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Abstract　W e describe the P- radical and the l 2B radical of an l 2ring from a differen t angle and ob tain

the structu re theo rem of l 2Q sem isimp le rings. Fu rthermo re, l 2Q radical rings are discussed. L ast ly,

w e consider the l 2Q radicalQ (R n) of a fu ll l 2m atrix l 2ring R n over an l 2ring R . W e show thatQ (R n) =

(Q (R ) ) n .
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1. In troduction

In th is paper w e discu ss the P2rad ica l of a la t t ice- o rdered ring ( l 2ring) anew from a differ2
en t angle u sing the concep t of l 2quasi n ilpo ten t idea l ( l 2Q idea l) , and ob ta in the structu re and

som e p ropert ies of the P2rad ica l.

W e first co llect som e basic defin it ion s and p ropert ies of l 2rings in [ 2- 5 ]. T h roughou t th is

paper R w ill deno te an l 2ring if no t specif ied. R + = {a ∈R : a Ε 0}. L et〈 S 〉be an l 2idea l of R

genera ted by the sub set S of R . W e u se the term l 2p rim e l 2idea l in stead of p rim e l 2idea l g iven in

[ 4, D efin it ion 2. 1 ]. A n l 2idea l P of R is l 2p rim e if I Α P o r J Α P w henever I and J are l 2idea ls

of R w ith IJ Α P ; a nonzero l 2ring R is l 2p rim e if {0} is an l 2p rim e l 2idea l; the P- rad ica l of R

is the in tersect ion of a ll l 2p rim e l 2idea ls of R (see [4, D efin it ion 2. 1 and 2. 8 ]). T he p roduct of

tw o ( left, righ t, tw o- sided) l 2idea lsA ,B of R is the (left, righ t, tw o- sided) l 2idea l〈A B 〉of

R , w here〈A B 〉= {c ∈R : ûcû Φ ab; a ∈A , b ∈B } [5, p 169 ]. A n l 2hom om o rph ism ( l 2iso2
m o rph ism ) betw een tw o l 2rings is a m app ing w h ich is a ring and la t t ice hom om o rph ism (isom o r2
ph ism ).

Proposit ion 1. 1 (1)　 L et an l 2ring R 3
be an l 2hom om orp h ic im ag e of R (R Υ

～ R 3 ) , A an l 2id ea l

of R , then R 3 ≌ R ökerΥand Υ(A ) = (A + kerΥ) ökerΥ. M oreover, if A Β kerΥ, then R öA ≌

R 3 öΥ(A ) .

(2)　 L et S be an l 2subring of R , A an l 2id ea l of R , then (S + A ) öA ≌ S ö(S ∩A ) .

(3)　 L etM be an l 2id ea l of R , then any l 2id ea l of R öM has the f orm A öM w hereA is an l 2
id ea l of R con ta in ing M , and R öA ≌ (R öM ) ö(A öM ) .

(4)　 L etA be a lef t (rig h t) l 2id ea l of R , and T an l 2id ea l of A , then〈A T ) = {c∈R : ûcû
Φ a t, a ∈A , t ∈ T } ( TA 〉= {c ∈R : ûcû Φ ta, a ∈A , t ∈ T } ) is a lef t (rig h t) l 2id ea l of R .
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2. l -Q idea ls and the l -Q rad ica l of an l -r ing

In th is sect ion som e im po rtan t p ropert ies of l 2Q idea ls, the l 2Q radica l of an l 2ring are d is2
cu ssed. It is show n tha t the l 2Q radica l co incides w ith the l 2B radica l.

D ef in it ion 2. 1 A lef t (rig h t, or tw o- sid ed ) l 2id ea l A of R is ca lled a lef t (rig h t, or tw o- sid ed )

l 2Q id ea l of R , if f or any l 2id ea lM of R , A 3 = (A + M ) öM ≠ {03 } im p lies tha tA 3
con t a ins a

nonz ero n ilp oten t lef t (rig h t, or tw o- sid ed ) l 2id ea l of R 3 = R öM .

A n l 2Q idea l m ay no t be n ilpo ten t, [ 5, Exam p le 3. 19 ] fo rm s a case in po in t.

Proposit ion 2. 1 (1)　 A ny nonz ero l 2Q id ea l A of R con ta ins a nonz ero n ilp oten t l 2id ea l of R .

(2)　A n ilp oten t l 2id ea l is an l 2Q id ea l.

(3) 　 L et A be an l 2Q id ea l of R , M an l 2id ea l of R , then (A + M ) öM is an l 2Q id ea l of

R öM .

Sim ila r resu lts can be sta ted fo r left ( respect ively righ t) l 2idea ls.

Proposit ion 2. 2 (1)　 A lef t (rig h t) l 2Q id ea lA of R can be em bed d ed in an l 2Q id ea lA +〈A R 〉
( A + 〈 RA 〉) of R .

(2)　 S upp ose A and B öA a re l 2Q id ea ls of R and R öA resp ectively , then B is an l 2Q id ea l of

R .

(3)　 A ny sum of l 2Q id ea ls of R is an l 2Q id ea l of R . In p a rticu la r, the sum of a ll l 2Q id e2
a ls of R is an l 2Q id ea l of R .

Since the l 2rad ica lN (R ) of R is the un ion of a ll the n ilpo ten t l 2idea ls of R ( [ 3, T h. 5 ]) , l 2
rad ica l is an l 2Q idea l by P ropo sit ion 2. 1 (2) and P ropo sit ion 2. 2 (3). How ever, N (R ) m ay no t

be n ilpo ten t, as is show n by [5, Exam p le 3. 19 ]. T h is exam p le a lso show s tha t n ilpo ten t and l 2
quasi n ilpo ten t are d ifferen t in genera l.

D ef in it ion 2. 2 T he sum Q (R ) of a ll l 2Q id ea ls of R is ca lled the l 2Q rad ica l of R . If Q (R ) = R

, then R is ca lled an l 2Q rad ica l ring ; if Q (R ) = {0} , then R is ca lled an l 2Q sem isim p le ring.

Theorem 2. 1 (1)　 T he l 2Q rad ica l of R is the la rg est l 2Q id ea l of R , and con ta ins a ll lef t (and

rig h t) l 2Q id ea ls and lef t (and rig h t) n ilp oten t l 2id ea ls of R .

(2)　R öQ (R ) is an l 2Q sem isim p le ring.

(3) 　 R is an l 2Q rad ica l ring if and on ly if every nonz ero l 2hom om orp h ic im ag e of R con2
ta ins a nonz ero n ilp oten t l 2id ea l.

Proof It fo llow s imm edia tely from P ropo sit ion 2. 2 and 2. 1.

D ef in it ion 2. 3 W e d ef ine in R an l 2id ea l N (v ) f or every ord ina l num ber v as f ollow s

( i)　N (0) = {0}.

L et us assum e tha t N (v ) is a lready d ef ined f or every v < u .

( ii)　 If u = v + 1 is not a lim it ord ina l num ber, N (u ) öN (v ) is the sum of a ll n ilp oten t l 2id e2
a ls of R öN (v ) .

( iii)　 If u is a lim it ord ina l num ber, N (u ) = ∑v< u
N (v ) .

—035—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



S ince every l 2ring is a set, f or every l 2ring there ex ists an ord ina l num ber w ith N (w ) = N (w

+ 1) . W e d enote th is l 2id ea lN (w ) of R by B (R ) , w h ich is ca lled the B aer rad ica l (a lso l 2B rad 2
ica l) of R . B (R ) is cha racteriz ed by the f act tha t R öB (R ) has no nonz ero n ilp oten t l 2id ea ls and

B (R ) is the sm a llest l 2id ea l in ou r cha in tha t g ives such a f actor l 2ring.

If B (R ) = {0} , then w e say tha t R is an l 2B sem isim p le ring ; if B (R ) = R , then w e say tha t

R is an l 2B rad ica l ring.

Part (2) of the nex t P ropo sit ion fo llow s from P ropo sit ion 2. 1 (1) and (2).

Proposit ion 2. 3 (1) 　 T he l 2B rad ica l B (R ) of R is a n il l 2id ea l of R , and R öB (R ) is an l 2B
sem isim p le ring.

(2)　R is an l 2B sem isim p le ring if and on ly if R is an l 2Q sem isim p le ring.

Theorem 2. 2 T he l 2Q rad ica l Q (R ) coincid es w ith the l 2B rad ica l B (R ) of R , th is im p lies tha t R

is an l 2Q rad ica l ring if and on ly if R is an l 2B rad ica l ring.

Proof It is easy to p rove tha t Q (R ) = B (R ) via t ran sfin ite induct ion.

F rom [5, Exam p le 3. 19 ] w e already know tha t the un ion N (R ) of a ll the n ilpo ten t l 2idea ls

of R m ay no t be n ilpo ten t, a lthough it m u st be n il. Fu rtherm o re, [ 3, p 46, Exam p le 8 ] show s

tha t R öN (R ) m ay have nonzero n ilpo ten t l 2idea ls. It a lso show s tha t the l 2Q radica l and the l 2
rad ica l of R are in genera l, d ifferen t.

Fo r d 2rings a m uch stronger sta tem en t can be m ade.

A n f 2ring is an l 2ring in w h ich

a ∧ b = 0 and c Ε 0 im p ly ca ∧ b = ac ∧ b = 0.

A n im po rtan t iden t ity sa t isf ied by any f 2ring is ûx y û = ûx ûûy û ( [ 3, p 57, Co ro lla ry 1 ]). A n l 2
ring sa t isfying th is iden t ity is u sua lly ca lled a d ist ribu t ive l 2ring o r d 2ring. So any f 2ring is a d 2
ring, bu t there is a d 2ring w h ich is no t an f 2ring ( [3, p 59 ]).

Theorem 2. 3 If R is a d 2ring , then the l 2Q rad ica lQ (R ) of R is the set of a ll n ilp oten t elem en ts of

R .

Proof L et R = R öQ (R ) . C learly R is a d 2ring. Suppo se tha t aλ∈R + and aλR = 0. T hen aλ∈N (R )

Α Q (R ) = {0} by the defin it ion of l 2rad ica lN (R ) [ 3, p 45, D efin it ion ] and T heo rem 2. 1 (2).

H ence R is an f 2ring by [3, p 58- 59, L emm a 1 and T heo rem 14 ]. Suppo se tha t x ∈R and x n =

0. T hen xθn = 0 and xθ ∈N (R ) = Q (R ) = {0} by [ 3, p63, T heo rem 16 ]. T hus x ∈Q (R ) .

Corollary If R is a d 2ring , then R öQ (R ) is an f 2ring.

3. The P- rad ica l of R and l -Q sem isim ple r ings

In th is sect ion w e give a com p rehen sive characteriza t ion of the P2rad ica l in t roduced in [ 4 ]

and show the structu re theo rem of l 2Q sem isim p le rings. In o rder to do th is w e need the fo llow ing

D ef in it ion 3. 1 R is ca lled an l 2sem ip rim e l 2ring , if R con ta ins no nonz ero n ilp oten t l 2id ea l; an l 2
id ea l A of R is ca lled an l 2sem ip rim e l 2id ea l, if R öA is an l 2sem ip rim e l 2ring.
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　　A u sefu l p ropo sit ion fo llow s direct ly from P ropo sit ion 2. 3 and th is defin it ion.

Proposit ion 3. 1 T he f ollow ing sta tem en ts a re equ iva len t.

(1)　R is an l 2Q sem isim p le ring.

(2)　R is an l 2B sem isim p le ring.

(3)　R is an l 2sem ip rim e l 2ring.

W e m ay cha racteriz e Q (R ) as f ollow s

Theorem 3. 1 T he l 2Q rad ica l Q (R ) of R coincid es w ith the in tersection of a ll l 2sem ip rim e l 2id ea ls

A Αlp ha of R .

Proof L et N = ∩ {A Αlp ha: A Αlp ha is an l 2sem ip rim e l 2idea l of R }. By T heo rem 2. 1 (2) and

P ropo sit ion 3. 1, Q (R ) is an l 2sem ip rim e l 2idea l, thu sN Α Q (R ) . A ssum eB öN is a n ilpo ten t l 2
idea l of R öN , since (B + A Α) öA Α≌B ö(A Α∩B ) ≌ (B öN ) ö( (A Α∩B ) öN ) , (B + A Α) öA Α is a

n ilpo ten t l 2idea l, so B Α A Α and B Α N . A pp lying P ropo sit ion 3. 1, R öN is an l 2Q sem isim p le

ring. Bu t Q (R ) öN is an l 2Q idea l of R öN by T heo rem 2. 1 (1) and P ropo sit ion 2. 1 (3). W hence

Q (R ) Α N . T hu sQ (R ) = N .

T h is theo rem characterizes the l 2Q radica l of R and w ill be u sed in the rest of the paper.

M o reover, w e have

Theorem 3. 2 T he f ollow ing subsets of R coincid e w ith the P 2rad ica l P (R ) of R :

(1)　 the l 2Q rad ica l Q (R ) of R ,

(2)　 the l 2B rad ica l B (R ) of R ,

(3)　 the in tersection of a ll l 2sem ip rim e l 2id ea ls of R .

Proof It is clear tha t an l 2idea lA of R is l 2sem ip rim e if and on ly if N (R öA ) is zero. U sing T heo2
rem 2. 2 and 3. 1, and [4, 2. 12 ], w e have Q (R ) = B (R ) = ∩ {A Α: A Α is an l 2sem ip rim e l 2idea l

of R } = ∩ {A Α: A Α is an l 2idea l of R and N (R öA Α) is zero} = P (R ) .

Theorem 3. 3 R is an l 2Q sem isim p le ring if and on ly if it is a subd irect sum of som e l 2p rim e l 2
ring s.

T heo rem 3. 3 fo llow s direct ly from P ropo sit ion 3. 1 and [1, Co ro lla ry 8. 5. 8 ].

4. l -Q rad ica l r ings

In th is sect ion w e discu ss l 2Q radica l rings in o rder to ob ta in the structu re of l 2Q idea ls. T he

nex t theo rem is a basic resu lt.

Theorem 4. 1 E very l 2hom om orp h ic im ag e R 3
and every l 2subring M of an l 2Q rad ica l ring R a re l

2Q rad ica l ring s. In p a rticu la r, l 2id ea ls of an l 2Q rad ica l ring a re a lso l 2Q rad ica l ring s.

Proof It is easy to see from T heo rem 2. 1 (3) tha t R 3 is a lso an l 2Q radica l ring.

It rem ain s to p roveM = B (M ) by T heo rem 3. 2 and D efin it ion 2. 2. L etN (v ) be as in D efin i2
t ion 2. 3, S the com p lem en tary set of B (M ) in M . C learly S ∩N (0) = Á . N ow assum e S ∩

N (v ) = Á fo r each o rd ina l num ber v < u . If u is a lim it o rd ina l num ber, then S ∩N (u ) = Á by
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the tran sfin ite induct ive hypo thesis; if u = v + 1 is no t a lim it o rd ina l num ber, then N (u ) is the

sum of a ll l 2idea ls K Αof R such tha t K Αcon ta in sN (v ) and K ΑöN (v ) is n ilpo ten t. A ssum eM 1 = S

∩N (u ) is a nonem p ty set, then there is a ∈M 1 . L et〈 a〉M and〈 a〉be l 2idea ls genera ted by {a}

inM and in R respect ively. Since a ∈M 1 , there ex ist Αand a po sit ive in teger n such tha t〈 a〉n Α
K n

Α Α N (v ) , hence〈 a〉n
M Α M ∩N (v ) from〈 a〉M Α〈 a〉. Bu t since S ∩N (v ) = Á by the tran s2

f in ite induct ive hypo thesis, then〈 a〉n
M Α M ∩N (v ) = B (M ) ∩N (v ) Α B (M ) . A pp lying T heo2

rem 3. 2 w e ob ta in〈 a〉M Α B (M ) and a ∈B (M ) ∩S , w h ich con trad icts the cho ice of S , thu sM 1

= N (u ) ∩S = Á . W hence S ∩B (R ) = Á via tran sfin ite induct ion. Since R = B (R ) , S = S ∩

M Α S ∩R = S ∩B (R ) = Á . T herefo reM = B (M ) .

D ef in it ion 4. 1 L et X be a nonem p ty subset of R , the lef t l 2ann ih ila tor of X in R is l (X ) = {r ∈R :

û rûx = 0 f or each x ∈X }.

A sim ila r defin it ion can be m ade fo r righ t l 2ann ih ila to r.

Proposit ion 4. 1 (1)　 S upp ose tha t X is a nonem p ty subset of R , if ûx û ∈X f or each x ∈X , then

the lef t (rig h t) l 2ann ih ila tor of X in R is a lef t (rig h t) l 2id ea l of R .

(2)　 T he lef t (rig h t) l 2ann ih ila tor of a lef t (rig h t) l 2id ea l of R in R is an l 2id ea l of R .

Theorem 4. 2 (1)　 A ny l 2id ea l A of an l 2Q sem isim p le ring R is a lso an l 2Q sem isim p le ring.

(2)　 If A is an l 2id ea l of R con ta ined in the l 2Q rad ica l Q (R ) of R , then the l 2Q rad ica l of

R öA is Q (R ) öA .

Proof It is imm edia te from P ropo sit ion 3. 1 and 4. 1, and T heo rem 3. 1 and 2. 1.

N ex t w e discu ss the structu re of l 2Q radica l rings and l 2Q idea ls.

Theorem 4. 3 A lef t (rig h t, tw o- sid ed ) l 2id ea l A of R is a lef t (rig h t, tw o- sid ed ) l 2Q id ea l if

and on ly if A is an l 2Q rad ica l ring.

Proof Sufficiency. W ithou t lo ss of genera lity w e now assum e on ly tha tA is a nonzero left l 2idea l.

L etM be any l 2idea l of R , andA be no t con ta ined inM . T hen A 3 = (A + M ) öM is a nonzero left

l 2idea l of R 3 = R öM . U sing the hypo thesis tha t A is an l 2Q radica l ring, T heo rem 4. 1 and

A ö(A ∩M ) ≌ (A + M ) öM = A 3 , w e have tha tA 3 is an l 2Q radica l ring. A ssum e tha tB 3 is the

righ t l 2ann ih ila to r ofA 3 in A 3 , then B 3 2

Α A 3 B 3 = {03 } , clearlyB 3 is a n ilpo ten t l 2idea l ofA 3

by P ropo sit ion 4. 1. IfB 3 = A 3 , then A is a left l 2Q idea l of R ; ifB 3 ≠A 3 , f rom T heo rem 2. 1

(3) w e m ay assum e tha tL 3 3 is a nonzero n ilpo ten t l 2idea l ofA 3 3 = A 3 öB 3 . L et Υbe the na tu ra l

l 2hom om o rph ism of A 3 on to A 3 3 , and L 3 = Υ- 1 (L 3 3 ) the inverse l 2hom om o rph ic im age ofL 3 3

under Υ, then L 3 3 = L 3 öB 3 , L 3 is n ilpo ten t, and A 3 L 3 ≠ {03 }. H ence by P ropo sit ion 1. 1

(4) the l 2idea l〈A 3 L 3 ) is a nonzero n ilpo ten t left l 2idea l of R 3 . It fo llow s from D efin it ion 2. 1

tha t A is a left l 2Q idea l of R .

N ecessity. A ssum e first tha t A is a tw o- sided l 2Q idea l. L et I be an l 2idea l of A w ith

I ≠A . W e w ill show tha t the l 2ring A öI con ta in s a nonzero n ilpo ten t l 2idea l. L et Q = 〈∪ (a ll l

2idea ls of R tha t a re con ta ined in I )〉. It is easily seen tha t Q is an l 2idea l of R and tha t Q Α I .

Since A is an l 2Q idea l, there is an l 2idea lL of R such tha t Q Α L Α A + Q = A , L öQ Α (A +
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Q ) öQ and L öQ is a nonzero n ilpo ten t l 2idea l of R öQ . N ow L ¾ I , since o therw ise, w e w ou ld

have L Α Q and tha t L öQ is the zero l 2idea l in R öQ . So (L + I ) öI is a nonzero l 2idea l in A öI .

Since L öQ is n ilpo ten t in R öQ , there is a po sit ive in teger n such tha t (L öQ ) n = 0 in R öQ . So L n Α
Q Α I . T h is im p lies (L + I ) öI is n ilpo ten t in A öI . Since I w as cho sen arb it ra rily, w e have

show n tha t any l 2hom om o rph ic im age of A con ta in s a nonzero n ilpo ten t l 2idea l. T hu s by T heo2
rem 2. 1 (3) , A is an l 2Q radica l ring.

N ex t assum e tha t A is a left (righ t) l 2Q idea l. T hen by P ropo sit ion 2. 2, A can be em bedded

in the l 2Q idea lA +〈A R 〉( A +〈RA 〉) . By ou r p reviou s d iscu ssion s, A +〈A R 〉( A +〈RA 〉)

is an l 2Q radica l ring. N ow A is an l 2sub ring ofA + 〈A R 〉( A + 〈RA 〉) . By T heo rem 4. 1, A is

an l 2Q radica l ring.

Theorem 4. 4 (1)　 T he l 2Q rad ica l Q (R ) of R and every l 2subring of Q (R ) a re a lso l 2Q rad ica l

ring s.

( 2) 　 E very lef t ( rig h t, or tw o- sid ed ) l 2id ea l A of R is a lef t ( rig h t, or tw o- sid ed ) l 2Q
id ea l of R if and on ly if A is con ta ined in Q (R ) .

(3)　 If A is an l 2id ea l of R , then Q (A ) = Q (R ) ∩A .

Proof T he p roof of Part (1) is imm edia te from T heo rem 2. 1 (1) , T heo rem s 4. 3 and 4. 1.

(2)　 N ecessity. It fo llow s imm edia tely from T heo rem 2. 1 (1).

Sufficiency. Since A Α Q (R ) , by Part (1) , w e know tha tA is an l 2Q radica l ring. H ence by

T heo rem 4. 3 A is a left ( righ t, o r tw o- sided) l 2Q idea l of R .

(3)　 U sing part (1) , T heo rem 4. 3, and part (2) , w e have Q (R ) ∩A Α Q (A ) . O n the

o ther hand, by T heo rem 2. 1 ( 2 ) and 4. 2 ( 1 ) , w e have tha t A ö(A ∩ Q (R ) ) ≌ (A +

Q (R ) ) öQ (R ) is an l 2Q sem isim p le ring. It fo llow s from P ropo sit ion 3. 1 and T heo rem 3. 1 tha t

Q (A ) Α A ∩Q (R ) . H ence (3) ho lds.

Corollary If M is an l 2subring of R , then Q (M ) Β Q (R ) ∩M . (nam ely B (M ) Β B (R ) ∩M ) }

Theorem 4. 5 If an l 2ring R 3
is an l 2hom om orp h ic im ag e of R (R Υ

～ R 3 ) and K = kerΥΑ Q (R ) ,

then an l 2id ea l A Β K of R is the l 2Q rad ica l of R if and on ly if Υ(A ) is the l 2Q rad ica l of R
3 .

Proof Imm edia te.

5. l -Q rad ica l for full ma tr ix la tt ice- ordered r ings

T he pu rpo se of th is sect ion is to d iscu ss the l 2Q radica l of fu ll m atrix la t t ice- o rdered rings

(fu ll l 2m atrix l 2rings).

Theorem 5. 1 A n l 2ring R w ithou t id en tity can be em bed d ed na tu ra lly in an l 2ring R 0 w ith id en tity

such tha t

(1)　 E very lef t (rig h t, tw o- sid ed ) l 2id ea lA of R is a lso a lef t (rig h t, tw o- sid ed ) l 2id ea l

of R 0 .

(2)　A is a n il (n ilp oten t) l 2id ea l of R if and on ly if A is a n il (n ilp oten t) l 2id ea l of R 0 .

(3)　 If A is an l 2Q id ea l of R , then A is a lso an l 2Q id ea l of R 0 .
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(4)　 T he l 2Q rad ica l Q (R ) of R coincid es w ith the l 2Q rad ica l Q (R 0) of R 0 .

Proof L et R 0 = {a + neûa ∈R , n is an in teger}, then R 0 can be m ade to be an l 2ring w ith iden t ity

e in w h ich R is an l 2sub ring, by defin ing

i a + ne = b + m e if and on ly if a = b, m = n;

a + ne ∈R if and on ly if n = 0.

ii (a + ne) + (b + m e) = (a + b) + (n + m ) e.

iii (a + ne) (b + m e) = ab + nb + m a + nm e.

iv a + ne Φ b + m e if and on ly if a Φ b, n Φ m .

　　T here is no lo ss of genera lity in assum ing tha t A is a left l 2idea l of R . Fo r a ll x = a + ne ∈
R 0, b ∈A and ûa + neû Φ ûbû , then w e have (a + ne) ∨ (- a - ne) = ûaû + m ax{n , - n}e Φ
ûbû . It fo llow s tha t ûaû Φ ûbû and n = 0 , tha t is x = a ∈A . H ence (1) ho lds by iii.

(2)　 T he necessity is imm edia te from (1). T he converse is t rivia l since fo r any x = a + ne

∈A , there ex ists a po sit ive in teger k such tha t (a + ne) k = 0 , by i- iv, w e have n = 0. It fo l2
low s tha t A Α R . T h is com p letes the p roof of (2).

(3)　 Since A is an l 2Q idea l of R , A is an l 2idea l of R 0 by (1). IfM 0 is an l 2idea l of R 0 w ith

A ¾M 0 , thenM = M 0 ∩R ¿ A , and (A + M ) öM con ta in s a nonzero n ilpo ten t l 2idea lB öM of

R öM . It fo llow s tha t B sup set M and B ≠M , B ¾M 0 and (B + M 0) öM 0 ≌B ö(B ∩M 0) = B öM
is a nonzero n ilpo ten t l 2idea l of R 0öM 0 . Since (A + M 0) öM 0 Β (B + M 0) öM 0, A is an l 2Q idea l

of R 0 .

(4)　 It is clear from T heo rem 2. 1 (1) and Part (3) tha t Q (R ) Α Q (R 0) . Conversely, sup2
po se tha t B 0öQ (R ) is a n ilpo ten t l 2idea l of R 0öQ (R ) , then (B 0 ∩R ) öQ (R ) is a n ilpo ten t l 2idea l

of R öQ (R ) . T herefo reB 0 ∩R = Q (R ) by T heo rem 2. 1 (2) , P ropo sit ion 3. 1 and D efin it ion 3. 1.

Since B 0öQ (R ) is n ilpo ten t, it fo llow s from i- iv tha t B 0 Α R . T hu s R 0öQ (R ) is an l 2sem ip rim e

l 2ring. By T heo rem 3. 1 th is im p liesQ (R 0) Α Q (R ) . H ence (4) ho lds.

L et R n be the fu ll m atrix ring of a ll n × n m atrices Y = (y ij ) over an l 2ring R . T hen, by

defin ing Y Φ Z to m ean tha t y ij Φ z ij fo r a ll i, j = 1, 2, ⋯, n , w e get an l 2ring, w h ich is ca lled a

fu ll l 2m atrix l 2ring over R .

Suppo se Γ is an l 2hom om o rph ism of an l 2ring R in to an l 2ring S . T hen Γn: R n S n is the ring

hom om o rph ism induced by Γon the fu ll l 2m atrix l 2ring. T hat is Γn (y ij ) = (Γ(y ij ) ) .

L emma 5. 1 L et Γbe a su rjective l 2hom om orp h ism of R on to S , and let kerΓ= A . T hen Γn is a su r2
jective l 2hom om orp h ism of R n on to S n , and kerΓn = A n . T ha t is R nöA n ≌ S n ≌ (R öA ) n .

Theorem 5. 2 L et R be an l 2ring w ith id en tity e, A an l 2id ea l of R , and letA n d enote the set of n ×

n m a trices w ith en trices in A . T hen

(1)　 T he m ap A  A n is a bijective m ap of the set of l 2id eals in R onto the set of l 2id ea ls in R n .

(2)　A is a n ilpo ten t l 2idea l of R if and on ly if A n is a n ilpo ten t l 2idea l of R n .

(3)　A is an l 2Q idea l of R if and on ly if A n is an l 2Q idea l of R n .

(4)　A is an l 2p rim e l 2idea l of R if and on ly if A n is an l 2p rim e l 2idea l of R n .

(5)　A is an l 2sem ip rim e l 2idea l of R if and on ly if A n is an l 2sem ip rim e l 2idea l of R n .
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Proof (1)　 It is eviden t tha t if A is an l 2idea l of R , then A n is an l 2idea l of R n . Conversely, as2
sum e tha t K is an l 2idea l of R n . T hen, by [6, p 471, P ropo sit ion 7 ], there ex ists a ring idea lN of

R such tha t K = N n . Fo r any x ∈R , a ∈N , and ûx û Φ ûaû , w e have aE ∈N n and ûx E û Φ ûaE û
, w here E is the un it m atrix, o r iden t ity, of R n . Since K = N n is an l 2idea l of R n , there is x E ∈

N n . T h is imp lies x ∈N . It fo llow s that N is an l 2ideal of R .

(2) 　 If A is a n ilpo ten t l 2idea l, then there ex ists a po sit ive in teger k such tha t A k = {0}.

H ence (A n) k = { (0) } , w here (0) is the n × n m atrix w ho se en tries are a ll 0. Conversely, if A n is

a n ilpo ten t l 2idea l of R n , tha t is (A n) k = { (0) } , then fo r any a1, a2, ⋯, ak ∈ A , (0) =

(a1E ) (a2E )⋯ (akE ) = (a1a2⋯ ak ) E . It fo llow s tha t A k = {0}.

(3)　 Suppo se tha t A n is an l 2Q idea l of R n . T ake any l 2idea lM of R w ith A ¾M , then A n

¾M n by (1). H ence (A n + M n) öM n con ta in s a nonzero n ilpo ten t l 2idea lB nöM n of R nöM n . Since

(B öM ) n ≌B nöM n Α (A n + M n) öM n = (A + M ) nöM n ≌ ( (A + M ) öM ) n by L emm a 5. 1, w e ob ta in

tha t B öM Α (A + M ) öM is n ilpo ten t. T hu sA is an l 2Q idea l of R . Sim ila rly, the converse ho lds.

(4)　W e first show the fo llow ing fact:

〈I nJ n〉= 〈( IJ ) n〉= 〈IJ 〉n (3 )

fo r every pa ir of l 2idea ls I , J of R . Since I nJ n Α ( IJ ) n Α〈 IJ 〉n ,〈 I nJ n〉Α〈( IJ ) n〉Α〈〈IJ 〉n〉=

〈 IJ 〉n . Conversely, fo r every Y = (y ij ) ∈〈 IJ 〉n , there are y ij ∈〈 IJ 〉, i, j = 1, 2, ⋯, n . By

[ 5, p 169 ] there ex ist a ij ∈ I , bij ∈ J such tha t ûy ij û Φ a ijbij , hence ûY û = (ûy ij û ) Φ (a ijbij ) =

∑{ i, j } (a ijE ij ) (bijE ij ) ∈ I nJ n , w here E ij is the n × n m atrix w ith ( i, j ) 2en try e and all o ther en2

t ries 0. T h is im p lies Y ∈〈 I nJ n〉. T hu s (3 ) ho lds. F rom (1) , [4, pp. 71- 72 ] and (3 ) w e can

easily ob ta in tha t A is an l 2p rim e l 2idea l of R if and on ly if A n is an l 2p rim e l 2idea l of R n .

(5)　 It is imm edia te from Part (1) and (2) and L emm a 5. 1.

Corollary If R is an l 2ring w ith id en tity , then the l 2Q rad ica l of R n is the set of a ll n × n m a trices

w ith en tries in the l 2Q rad ica l of R . T ha t is Q (R n) = (Q (R ) ) n .

Theorem 5. 3 F or any l 2ring R , the l 2Q rad ica l Q (R n) of R n is the f u ll l 2m a trix l 2ring (Q (R ) ) n

over the l 2Q rad ica l Q (R ) of R . T ha t is Q (R n) = (Q (R ) ) n .

Proof It is suffices to con sider the case R w ithou t iden t ity, by Co ro lla ry of T heo rem 5. 2. F rom

T heo rem 5. 1, R can be em bedded in an l 2ring R w ith iden t ity in w h ich R is an l 2idea l of R and

Q (R ) = Q (R ) . T hen, by T heo rem 5. 2 and its Co ro lla ry, R n is an l 2idea l of R n and

Q (R n) = (Q (R ) ) n = (Q (R ) ) n Α R n.

By T heo rem 4. 4 (1) and (3) w e ob ta in Q (R n) = Q (Q (R n) ) Α Q (R n) ; By T heo rem 4. 4 (3) w e

get Q (R n) Α Q (R n) . W hence Q (R n) = Q (R n) = (Q (R ) ) n .
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格 序 环 的 一 个 根 的 结 构

高　亭
(河北师范大学数学系, 石家庄050016)

摘　　 要

从不同角度刻画了格序环R 的 P - 根和 l 2B 根, 并对 l 2Q 根环进行了讨论. 揭示了 R 及 R 上

的全矩阵环R n 的 l 2Q 根, l 2Q 理想, 素 l 2理想, 半素 l 2理想之间的关系.
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