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Abstract　 In th is paper, a new algo rithm 2p ro jected grad ien t type m ethod of cen ters fo r
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Key words　con stra ined op t im iza t ion, nondegeneracy, p ro jected grad ien t type m ethod

of cen ters; g loba l convergence.

Cla ssif ica tion　AM S (1991) 40C30, 49M 37öCCL O 221. 2, O 224

1. In troduction

M ethod of cen ters is a class of im po rtan t a lgo rithm s fo r non linear p rogramm ing, w h ich

has the advan tages of feasib le d irect ion s m ethod and penalty funct ion m ethod, and can over2
com e som e of their sho rtcom ings such as the requ irem en t of feasib ility of in it ia l po in t fo r the

fo rm er and the uncerta in ty of pena lty facto r fo r the la ter[1, 2 ]. How ever, the ex ist ing m eth2
ods of cen ters on ly con sider inequality con stra in ts and u se the subp rob lem s of linearöquadra t2
ic p rogramm ing to genera te the search direct ion s.

In th is paper, w e con sider the fo llow ing p rob lem :

(N P)　m in f (x ) , s. t. x ∈R = {x ∈R nûg j (x ) Φ 0, j ∈L ; aT
i x - bi = 0, i∈M },

w here f , g j∈C
1 ( j∈L ). L and M are fin ite index sets. Since the linear con stra in ts can be

trea ted d irect ly, and som e of the con stra in ts m ay be requ ired to be sa t isf ied in p ract ice, w e

divide L in to tw o sub sets: L = L 1∪L 2 such tha t L 1∩ L 2= Á , and u se on ly g j ( j∈L 2) to con2
st ruct the m erit (d istance) funct ion of (N P) w ith the param eter y∈R

n:

f (x , y ) = m ax{f (x ) - f (y ) - rΥ(y ) , g j (x ) - Υ(y ) , j ∈L 2}, (1. 1)
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w here r> 0, Υ(y ) = m ax{0, g j (x ) , j∈L 2}. T hen fo r the cu rren t itera t ion po in t

x k ∈R 1 = {x ∈R nûg j (x ) Φ 0, j ∈L 1; aT
i x - bi = 0, i∈M }, (1. 2)

by u sing the p ro jected grad ien t d irect ion to genera te the descen t feasib le d irect ion of the

param etric p rogramm ing (P x k ) : m in {f (x , x
k ) û x∈R 1 } at x = x

k , a p ro jected grad ien t type

m ethod of cen ters fo r (N P) is ob ta ined. U nder the assum p tion of nondegeneracy, the g loba l

convergence of the m ethod is p roved. T he m ethod is sim p le in com pu ta t ion and flex ib le in

fo rm.

2. D ef in it ion s and Nota tion s

D ef in it ion 2. 1　G iven y∈R
n , J < L 2, d ef ine the g enera liz ed p seud o d irectiona l d eriva tive of

f (õ, y ) a t x a long d∈R
n
w ith resp ect to J as f ollow s

f 3
J (x , y ; d ) = m ax{f (x ) + ý f (x ) T d - f (y ) - rΥ(y ) ; g j (x ) + ý g j (x ) T d

- Υ(y ) , j ∈ J } - f (x , y ). (2. 1)

　　Since f (x , x ) = 0, w e ob ta in

f 3
J (x , x ; d ) = m ax{ý f (x ) T d - rΥ(x ) ; g j (x ) + ý g j (x ) T d - Υ(x ) , j ∈ J }. (2. 2)

　　D eno te f ’(x , y ; d ) , f
0 (x , y ; d ) respect ively fo r the d irect iona l deriva t ive and the gener2

a lized direct iona l deriva t ive [ 3 ] of f (õ, y ) a t x a long d∈R
n and f ’(x , y ; d , p ) , f

0 (x , y ; d , p )

fo r tho se of f (õ,õ) a t (x , y ) a long (d , p )∈R
2n; I 1 (x ) = { j∈L 1ûg j (x ) = 0}, I 2 (x ) = { j∈L 2û

g j (x ) = Υ(x ) }, I (x ) = { j∈L ûg j (x ) = 0} and J (x ) = I 1 (x )∪I 2 (x ) , the fo llow ing lemm a is

obviou s. See [3 ] in deta il.

L emma 2. 1　 (1) f ’(x , x ; d ) Φ f
3
I2 (x ) (x , x ; d ) Φ f

3
J (x , x ; d ) , Π J Β I 2 (x ) ;

(2) f ’(x , y ; d ) = f ’(x , y ; d , 0) = f
0 (x , y ; d , 0) = f

0 (x , y ; d ) ; J (x ) = I (x ) , Π x∈R ;

(3) F or x , y , d , p∈R
n , tΕ 0, ϖΗ∈ (0, 1) such tha t

f (x + td , y + tp ) - f (x , y ) Φ tf 0 (x + Ηtd , y + Ηtp ; d , p ) = tf ’(x + Ηtd , y + Ηtp ; d , p ).

If p = 0, then by (2) , w e ob ta in

f (x + td , y ) - f (x , y ) Φ tf 0 (x + Ηtd , y ; d ) = tf ’(x + Ηtd , y ; d ) ;

　　 (4) lim (x , y , d )→ (x 3 , y 3 , d 3 ) f ’(x , y ; d ) = lim (x , y , d )→ (x 3 , y 3 , d 3 ) f
0 (x , y ; d ) Φ f

0 (x
3 , y

3 ; d
3 ) = f ’

(x
3 , y

3 ; d
3 ).

N ow , in o rder to ob ta in the search direct ion of p ro jected grad ien t type, w e assum e

(H ) Π x∈R 1, R ank{ý g j (x ) , j∈J (x ) , a i, i∈M }= ûJ (x )∪M û.
L emma 2. 2 (H ) hold s if and on ly if f or any bound ed subset S Α R 1, there ex ists ΕS > 0 such

tha t

Π x ∈ S , Ε∈ (0, ΕS ], det N J (x , Ε) (x ) TN J (x , Ε) (x ) Ε ΕS , (2. 3)

w here

N J (x ) = {ý g j (x ) , j ∈ J ; a i, i∈M }, fo r J Α L ; J (x , Ε) = I 1 (x , Ε) ∪ I 2 (x , Ε) ,

I 1 (x , Ε) = { j ∈L 1ûg j (x ) Ε - Ε}, I 2 (x , Ε) = { j ∈L 2ûg j (x ) - Υ(x ) Ε - Ε}.
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Proof　T he p roof is sim ila r to tha t of [4, T h. 1 ] and is om it ted.

L et x∈R 1, J 1Β I 1 (x ) , J 2Β I 2 (x ) , J = J 1∪J 2 such tha t det N J (x ) T
N J (x ) > 0. D eno te B J

(x ) = N J (x ) [N J (x ) T
N J (x ) ]- 1, P J (x ) = E - N J (x )B J (x ) T , uJ (x ) = - B J (x ) T ý f (x ) , de2

f ine the fo llow ing direct ion s

d J (x
’

) = - P J (x ) ý f (x ) + B J (x ) [vJ (x ) - Θ(x ) ∆J ], (2. 4)

w here fo r j∈J = J 1∪J 2,

v j
J (x ) =

u j
J (x ) , if u j

J (x ) < 0,

- g j (x ) , if u j
J (x ) Ε 0 and g j (x ) Φ 0,

Υ(x ) - g j (x ) , if u j
J (x ) Ε 0 and g j (x ) > 0.

(2. 5)

and fo r i∈M , v
i
J (x ) = 0;

∆j
J =

1,　if j ∈ J ,

0,　if j ∈M ;
Θ(x ) Ε 0. (2. 6)

L emma 2. 3　 (1) L et Α(J , x ) = úP J (x ) ý f (x ) ú 2+ u
T
J (x ) v J (x ) + rΥ(x ) , then Α(J , x ) Ε 0, and

Α(J , x ) = 0 im p lies tha t x is a K uhn2T ucker (K 2T ) p oin t of (N P ) ;

(2) If Α(J , x ) > 0 and Θ(x ) > 0 such tha t - Α(J , x ) + Θ(x ) u
T
J (x ) ∆J < 0, then

f 3
J 2

(x , x ; d J (x ) ) < 0 and aT
i d J (x ) = 0, Π i∈M , ý g j (x ) T d J (x ) < 0, j ∈ I 1 (x ) , (2. 7)

w h ich m eans tha t d J (x ) is a d escen t f easible d irection of (P x ) a t x.

Proof By (2. 5) and (2. 6) , w e have

uT
J (x ) v J (x ) = ∑

j∈J 1∪J 2, u j
J

(x ) < 0

(u j
J (x ) ) 2 + ∑

j∈J 1, u j
J

(x ) Ε 0

g j
(x ) Φ 0

- g j (x ) u j
J (x )

+ ∑
j∈J 2, u j

J
(x ) Ε 0

g j
(x ) > 0

(Υ(x ) - g j (x ) ) u j
J (x ) Ε 0 (2. 8)

hence Α(J , x ) Ε 0. If Α(J , x ) = 0, then P J (x ) ý f (x ) = 0, u
T
J (x ) vJ (x ) = 0 and Υ(x ) = 0, w e

ob ta in

ý f (x ) + N J (x ) uJ (x ) = 0,

uT
J (x ) v J (x ) = ∑

j∈J 1∪J 2, u j
J

(x ) < 0

(u j
J (x ) ) 2 + ∑

j∈J 1∪J 2, u j
J

(x ) Ε 0

g j
(x ) Φ 0

- g j (x ) u j
J (x ) = 0

and x∈R , w h ich m ean s u
j
J (x ) Ε 0, u

j
J (x ) g j (x ) = 0, Π j∈J 1∪J 2Β I (x ) = { j∈L ûg j (x ) = 0},

tha t is, x is a K2T po in t of (N P). (1) is p roved.

(2. 7) can be ob ta ined easily from (2. 2) , (2. 4) 2(2. 6). T he p roof is com p lete.
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Fo r conven ience, w e take Θ(x ) = Α(J , x ) ö(ûu
T
J (x ) ∆J û+ 1) in the rest of the paper. It is

clear tha t if Α(J , x ) > 0, then the condit ion s in L emm a 3 (2) ho ld.

3. A lgor ithm and Its Convergence

A lgor ithm

Step 0 Given x
0∈R 1; Α1, Α2, Β∈ (0, 1) , ∆0> 0; {Εk }: Εk Ε 0, lim k→∞Εk = 0. Set k: = 0.

Step 1 Set J i, k = I i (x
k , ∆k ) , i= 1, 2; J k = J 1, k∪J 2, k.

Step 2 If det N J k
(x

k ) T
N J k

(x
k ) Ε ∆k , then go to Step 3; else, set ∆k = Α1∆k go back to Step 1.

Step 3 Com pu te Α(J k , x
k ). If Α(J k , x

k ) = 0, stop s; else, go to Step 4.

Step 4 Com pu te d
k = d J k

(x
k ) by the fo rm u la (2. 4).

Step 5 Com pu te step size tk > 0 by one of the fo llow ing ru les:

Rule 1 x
k+ tkd

k∈R 1, f (x
k + tkd

k , x
k ) Φ f (x

k , x
k ) = 0, and

f (x k + tkd
k , x k ) Φ m in

tΕ 0
{f (x k + td k , x k ) ûx k + td k ∈R 1} + Εk;

　　Rule 2 x
k + tkd

k∈R 1, f (x
k + tkd

k , x
k ) Φ f (x

k , x
k ) = 0, û tk - t

3
k ûΦ Εk , w here t

3
k is an op t im al

so lu t ion of the p rob lem m in0Φ tΦ Σ{f (x
k + td

k , x
k ) ûx

k + td
k∈R 1}, Σ> 0;

Rule 3 tk = m ax { t∈# û f (x
k + td

k , x
k ) Φ f (x

k , x
k ) + Α2 tf

3
J 2, k (x

k , x
k; d

k ) , x
k + td

k∈R 1 },

w here # = {Β0, Β1, Β2,⋯}.

Step 6 Set x
k+ 1: = x

k + tkd
k , ∆k+ 1: = ∆k o r ∆0, k: = k+ 1, go back to Step 1.

L emma 3. 1 A f ter en tering S tep 1 f rom S tep 2 f in ite tim es, the a lg orithm m ust g o to S tep 3.

L emma 3. 2 If the a lg orithm g enera tes inf in ite sequence {x
k } w h ich has a cluster p oin t x

3 ,

then lim k→+ ∞f (x
k+ 1, x

k ) = lim k→+ ∞ [ f (x
k+ 1, x

k ) - f (x
k , x

k ) ]= 0.

Theorem 3. 1 T he a lg orithm either stop s a t a K 2T p oin t x
k

of (N P ) af ter f in ite itera tions or

g enera tes an inf in ite sequence {x
k } of w h ich each cluster p oin t is a K 2T p oin t of (N P ).

Proof By L emm a 2. 3, w e need on ly to p rove the second conclu sion.

L et x
3 be a clu ster of {x

k } such tha t {x
k }- →

K

x
3 , then by L emm a 2. 2, there ex ists Ε>

0 such tha t ∆k Ε Ε> 0, Π k∈K. Since J 1, k , J 2, k are the sub sets of the fin ite index sets L 1,L 2 re2
spect ively, w e can assum e tha t J i, k = J i, Π k∈K ( i= 1, 2) , thu s

J k = J = J 1 ∪ J 2, Π k ∈ K , and J i Β I i (x 3 ) , i = 1, 2; J Β J (x 3 ).
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Since f , g j∈C
1 ( j∈L ) , w e have

P J (x k ) ý f (x k ) - →
K

P J (x 3 ) ý f (x 3 ) ,B J (x k ) - →
K

B J (x 3 ) , uJ (x k ) - →
K

uJ (x 3 ). (3. 1)

Fu rtherm o re, {v J (x
k ) } is bounded, hence there ex ists an infin ite sub set K 1 of K such tha t vJ

( x
k ) - →

K 1

v J. T herefo re, Α(J , x
k ) - →

K 1

Α(J , x
3 ) = ú P J (x

3 ) ý f (x
3 ) ú 2 + uJ (x

3 ) T
v J (x

3 ) + rΥ

(x
3 ) Ε 0, Θ(x

k ) - →
K 1

Θ(x
3 ) = Α(J , x

3 ) ö(û uJ (x
3 ) T

vJ û + 1) and d
k = d J (x

k ) - →
K 1

d
3 = d J (x

3 ) =

- P J (x
3 ) ý f (x

3 ) + B J (x
3 ) [vJ - Θ(x

3 ) ∆J ].

N ow , w e p rove tha t Α(J , x
3 ) = 0.

If Α(J , x
3 ) > 0, then Θ(x

3 ) > 0 and - Α(J , x
3 ) + Θ(x

3 ) uJ (x
3 ) T ∆J < 0. By (2. 4) - (2.

6) , w e have

g j (x k ) + ý g j (x k ) T d k Φ - Θ(x k ) ∆j
J ,　Π k ∈ K , j ∈ J 1,

g j (x k ) + ý g j (x k ) T d k - Υ(x k ) Φ - Θ(x k ) ∆j
J , Π k ∈ K , j ∈ J 2.

L et k - →
K 1

+ ∞, w e ob ta in

g j (x 3 ) + ý g j (x 3 ) T d 3 Φ- Θ(x 3 ) ∆j
J , Π j ∈J 1 , g j (x 3 ) + ý g j (x 3 ) T d 3 - Υ(x 3 ) Φ- Θ(x 3 ) ∆j

J , Π j ∈J 2.

T herefo re, sim ila r w ay to the p roof of L emm a 2. 3 (2) ,w e have

f 3
J 2

(x 3 , x 3 ; d 3 ) < 0, ý g j (x 3 ) T d 3 < 0, Π j ∈ I 1 (x 3 ) Α J 1, aT
i d 3 = 0, Π i∈M . (3. 2)

F rom (3. 2) , w e can easily p rove tha t

ϖ ∆ > 0, Π t∈ (0, ∆) , ϖ k t such tha t x k + td k ∈R 1, Π k Ε k t, k ∈ K 1. (3. 3)

　　A cco rd ing to the defin it ion of tk , w e deduce a con trad ict ion fo r R u le 123 respect ively.

Ca se 1 　tk is defined by R u le 1.

Fo r fixed t∈ (0, ∆], by L emm a 2. 1, ϖ Ηk
t∈ (0, 1) such tha t

f (x k+ 1, x k ) - f (x k , x k ) Φ f (x k + td k , x k ) - f (x k , x k ) + Εk

Φ tf ’(x k + Ηk
t td k , x k; d k ) + Εk , Π k Ε k t, k ∈ K 1.

　　W ithou t lo ss of genera lity, assum e tha t Ηk
t - →

K 1

Ηt∈ [ 0, 1 ]. By L emm a 3. 2 and 2. 1, w e

get

0= lim
K 1

t- 1 (f (x k+ 1, x k ) - f (x k , x k ) ) Φ lim
K 1

[ f ’(x k + Ηk
t td k , x k; d k ) + Εk ]

Φ f ’(x 3 + Ηt td
3 , x 3 ; d 3 ).

H ence, 0Φ lim t→ 0+ f ’(x
3 + Ηt td

3 , x
3 ; d

3 ) Φ f ’(x
3 , x

3 ; d
3 ) Φ f

3
J 2

(x
3 , x

3 ; d
3 ) , th is con tra2

dicts (3. 2).

Ca se 2　 tk is defined by R u le 2.
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F rom the defin it ion of tk and (3. 3) , fo r f ixed t∈ (0, ∆)∩ (0, Σ], k Ε k t, k∈ K 1, w e

have

f (x k+ 1, x k ) - f (x k , x k )

= f (x k + tkd
k , x k ) - f (x k + t3

k d k , x k ) + f (x k + t3
k d k , x k ) - f (x k , x k )

Φ f (x k + tkd
k , x k ) - f (x k + t3

k d k , x k ) + f (x k + td k , x k ) - f (x k , x k ).

　L et f (x
k + tkd

k , x
k ) - f (x

k + t
3
k d

k , x
k ) = Ε3

k , w e can show tha t lim K 1Ε
3
k Φ 0. T hu s, rep lacing

Εk in Case 1 fo r Ε3
k , w e st ill ob ta in tha t f

3
J 2

(x
3 , x

3 ; d
3 ) Ε 0, w h ich con trad icts (3. 2).

Ca se 3　 tk is defined by R u le 3.

In th is case, one and on ly one of the fo llow ing cases w ill occu r:

( i) ϖ t
3 ∈ (0, ∆]∩# and k

3 Ε k t3 such tha t

f (x k + t3 d k , x k ) - f (x k , x k ) Φ Α2 t3 f 3
J 2

(x k , x k; d k ) , Π k Ε k 3 , k ∈ K 1;

　　 ( ii) Π t∈ (0, ∆]∩# , ϖ K tΑ K 1 such tha t

f (x k + td k , x k ) - f (x k , x k ) > Α2 tf 3
J 2

(x k , x k; d k ) , Π k ∈ K t.

　　 If ( i) happen s, then by the defin it ion of tk , tk Ε t
3 > 0, Π kΕ k

3 , k∈ K 1 and

f (x k+ 1, x k ) - f (x k , x k ) Φ Α2 tk f
3
J 2

(x k , x k; d k ) Φ Α2 t3 f 3
J 2

(x k , x k; d k) , Π k Ε k 3 , k ∈ K 1,

hence by L emm a 3. 2, w e have

0 = lim
K 1

[ f (x k+ 1, x k ) - f (x k , x k) ]öΑ2 t3 Φ lim
K 1

f 3
J 2

(x k , x k; d k ) = f 3
J 2

(x 3 , x 3 ; d 3 ).

　　 If ( ii) happen s, then by L emm a 2. 1, ϖ Ηk
t∈ (0, 1) such tha t

Α2 tf 3
J 2

(x k , x k; d k ) < f (x k + td k , x k ) - f (x k , x k ) Φ tf ’(x k + Ηk
t td k , x k; d k ) , Π k ∈ K t.

Sim ila r to the p roof of Case 1, w e have Α2 tf
3
J 2

(x
3 , x

3 ; d
3 ) Φ tf ’(x

3 + Ηt td
3 , x

3 ; d ) , hence

Α2f 3
J 2

(x 3 , x 3 ; d 3 ) Φ lim
t→0+

f ’(x 3 + Ηt td
3 , x 3 ; d 3 ) Φ f ’(x 3 , x 3 ; d 3 ) Φ f 3

J 2
(x 3 , x 3 ; d 3 ) ,

i. e. , (1- Α2) f
3
J 2

(x
3 , x

3 ; d
3 ) Ε 0, w h ich im p lies tha t f

3
J 2

(x
3 , x

3 ; d
3 ) Ε 0 since Α2∈ (0, 1).

W e also deduce a con trad ict ion if Case 3 happen s.

F rom the discu ssion s above, w e ob ta in tha t Α(J , x
3 ) = 0, hence

Υ(x 3 ) = 0, uJ (x 3 ) T vJ = 0, P J (x 3 ) ý f (x 3 ) = 0. (3. 4)

　　Con sider the funct ion h (u , g , Υ) : R
3→R

1 defined as

h (u , g , Υ) =

u 2, u < 0

- ug , u Ε 0, g Φ 0

u (Υ- g ) , u Ε 0, g > 0
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It is clear tha t h is con t inuou s a t (u , g , 0) , hence

u j
J (x k ) v j

j (x k ) = h (u j
J (x k ) , g j (x k ) , Υ(x k ) ) - →

K 1

h (u j
J (x 3 ) , g j (x 3 ) , 0)

=
u j

J (x 3 ) 2, u j
J (x 3 ) < 0

- u j
J (x 3 ) g j (x 3 ) , u j

J (x 3 ) Ε 0
= u j

J (x 3 ) v j
J (x 3 ) = u j

J (x 3 ) v j
J ,

since Υ(x
3 ) = 0.

T herefo re, uJ (x
3 ) v J = 0 i. e. u

j
J (x

3 ) v
j
J (x

3 ) = u
j
J (x

3 ) v
j
J = 0, Π j∈J im p lies tha t

u j
J (x 3 ) Ε 0, u j

J (x 3 ) g j (x 3 ) = 0, Π j ∈ J . (3. 5)

　　F rom (3. 4) and (3. 5) , w e know tha t x
3 is a K2T po in t of (N P). T he theo rem is true.

Remark W hen w e take ∆j
J k

= 0 fo r linear con stra in t g j ( j∈L 1) o r u se the cu rvilinear search in2
stead of the line search in the a lgo rithm , the resu lts a re st ill t rue.
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解约束优化问题的投影梯度型中心方法

施保昌　周晓阳
(华中理工大学数学系, 武汉430074)

胡 新 生

(深圳广播电视大学, 深圳518008)

摘　 要

本文提出了一种求解约束优化问题的新算法—投影梯度型中心方法. 在连续可微和非退

化的假设条件下,证明了其全局收敛性. 本文算法计算简单且形式灵活.
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