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Abstract　R ecen tly, L. C. H su and W ang Jun generated new com binato ria l num ber2theo ret ic2

funct ions serving as generalizat ions of Eu ler ′s to t ien t. In th is paper w e fo rm an ex tensive class of

generalized Eu ler to t ien ts by translat ing the mo st general coun ting functions of H su and W ang on

in tegers to the set t ing of N ark iew icz′s regu lar convo lu t ion. T h is class casts in the sam e fram ew o rk

various famous generalizat ions of Eu ler′s to t ien t, such as Cohen′s to t ien t, Jo rdan′s to t ien t, K lee′

s to t ien t, Schemm el′s to t ien t, Stevens′s to t ien t, the un itary analogue of Eu ler′s to t ien t and Eu ler′

s to t ien t w ith respect to N ark iew icz′s regu lar convo lu t ion.
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1. In troduction

Eu ler′s to t ien t Á (n) coun ts the num ber of in tegers a (m od n ) such tha t gcd (a , n) = 1.

T here is in the litera tu re a la rge num ber of genera liza t ion s and analogues of Eu ler′s to t ien t, w ith

m o st of them being com b ina to ria l num ber2theo ret ic funct ion s. Fo r exam p le, Jo rdan′s to t ien t

J u (n) coun ts the num ber of u 2vecto rs〈 a1, a2, ⋯, au〉of in tegers (m od n ) such tha t gcd (a1, a2,

⋯, au , n) = 1. Genera l accoun ts on genera liza t ion s and analogues of Eu ler′s to t ien t can be found

e. g. in [3, Chap ter V ], [5 ], [ 12, Chap ter V ] and [13 ].

H su and W ang adop t a new com b ina to ria l num ber- theo ret ic app roach to genera te genera l2
iza t ion s and analogues of Eu ler′s to t ien t in their recen t papers [7 ]and [15 ] (see a lso [6 ]). V ari2
ou s fam ou s genera liza t ion s and analogues of Eu ler′s to t ien t can be w rit ten in the language of th is

app roach. Eu ler′s to t ien t Á (n) is, in the language of th is app roach, the num ber of in tegers a

(m od n ) such tha t a ¢ 0 (m od p ) fo r a ll p ûn .

T he m o st ex ten sive coun t ing theo rem of [7 ] on in tegers concern s certa in rest ricted sets of in2
tegers (m od n ) , w h ile the m o st ex ten sive coun t ing theo rem of [ 15 ] concern s certa in rest ricted

sets of u 2vecto rs of in tegers (m od n ) , see [ 7, T heo rem 2. 2 ] and [ 15, T heo rem 3. 3 ] o r R e2
m ark s 3. 1 and 3. 2 ofth is paper. In th is paper w e com b ine the ideas of [ 7, T heo rem 2. 2 ] and

[15, T heo rem 3. 3 ]. W e p resen t the com b ined resu lt in the set t ing of N ark iew icz′s regu lar convo2
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lu t ion. H su and W ang [ 7, 15 ] dea l w ith the D irich let convo lu t ion, w h ich is an exam p le of

N ark iew icz′s regu lar convo lu t ion.

W e in terp ret in term s of the genera lized Eu ler to t ien t of th is paper the fo llow ing fam ou s gen2
era liza t ion s and analogues of Eu ler′s to t ien t: Cohen′s to t ien t, Jo rdan′s to t ien t, K lee′s to t ien t,

Schemm el′s to t ien t, Steven s′s to t ien t, the un ita ry ana logue of Eu ler′s to t ien t and Eu ler′s to t ien t

w ith respect to N ark iew icz′s regu lar convo lu t ion, see Exam p les 3. 123. 2. W e also ob ta in, as a

specia l case of the genera lized Eu ler to t ien t of th is paper, the exam p le of a ra t iona l a rithm et ica l

funct ion of o rder (1, r) w ith respect to N ark iew icz′s regu lar convo lu t ion given in [6 ], see R em ark

3. 2.

2. Regular convolution

W e assum e tha t the reader is fam ilia r w ith the concep t of N ark iew icz′s regu lar convo lu t ion.

Background m ateria l on regu lar convo lu t ion s can be found e. g. in [6 ], [ 9, Chap ter 4 ], [ 10 ] and

[11 ]. W e u se the sam e no ta t ion s as tha t in [6 ]. In addit ion, w e u se the fo llow ing no ta t ion s.

L et A be a regu lar convo lu t ion and k a po sit ive in teger. T he convo lu t ion A k is defined by

A k (n) = {d : d k ∈A (nk ) } . It is know n [11 ] tha t the convo lu t ion A k is regu lar w henever the con2
vo lu t ion A is regu lar. T he sym bo l (m , n) {A , k} deno tes the grea test k th pow er d iviso r of m w h ich

belongs to A (n) . In part icu la r, w e deno te (m , n) A , 1 = (m , n)A , (m , n) D , k = (m , n) k , (m , n)D =

(m , n) and (m , n)U = (m , n) 3 . N o te tha t (m , n) is the u sua l grea test comm on diviso r ofm and n .

3. The ma in coun ting theorem

L et A be an arb it ra ry bu t fixed regu lar convo lu t ion. L etQ be a set ofin tegers (> 1) such tha t

each A - p rim it ive p rim e pow er (> 1) A 2divides a t m o st one of them. T h is m ean s tha t fo r each A

- p rim it ive p rim e pow er p t (> 1) there is a t m o st one i = 1, 2, ⋯, o (p t) such tha t p { i t} ∈Q . N o te

tha t elem en ts of Q are p rim e pow ers.

D ef in it ion W e say tha t a p ositive in teg er n (> 1) is Q - f u l if the f ollow ing tw o cond itions hold :

a)　If p t ∈A (n) , then p t ∈A (q) f or som e q ∈Q ,

b)　If p t ∈A (n) and p t ∈A (q) f or som e q ∈Q , then q ∈A (n) ,

w here p t
d enotes an A - p rim itive p rim e p ow er > 1.

W e deno te u 2vecto rs of in tegers as a = 〈a1, a2, ⋯, au〉, and w e w rite a ≡ b (m od n ) if a i = bi

fo r a ll i = 1, 2, ⋯, u . Fo r each q ∈Q , let B (q) be a sub set of Zu
q , w here Zu

q = {a: 0 Φ a i < q, i

= 1, 2, ⋯, u} .

D ef in it ion W e say tha t a u 2vector a is B 2p rim e to n if

Π q ∈Q hav ing a com m on A - d iv isor > 1 w ith n: Π b ∈B (q) : a ¢ b (m od q ).

If a is B 2p rim e to n ,w e w rite (a , n) B = 1.

N ow , w e in troduce the funct ion s tha t w e need in coun t ing the num ber of u 2vecto rs a (m od n

) such tha t (a , n)B = 1. L et f (q) deno te the card ina lity ofB (q) , and let ΛB deno te the arithm et i2
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ca l funct ion defined by

ΛB (n) =

1 if　n = 1,

(- 1) sf (q1)⋯ f (qs) if　n = q1⋯ qs is a p roduct of d ist inct elem en ts of Q ,

0 o therw ise.

If Q is the set of a llA 2p rim it ive p rim e pow ers ( > 1) and if B (q) = {0} fo r a ll q ∈Q , then ΛB is

the A - ana logue of theM ”{o}b iu s funct ion ΛA . In the case of D irich let convo lu t ion th is becom es

the classica l funct ion Λ. F ina lly, w e define the arithm et ica l funct ion Á B by

Á B (n) = (E u3 A ΛB ) (n) = ∑
d∈A (n)

(nöd ) uΛB (d ) , (3. 1)

w here E u (n) = nu fo r a ll n . It can be verif ied tha t if n isQ - fu l, then

Á B (n) = nu ∏
q∈A (n)

q∈Q

(1 -
f (q)

qu . (3. 2)

Theorem 1 L et n be a Q 2f u l num ber. T hen the num ber of u 2vectors a (m od n ) such tha t ( a , n)B =

1 is equal to Á B (n) .

Proof L et n = n1n2⋯ ns be the facto riza t ion of n in to p rim e pow ers such tha t q i ∈A (n i) , w here q i

∈Q , i = 1, 2, ⋯, s . L et N B (n) deno te the num ber of u - vecto rs a (m od n ) such tha t (a , n) B =

1. U sing the Ch inese rem ainder theo rem w e can show tha t N B (n) = N B (n1)N B (n2)⋯ N B (ns) ,

cf. the p roofs of [6, T heo rem 1 ], [7, T heo rem 2. 1 ] and [15, T heo rem 3. 3 ].

W e nex t con sider the va lue ofN B (n i) . L et a} i ∈ Zu
n i . T hen a i can be w rit ten un iquely as a i =

m q i + r ,w here 0 Φ m j < n iöq i, j = 1, 2, ⋯, u , and r ∈ Zu
qi . C learly, ( a i, n i)B = 1 if and on ly if

( r, n i)B = 1 , and (r, n i)B = 1 if and on ly if r ∈ Zu
qi
ø B (q i) . T herefo re

N B (n i) = (n iöq i) u (qu
i - f (q i) ) = nu

i (1 - f (q i) öqu
i ).

N ow , app lica t ion of the fo rm u la N B (n) = N B (n1)N B (n2)⋯ N B (ns) p roves tha t

N B (n) = nu ∏
q∈A (n)

q∈Q

1 -
f (q)

qu .

T hu s, by (3. 2) , w e have N B (n) = Á B (n) . T h is com p letes the p roof.

Severa l fam ou s to t ien t funct ion s m ay be p resen ted in the language of the funct ion Á B (n) in

T heo rem 1.

Exam ple 3. 1 Jo rdan′s to t ien t J u (n) is defined as the num ber of u 2vecto rs a of in tegers (m od n )

such tha t (a1, a2, ⋯, au , n) = 1 ( see [ 3, Chap ter V ]). If A = D , Q is the set of a ll p rim es and

B (p ) = {0} fo r a ll p rim es p , then Á B reduces to Jo rdan′s to t ien t. T he exp ression s (3. 1) and (3.

2) reduce to the know n exp ression s (see e. g. [12, Sect ion V. 3 ])

J u (n) = ∑
d ûn

(nöd ) uΛ(d ) = nu∏
p ûn

1 -
1

p u .
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Exam ple 3. 2 Cohen′s[ 1 ]　to t ien t Á k (n) is defined as the num ber of in tegers a (m od nk ) such tha t

(a , nk ) k = 1. If A = D , u = 1, Q is the set of the k th pow ers of p rim es, B (p k ) = {0} fo r a ll

p rim esp and n is rep laced w ith nk , then Á B reduces to Cohen′s to t ien t. T he exp ression s (3. 1) and

(3. 2) reduce to the know n exp ression s (see e. g. [12, Sect ion V. 5 ])

Á k (n) = ∑
d ûn

(nöd ) k Λ(d ) = nk∏
p ûn

1 -
1

p k .

　　Fu rther exam p les include K lee′s to t ien t [ 8 ] , Schemm el′s to t ien t [ 13 ] , Steven s′s to t ien t [ 14 ] and

the un ita ry ana logue of Eu ler′s to t ien t [ 2 ].

Remark 3. 1 If A = D , u = 1 and Q is a set of po sit ive in tegers such tha t each p rim e num ber d i2
vides one and on ly one of them , then T heo rem 1 of th is paper reduces to T heo rem 2. 2 of [7 ].

Remark 3. 2 L et r be a po sit ive in teger. L et Q be the set of p rim e pow ers of the fo rm p rt , w here

p t (> 1) run s th rough the A 2p rim it ive p rim e pow ers such tha t o (p t) Ε r . T hen Q 2fu l num bers

are the (A , r) 2pow erfu l num bers (see [6 ]). W e fo rm the setsB (q) , q∈Q , a s fo llow s. Fo r each

A 2p rim it ive p rim e pow er p t (> 1) and i = 1, 2, ⋯, r , let S i (p t) be a sub set of Zu
p t . L etM (p t) de2

no te the set of r ×u m atrices over Z}{pt} having the p roperty tha t fo r everyM ∈M } (pt) there ex2
ists i = 1, 2, ⋯, r such tha t the ith row ofM belongs to S i (p t) . N ow , w e define

B (q) = B (p rt) = { a ∈ Zu
p rt: a = (1, p t, ⋯, p

(
r - 1) t)M , M ∈M (p t) }

fo r each q ∈Q . T hen ( a , n)B = 1 if and on ly if (a , n) S , r = 1 , w here ( a , n) S, r is as defined in

[6 ]. T hu s, in th is case T heo rem 1 of th is paper reduces to T heo rem 1 of [ 6 ]. T he funct ion Á B

becom es the funct ion Á {S , r} of [6 ] and is thu s an A 2ra t iona l a rithm et ica l funct ion of o rder (1, r)

. If A = D and S 1 = S 2 = ⋯ = S r , then w e ob ta in T heo rem 3. 3 of [15 ].
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