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Abstract In this paper, we study nearly strict convexity and the best goproximation in nearly
strictly convex aces W eprove that aBanach paceX isnearly strictly convex if and only if all of

the subgpacesof X are compact-san i-Chebyshev subgpaces W e alo show that Theorem 6 in [10]
is false
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In 1960, Singer introduced the k -strictly convex Banach gpaces and proved that a Banach
gaceX is (k + 1) -strictly convex if and only if all of the subspacesof X are k -sam i-Chebyshev
subgpaces In 1988, Sekow ski andStachura introduced the nearly strictly convex Banach gpaces
w ith the Kuratow skimeasure of hon-compactness In the present paper, we discuss the best gp-
proximation in nearly strictly convex Banach aces Firstw e give ssme equivalent conditionsfor
nearly strict convexity and point out that nearly strict convexity may be lifted to theBanach gace
IP(X ). Thenwe introduce the compact-sam i-Chebyshev gace to prove that aBanach aceX is
nearly strictly convex if and only if every subgace of X is compact-san i-Chebyshev subgpace Fi-

nally, we discuss continuity of the metric projection in locally nearly uniformly convex Banach
gaces

1
L et X be aBanach pace W ew ill denote the closed unit ball and unit gphere of X by U (X)
andS (X) , repectively.
For a nonanpty bounded setA inX , the Kuratow skimeasure of non-compactnessof A is
o(A) = inf{r:A iscovered by afinite fanily of setsof dianeter less than r}
It isclear that ®(A) = Oif and only if A is relatively compact

Definition 17 A Banach gpaceX is said to be nearly strictly convex (N SC) if the unit here

* Received Sep. 13, 1994

— 479 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



S (X)) contains no convex subsetA w ith ®(A) > O.

Equivalently, we have
Definition 1'™A Banach gpaceX issaid to be nearly strictly convex if every convex subset d S (X )
is relatively canpact

Recall that aBanach gpaceX is said to bek -strictly convex if for any k + 1elanentsxi, Xz,

Xir1inS (X)whenever | x1+ x2+  + xwall = k+ 1,x1,X2, ,Xw1are linearly dependent

In [8], it isproved that X isk -strictly convex if and only if the unit sphereS (X ) containsno con-
vex subset of dmension bigger thank - 1. Hencek -strictly convex ace is nearly strictly con-
vex, but the converse is not true

Definition 2L etX be aBanach pace A pointx S (X) iscalled a nearly extreane point o U (X)
if there does not exist noncanpact closed convex subsetA inS (X ) such thatx A.

Clearly, X isnearly strictly convex if and only if each point of S (X ) isanearly extreme point
of U (X).

Theoran 1L etX beaBanach paceand Xo S (X). Thenxoisa nearly extrane point o U (X)) if
and only if wheneverf S(X ') andf (xo) = 1, thesetAr= {x S(X): f (x) = 1} iscanpact

Proof Suppose that xo is a nearly extrenepointofU (X), f S(X ") andf (xo) = 1, thenxo
A:. Obviously, A C S(X) andA: isaclosed convex set SoA iscompact

Conversely, suppose that xo isnot a nearly extrene point of U (X) , then there exists a non-
compact closed convex subsetC inS (X ) such thatxo C. SinceC n U°(X) = &, whereU°(X)
= {x X:I xI < 1}, by the separation theorem, there existsf inS (X ") such that

,Sup f (x) = inff (x).
It follow s that for every y in Cw e have
el = XSHR)f (x) < XinEf X)y<f)=hfh =1

Thereforef (y) = 1. ThusC C Ar, 2A: isnot compact O

Theorem 2L et X be aB anach space Then the follav ing statements are equivalent

(1) X isnearly strictly convex

(2) Foreveryx inX andeach 6> 0, theset{y X:Il x- yll = &} doesnot contain non-
compact closed convex subset

(3) Foreveryf inS(X "), thesetAi = {x S(X):f (x) = 1} is compact

(4) For any sequence{xn} inS(X) , if I x1+ xz2+ + xill = kforall integerk = 1,
then {xn} is relatively compact

Proof (1) (2) It is trivial
(1) ©(3) It follow sfrom Theoren 1
(1) = (4) Suppose that X isnearly strictly convex L et {x.} be a sequence inS (X ) and Il x:

+ X2+ + xill = kfor all integerk = 1. Choosefi, k= 1,2, , such thatfk(‘i‘(xﬁ X2+
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+ xi)) = 1. Itiseasy to seethatf«(xi) = 1forl1< i < k. SinceU (X*) isweak compact,
{f«} hasweak ~ cluster points Letf beaweak cluster pointof {fi}. Now by f«(xa) = 1for all
k= n, wehavef (xa) = 1. Thereforef S(X ) andx. A:. By the equivalency of (1) and
(3), Ar isa compact set, hence{x.} is relatively compact

(4)= (3) Supposethatf S(X ') and{xs} CA:. Then for everyk,f ('i‘(xl+ X2 + +
x)) = 1 () + (2 +  +f ()= 1 Obviouslyf (Gt xa+  + x9) < I (11

Lt oxet +xdl =0 FGak et + xdl = 1, which implies that Il x:+ xz+

+ xill = kforallk. Thus{xn} is relatively compacet, DA isa compact set O

Theorem 3L etX be aB anach pace ThenX isnearly strictly convex if and only if every separable
subgpace d X isnearly strictly convex.

Proof W e need only to prove the sufficiency. Suppose that X is not nearly strictly convex, then
there exists a noncompact closed convex set inS(X). Thuswe can pick out a linearly indepen-
dent set {Xn}n=1 from C such that {xn}n=1isnot relatively compact L etM = %({xn}ﬁl 1) , then
M is a separable subgpace of X anda({xn};‘l 1) C SM ). Obviously, E({xn}?{’: 1) isnot compact,
w hich contradicts the fact thatM is nearly strictly convex 0O

L et {X i} be a sequence of Banach pacesand1 < p < o . Thedirect sum of these gaces in
the sense of I” is defined as follow s

(X)) = {x = (X1, ,Xi, ):Xi Xi, i=1,2, |, E;’lndio I xill *< 0},
and
I xll = (z Ihoxill PyvP.

1, 1_

It is known that I” (X i) is aBanach gpace and (I° (X))~ = 1°(Xi") ,where > + q 1.

M oreover, forx = (xi, ,xi, )inl°P(X:), f= (fi, ,fi, )inl®(X:), we have

f(x) = Z”lf i (xi).

Furthemore, if every X is strictly convex then I° (X ) (1< p < o) is strictly convex For
nearly strict convexity, we have the smilar result

Lenma 1L et {X i} be a sequence d B anach space, and 1< p < o . Then a subsetK in I° (X ) is
canpact if and only if

(1) K isclosed and bounded;

() given any € > 0, there exists an no = no(€) (depending only on €) such that
(Z :0=n+1" xill p)l/p< €forallx = (x1, ,xi, ) K w henever n = no;

(111) LetpiIPXi)>Xibeamappingwithpi(x) = xiforall x = (x1, ,xi, )inl"(Xi),
then pi(K) is canpact for all i = 1.
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Theorem 4L et {X i} be a sequence o nearly strictly convex B anach spacesand 1< p < o . Then
I (X i) is nearly strictly convex.
Proof Choose any f in (I°(X:))",f = (fi, ,fi, ), where fi X7, and I £l 4

(Z CEdl Y =1, 1/ + 1/q9= 1.By Theoren 2, we need only to prove that the setA s
{x S"(Xi)):f (x) = 1} iscompact

(1) It isevident thatA+ is closed and bounded

(1)  Foreveryx A, x= (x1, ,xi ), wehave

1= f (x) = Z.olfi(Xi) =< i" filx)ll = Zwlll fall il =00 xll = 1 (*)

Now, letb= (b, ,b, ),a= (a5, ,a, ),wherebi= 1l fill ,a=1 xill ,thenb 1% a
°, I bll =1 al = landb(a) = 1.
Since I” is strictly convex, a is the only point atw hich b achieves itsnom. Thus the nom of
the ith-coordinate of any elanent of A+ isai.

Now forany €> 0, by (z ~ @)™ =1, thereisanno= no(6 , such that

0

(Z )< ¢ n= na
i 1

It follow s that for allx = (x:, ,Xi, ) inA¢, we have

(iz’luxi””)l/p < € N> no
() By (*), foreveryx = (x1, ,Xi, ) inAsandeveryi, we have
fi0) = [filllk = bas
Ifbi= 0, thenfi= 0, oby (*) xi= 0. Thereforepi(A+) = {O}which isa compact set If b
# 0, thenf:# Oandxi# 0. For convenience, letgi= (1/b)fi, then
gi(Xi/ai) =1, gi Xi and "gi": 1

Thusgi S(Xi)andxi/ai Ay. SinceXisnearly strictly convex, A ¢, isa compact set Conse-
quently pi(A+) isa compact subset of X i because of pi(A+) is exactly the setaA .

To sum up, byLenmal, I"(X:) isnearly strictly convex O

CorollaryL et {X i} be a sequence & B anach gpaces and {ki} be a sequence o positive integers If X
iski -strictly convex for eachiand 1< p < o , then I”(X:) isnearly strictly convex.

k[10]

Remar Now we point out that the follow ing result is false

Theorem L et {X i} be a sequence of Banach gaces and let {ki} be a sequence of positive integers
such that k = sup{ki, k2, } < oo . If Xiiski-strictly convex for eachiand1< p < o , then
I” (X i) isk -strictly convex

In fact, under the conditions of this Theorem we can only conclude that I” (X i) is nearly
strictly convex
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ExampleLetX = {(x,y):x,y Rand|(x,y)]= |x|+ |v [} andXi= X for eachi. Obviously,
X i is 2-strictly convex, but 1?(X ) isnot 2-strictly convex In fact, takezi, zzand zsin 1?(X i) such
that

zz= ((1,0),(0,1),0, ),

2= ((1/2,1/2), (1,0),0,

zs= ((0,1), (1/2,1/2),0, ).

obviously, [p:fl= [e=ll= [ksll= { 2, [er+ ze+ z]|= 31 2. However, 21,22, 23 is ot

linearly dependent Sinceaizi+ azzz+ aszz= Ompliesai+ az/2= 0, as+ az/2= Oandai+ as/2

= 0, wai= az= as= 0.

Definition 3" L etX beaB anach pace A pointx S (X) iscalled a nearly snooth point o X if
a({f S(X7):f(x)= 1}) = QX issaid to be nearly snooth if every point d S (X) isa nearly
snooth point o X .

Follow ing the proof of Theorem 4, we have

Theoran 5 If {X} is a sequence o nearly snooth B anach gpacesand 1< p < o , then I (X)) is

nearly snooth
2

L et X be aBanach gpace andM be a subgpaceof X . Forx inX , set
Pu(x) = {z M: ||><-z||: info ||x-y ||}

Pw (x) is the set of all elenents of the best approximation to x from M . Obviously, Pwu (x) is a
bounded convex set, butPw (x) may be enpty. The subgpaceM iscalled aproximinal subspace of
X if for every x X, Pwu (x) isnoneanpty, andM is called a Chebyshev subgpace of X if for every
x X, Pwm(x) isa singleton

L et dim Pu (x) denote the dimension of Pu (x) . W e say thatM is ak -sami-Chebyshev sub-
Pace (regpectively ak -Chebyshev subgpace), w herek is a nonnegative integer, if for any x inX ,
wehave- 1=dim Pu (x) < k (regpectively, 0= dim Pwm (x) < k) ; a0O-sami-Chebyshev subgpace
is als called a sam i-Chebyshev subgace, and 0-Chebyshev subgace is the Chebyshev subgace
| Singer had proved thatX is (k+ 1) -strictly convex if and only if all subpacesof X arek -sam i-
Chebyshev subspaces'® . Particularly, X is strictly convex if and only if for each subgpaceM of X
and eachx X, Pu (x) contains at most one element

Now, we study the relations betw een nearly strict convexity and the best approximation

Definition 4L et X be aB anach pace A subgpaceM o X is said to be a canpact-sam i-Cheby shev
subgpace o X , if for every x X ,Pw (x) is a canpact set; M is said to be a canpact-Cheby shev
subgpace o X , if for every x X, Pw (x) isnonampty and canmpact

Obviously, k-sami-Chebyshev gpace (regectively k -Chebyshev gpace) is compact-sami-
Chebyshev pace (regpectively compact-Chebyshev gace).
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Lenma 2™ L etX be aBanach pace andM be a subpaced X. Letx XM,y M. Theny
Pu (x) if and only if there existsf inS(X "), such that
f(m)= 0, m M
and

fxy) = |yl

Lenma 3 ® L etX beaB anach ppace andM bea subpaced X , if x XM , andA CM , then
A C Pu (x) if and only if thereexistsf inS(X "), such that

f(m)= 0, m M,

f (x-y) = [k-y|l y A
Theorem 6L et X be aB anach space andM be a subgpace d X . ThenM is canpactsan i-Cheby shev
subgpace if and only if theredoesnotexistx X, f S(X '), and a sequence{xn} inM w hich is
non-relatively canpact and linearly independent, such that

(1) f@m)=0, m M,

and

() )= [xfl= fex

Proof Suppose on the contray that there exist f S(X "), x X and anon-relatively compact
and linearly independent set {x»} inM such that (1) and (I1) hold Thenx M , sinceothemw ise,
by (), f (x) = 0, aadby (1), x= 0. Again by 0= f (x-x1) = [x-x1|, wehavex - x:1= 0,
therefore x1 = Owhich contradicts the linearly independency of {x.}. By L enma 2, we obtain
that {xa} C Pu (x). Thus, Pu (x) isnot compactw hich contradictsw ith the fact thatM isacom-
pact-sam i-Chebyshev subgace

, n= 1,2,

Conversely, suppose thatM isnot compact-sani-Chebyshev subgace, then there existsy in
X M such that Pu (y) isnot compact (note that for anyy inM , Pu (y) iscompact). Thuswe can
choose a non- relatively compact and linearly independent set {yn} in Pu (y). Set
X= Y- VY1, X2 = Y2- Vi, , Xn= Yn+r1- Yi, )
thenx M andPu (x) = Pu(y- yi) = Pu(y)- yi1D 0,x1,x2, }. LetA = {0,x1,x2, }, by
Lenma 3, thereisanf inS(X ") , such that
f(m)= 0, m M,

£ = [kll= k- x

w hich contradicts the assumption of sufficiency.

and

, n= 1,2,

Theorem 7L etX beaB anach space, then X isnearly strictly convex if and only if all subgpaces of
X are canpact-san i-Cheby shevsubsgp aces
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Proof N ecessity. L etX be nearly strictly convex andM be a subgpaceof X . IfM isnot a compact-
sam i-Chebyshev gpace, then there existsx inX such that Pu (x) isnot compact SincePw (x) isa
convex set and for everyy  Pu (x), k- y||= d(x,M) = Swhere> 0,hencethe set{z X:
Ix - z||= & contains the noncompact convex set Pu (x). By the nearly strict convexity of X ,
this is mpossible

Sufficiency. Foranyf inS(X ) , weneedonly to prove thatA: = {x S(X):f (x) = 1} is
compact

Now suppose thatA:isnotempty. LetH = {x X:f (x)= 1}, thenA: CH,infx u [x =
land forx inH, |x||= Llifandonly ifx As. TakexoinAsand setM = H - xo. ThenM is
amaximal subgaceof X , andM isthe null gpaceoff. Letg=- f , thenforeachu A:, we
have

g(- xo- (U- x0))= 1= Jull= ||- xo- (- xo|

ByLenma?2, u- xo Pu(- xo), which mpliesA: - xoC Pw (- Xo). SinceM isa compact-
sami- Chebyshev gace, Pu (- xo) is compact, henceA: isalo compact Thisproves that X is
nearly strictly convex

Remark In fact, we can prove that Pw (- xo0) = At- Xo. Lety= u- xo M andy Pwu (- xo)
, then, by Lenma 2, there existsh S (X ") such that
hm)=0, m M,

and

h(- xo- y)= h(- xo- (u- xo)) = || xo- (u- XO)": ||u||
Sinceu H, [ul|= 1. Ontheother hand, h(- xo- y) = h(- xo) = |hl||- xo]|= 1. Hence
||u||: 1. Therefore, u A¢, and thisimpliesy A+:- xo. ThusPu (- Xxo) CAr- Xo. By the
proof of Theoran 7, weobtain Pu (- Xxo0) = A+ - Xo.

Theoran 8L etX be aBanach space Then X is ref lexive and nearly strictly convex if and only if
every subgpace o X is canpact-Chebyshev gpace

Proof Thisfollow sfrom Theoren 7 and the fact thatX isreflexive if and only if every subgace of
X isproximinal gpace

L et {X i} be a sequence of Banach paces, X = I°(Xi) and1< p< o . LetM be a subgace
of X and let

Mi= {xi Xi x= (x1, ,xi, ) M},

thenM i is a subgpace of Xi. In [6], itwasproved thatM is a sani-Chebyshev (regpectively,
Chebyshev) subspace of X if and only if for each i, M i is a sani- Chebyshev (regpectively,
Chebyshev) subspaceof Xi. Similarly, w e have the follow ing

Theoran 9L etX = IP(Xi), 1< p< o . If M isasubpaced X andM iisthesameasabove Then
(1) M isa canpact-sani-Chebyshev subspace o X if and only if for each i, M iisa canpact-
sam i-Chebyshev subgpace o Xi.
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(11) M isa canpact- Chebyshev subgpace & X if and only if for each i,M i is a canpact-
Chebyshev subspace d Xi.

3

Finally, w e study a classof nearly strictly convex gpaces and continuity of metric projection

In 1980, Huff introduced the nearly uniform ly convex (NU C) Banach gpacesw hich isan im-
portant generalization of uniformly convex gpaces Recently, Kutzarova andBor-L uhL in studied
the localization of NU C, and defined the locallynearly uniform ly convex (LNU C) Banach aces

Definition 5 A B anch gaceX issaid to be locally nearly unif omly convex LNUC) if for ev-
ery €> Oand every x inU (X). there exists = 6(x,€ > 0, such that for any sequence {Xn} in
UX)with s (xn) > €thenoo ({x} {xa}) n (1- &) (X)# @, wheresep (x») = infazm IXn'
Xm ”

In [3], itwasproved that every locally k -uniformly rotund (L k-UR) space isSLNUC The
Lk- UR spacesw as introduced by F. Sullivan '

Theoran 10 If X isLNUC, thenX isnearly strictly convex.

Proof A ssuming that X isnot nearly strictly convex, then there existsf inS (X ") such thatA =
{x SX):f(x)= 1} isnot compact T herefore there existsa sequence{xna} inA+and €> 0 such

that sep (xn) = infwm [xn- xm||> € SinceA: isaconvex set, thusforany 6> 0, oo ({x1}
{xa}iz2) n (1- & (X) = @,which contradicts the hypothesisof this Theorem.

L etM be a Chebyshev subspace of X , then for each x in X, Pu (x) isa singleton Sety =
Pw (x) , then Pu isaoperator from X toM . Theoperator Pw is called themetric projection onM

Theorean 11L etX beLNUC andM be a Chebyshev subgpace d X . Then themetric projection Pw is
continuous

Proof Letx,xn X andxn>x. lfx M , itiseasy to seethatPw (xa)—>Pu (x). Ifx M , then
d(x,M) > ObecauseM isaclosed subgpace By theproof of Theorem 1in [9, p632], wemay as-
sume that |x |[= 1andPu (x) = Oandwe need only to show that Pu (x)—> 0. In fact, it is suffi-
cient to show that {Pwm (xn)} is relatively compact because if {Pwm (xn)} has a subsequence w hich
converges to y , then by uniqueness of the best goproximation, y = 0. M oreover, it is evident
that {Pwm (xn)} is relatively compact if and only if {x - Pwu (xa)} is relatively compact

Suppose that {x - Pwu (xa)} is not relatively compact, then there exist €> 0 and a subse-
quence of {x - Pwu (xna)} -for conveniencew e denote it again by {x - Pw (xa)} , such that

sep (x - Pu (xn)) = s (Pu (xn)) = inf [Pv (xo) - Pu (xn) ||> €
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Since
el = Ik - Pu(x) *
hence [x - Pum (xn) |]> 1.
For and integerk = 1, co,c1, ,& =0, .o+ 1+ + &= landninz, ,nk, we have

||c<)x + ca(x - Pwm(xn)) + + o(x - Pum(xn)) ||

< CO”X ||+ C1 ||>< - Pwu (xn) ||+ + ||>< - Pw (Xn) ||

|< k- xa

I)(n - Pwm (Xn)

+

|< |k - xa

I

b1

and
loox + ci(x - Pu(xn)) +  + alx- Pu(xs)) |

= |xk- [ePu(xa) + + aPuxa)]]|= [X[=

w hich mplies that

Im  fleox + ci(x - Pu (xn)) + + olx - Pulx))|= 1
M

N

Thusfor any > 0, thereexistN (&) such that for any integerk = landco, ¢, ,c =0, co+ C
+ + &= 1wheneverni, ,n>N () , we have
loox + ci(x - Pu(xn)) +  + alx- Pulxs))]> 1- &
Thereforewe have sep (x - Pum (Xn))mem > €, and
©o({x} {x- Pulxa)}rm)n (1- & (X)=4g
wherem = N (). Thiscontradicts the hypothesis that X isLNU C.

Lenma 4°LetX = I°(Xi),1< p< o and letM bea Cheyshev subpaced X . IfMi= {xi X:
x= (x1, ,Xxi, ) M} andPuw, isthemetric proection & XionM i, then Pw iscontinuous if and
only if for each i, Pw, iscontinuous

Theorem 12L et {X i} be a sequenced LNUC spaces, X = I°(X:) and 1< p< o . If M isaCheby-
shev subgpace d X , then Pwm is continuous

Proof Letx® = (x{”, ,x™, ),x= (x1, ,xi, )inX andx™—=x. Then for eachi,x”— xi
inXi. By Theoran 2in [6], M iisa Chebyshev subgppace d X i, and by Theoren 11, Pw, is continu-
ous at point Xi. Using L enma 4, w e obtain that Pw is continuous at point x. This canp letes the
prod o this Theorem.
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