x < 2k, rangeP « denotes the dimension of range of Pz
2)Dz=Az, ie, Paz= 0
3) ygn(Az)idiysgnz;=0i=1, ,N, j=1, ,M;

N
4) Y de
SetD.= (|di|) M"*" By3), wehave

malpylk= maxlp- vl =

then there existsz~ R" suchthat u= |p+z | [z b= 1

SinceD - =0(i e |di|=0), weobtainz = (zi, ,21)=0(or <0) i e z ,i= 1,
, M keep the same sign W eonly consider the caseof z° = 0, then (z, ) isa ec-
trum couplesofD”, i e

©2z)i|"'sgn ©2)i= X |zs|” ‘sgnzs, s== 1, M.

N
Z ldie [|[©+ 27)i|" "= wi'(z)" =1, , M. (1)
—1
From 3) and 4), foru= (|zu|, . | |), we have
N
> ldie[|[O+ w)i]" = Xz ["hr= 1, M. (2)
1
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Thusa= [p-ulh ieasp

W e shall prove A=

By the definition of dij, we have

(i) when #0, if z= 0, then |dir|=0i=1, ,N. From (1) wehavez = Q

(i)When =0, for sufficient snall & 0, & 0, wehave|di[#0, i=1, ,N, j
=1 ,M.

Alo, because [lulp= |jx [p= 1, therefore ©®-u)i> 0, i= 1, M. From (2), we
#0, s=1, | M.

By the above discussions, there exists a snallest number ¥(Yfinite) such that ¥
|= z: forall s(From |ulb= |&" [b= 1= ¥=1). Thus

have |zs

Zs

Yo uwilttz |- z2)iF i= 1, N,

N N
and therefore ¥" 12 c1ldie| [©u)i T = Z i= 1
From (1) and (2) we obtain

dis

(D+Z*)i|q_l.

¥ 12\“|zs|p'12 wi(zs )™t s= 1, M.

Thus

A
y(u

)p_>q_1|zs|2 ze, s= 1, M.

From the definition of ¥, it follow s that A= . Thus A= n
SetL = pan{Ae A, ,Ae*}L Then
dA B 1)L ly) sup inf Ix - vk = sup lhz- Paz|h(Paz L)
2k z Bp

x A@HN)Y
selpel= palp-zk= 2

ThisprovesL enma 4 O

The Proof of Theoran 2 By L eanma 4 and the definition of da (A, Iy, ), V (z, A)
SPx«(A ,p, ). we have
daA, Iy, 15) =d@A@BIY), La, I3) <A

From the proof of L enma 4 and the definition of &« (A, ¥, I3), we obtain
GacA Ty, 1) < sup lhz- Pazlh=a
Thus p
dac@A, 15, 18) < Xcand oA, 15, 15) < Au,
where &= inf{x (x,A) SPx(@A,p,q)d
From [4], we have
(A, T, 15) = dac(A, 15, 13), d™*(A, 15, 15) = ba(A, 15, 15);
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and d* AT, IV, ") = daa, b, 1Y), Where';‘+ I_DJT: 1, ‘(Jl‘+ :1],‘: 1, AT is the

trangpose of A. Andwe have already known that da<(A, %, 13) = A Hence
dac(A, 15, 15) = 6@, [, 15) = = d*@A7, Iq, 1) = ba(a, 15, 15).
Since SPx« (A, p,q)cisaclosed subset, therefore
o {X (x,d)  SPx(A,p,q)ck

L et x  isthe correponding pectrum vector, then for (x *, &), in the proof of L enma
4 the correponding linear subgpacel »” = pan{Ae:, ,Ae¥} and the matrix Px=

2k
(pii )nxm Where pi z =1bj (A€v)i, i=1, ,N,j=1, ,M) aretheoptimal subpace
for d2« and the optimal matrix for dx«, regpectively. Thisproves Theoram 2 O

Remark 1 The result of Theorem 2 holdsfor g= 1, 1< p< + o, too (see [5]).

Theoran 3LetA M"™, M isodd,N>M = rankA, 1<q<p< + o (pz 1). If A
cvD (N XM ), then
dacA, 5, 13) = @, 15,15) = d*@T, 5, 15) = bala, Iy, 15).

Proof By L enma 1, we need only to prove the resultsforA  SCa- 1(N XM ), r=1,

M+ 1
=
From Lenma 2, there exists {A ¢} C SSCz- 1 (N XM ), r= 1, , M5, such that
lMmo.A = A.

By Theorem 2 and Remark 1, we obtain
daA o, 15) = &@qly, 1§) = d*@A5 1N, 1) = baAasly,13),
l=qg=p<+ o (pz 1.
From L enma 3, it follow s that
dxA oo, 15) - - da@oly,[3) (0 o)
OxAolo,lg) - - &@alh,17) (0 o)
d*@A5, 15, 6) - - d*@s, 1§, ) (0 o)
ba Ao 5, 15) - > bax(Ao Iy, 17) (0 )
Thus
dacA, T3, 15) = @, 15, 15) = d*@T, 5, 15) = ba(Aa, Iy, 15).

Thisproves Theoren 3 O

Remark 2 For p= + o, 1<g=<+ o, we can obtain the follow ing result

daA, 15, 15) = d* @A, 16, 15) = oA, 15, 17).
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