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On the Structure of a Radical of L attice-Ordered Rings*
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Abstract W e describe the P- radical and the | B radical of an | -ring from a different angle and obtain
the structure theoram of | -Q samisimple rings Furthemore, | Q radical rings are discussed L astly,
w e consider the | Q radicalQ (Rn) of afull | matrix | -ringRnover an | -ringR. W e show thatQ (Rs) =
QR))n.
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1 Introduction

In this paper w e discuss the P-radical of a lattice- ordered ring (| -ring) anewv from adiffer-
ent angle using the concept of | -quasi nilpotent ideal (|1 -Q ideal), and obtain the structure and
some properties of the P-radical

W e first collect some basic definitions and properties of | -rings in [2- 5] Throughout this
paper Rw ill denote an | -ring if not pecified R*= {a R:a=0}. Let S beanl -ideal of R
generated by the subsetSof R. W e use the term | -prime| -ideal instead of prime | -ideal given in
[4, Definition 2 1]. Anl -ideal P of R isl -primeif | & P orJ & Pwhenever | andJ arel -ideals
of Rwith1J € P; anonzero | -ringR isl -prime if {0} isan | -prime | -ideal; the P- radical of R
is the intersection of all | -prime | -idealsof R (see [4, Definition 2 1 and 2 8]). The product of
two (left, right, wo- sided) | -idealsA ,B of R is the (left, right, wo- sided) | -ideal AB of
R,where AB = {c R:|c|=ab a A,b B}[5 pl69] Anl-homomorphisn (I -is-
morphisn) between two | -rings isamappingw hich isa ring and lattice homomorphisn (isomor-
phisn).

Proposition 1 1 (1) Letan!-ringR ™ bean|-hananorphic image d R (R (pR*) , A an | -ideal
d R, thenR™ R/ker®and ¥A) = (A + ker® /ker® M oreover, if A 2 ker®, then R/A
R"/HA).

(2) LetSbean!-subring & R, A anl-ideal R, then (S+ A)/A S/(Sn A).

(3 LetM beanl-ideal R, then any | -ideal & R/M has thefom A M w hereA isan | -
ideal R containingM , andR/A  (RM)/(A M ).

(4) LetA bealdt (right) | -ideal d R, and T an | -ideal o A , then AT)= {c R: [c]
<at,a A,t T}(TA = {c R: |c|§ta,a A,t T}) isalét (right) | -ideal of R.
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2 |-Q idealsand thel -Q radical of an | -ring

In this section some mportant propertiesof | -Q ideals, thel -Q radical of an | -ring are dis-
cussed It is shown that thel Q radical coincidesw ith the | B radical

Definition 2 1A gt (right, or wo- sided) | -idealA o R iscalled a left (right, or wo- sided)
| Q ideal f R, if forany | -idealM d R, A" = (A +M)M # {0} implies thatA ~ cont ainsa
nonzero nilpotent lef t (right, or wo- sided) | -ideal o R~ = RA .

An|-Q idealmay not be nilpotent, [5, Example 3 19] fom s a case in point

Proposition 2 1 (1) Any nonzero!| Q ideal A o R contains a nonzero nilpotent | -ideal o R.
(2) A nilpotent | -ideal isan | Q ideal
(3) LetA bean!Q ideal R, M anl-ideal d R, then A + M) M isan | Q ideal o
RA .

Smilar results can be stated for left (regectively right) | -ideals

Proposition 2 2 (1) A lét (right) | Q idealA o R can beenbedded inan| Q idealA + AR
(A+ RA )dR.

(2)  SupposeA andB /A arel Q idealsd R and R/A repectively, thenB isan | Q ideal o
R.

(83 Any sum o | Q idealsd Risan|Q ideal o R. In particular, thesun o all | Q ide-
alsd Risan| Q ideal f R.

Since the | -radicalN (R) of R is the union of all the nilpotent | -idealsof R ([3, Th 5]), |-
radical isan | Q ideal by Proposition 2 1 (2) and Proposition 2 2 (3). However, N (R) may not
be nilpotent, asis shown by [5, Exanple 3 19] Thisexanple also show s that nilpotent and | -
quasi nilpotent are different in general

Definition 2 2 Thesum Q (R) o all | Q idealsd R iscalled thel Q radical & R. If Q(R) = R
, thenR iscalled an | Q radical ring; if Q (R) = {0} , thenR iscalled an | Q sanisimple ring.

Theoran 2 1 (1) Thel Q radical o R is the largest | Q ideal & R, and contains all l&f t (and
right) 1 Q idealsand let (and right) nilpotent | -ideals o R.

(20 RAR) isan|-Q sanisimple ring.

(3) Risan!|-Q radical ring if and only if every nonzero | -hananorphic image o R con-
tains a nonzero nilpotent | -ideal.

Proof It follow s mmediately from Proposition 2 2and 2 1

Definition 2 3W edd ineinR an | -idealN (v) for every ordinal number v as f ollov s

(i) N (0) = {0}.

L et us assume thatN (v) is already de ined for every v < u.

(i) If u= v+ lisnota limitordinal number, N (u) N (v) isthesum o all nilpotent | -ide-
alsd RA (v).

(iii) If uisa limit ordinal number, N (u) = Z N (v).

v< u
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Since every | -ring isa set, for every | -ring there exists an ordinal numberw ithN W) = N (w
+ 1). W edenote thisl -idealN W) o RbyB (R) , which iscalled theB aer radical (alsol B rad-
ical) o R. B (R) is characterized by the fact thatR/B (R) has no nonzero nilpotent | -ideals and
B (R) is the snallest | -ideal in our chain that gives such a f actor | -ring.

If B(R)= {0}, thenwesay thatR isan| B sanisimplering; if B (R) = R, thenw e say that
R isan | B radical ring.

Part (2) of the next Proposition follow s from Proposition 2 1 (1) and (2).

Proposition 2 3 (1) Thel B radicalB (R) & R isa nil | -ideal R, and R/B (R) isan | B
sam isimp le ring.
(20 Risan!| B sanisimple ring if and only if R isan | Q sanisimple ring.

Theoran 2 2 Thel Q radical Q (R) coincidesw ith the | B radicalB (R) o R, this implies thatR
isan | Q radical ring if and only if R isan | B radical ring.

Proof It iseasy to prove thatQ (R) = B (R) via transfinite induction

From [5, Example 3 19] we already know that the unionN (R) of all the nilpotent | -ideals
of R may not be nilpotent, although it must be nil Furthemore, [3, p46, Example 8] show s
that RN (R) may have nonzero nilpotent | -ideals It also show s that the | Q radical and the | -
radical of R are in general, different

Ford -ringsamuch stronger statenent can be made

Anf -ring isan | -ring inw hich

a b= 0andc=O0Omplyca b= ac b= 20Q

An important identity satisfied by any f -ring is |xy |= |x ||y | ([3,p57, Corollary 1]). An -
ring satisfying this identity isusually called a distributivel -ringord -ring So anyf -ring isad -
ring, but there isad -ringw hich isnot anf -ring ([3, p59]).

Theorem 2 3 If R isad -ring, then thel Q radicalQ (R) o R istheset d all nilpotent elenents o
R.

Proof LetR = R/ (R). ClearlyR isad -ring Supposethata R®andaR= 0. Thena N (R)
cQ (E) = {6} by the definition of | -radicalN (R) [3, p45, Definition] and Theorem 2 1 (2).
HenceR isan f -ring by [3, p58- 59, Lemma 1l and Theoren 14]. Suppose thatx R andx"=
0. Thenx"= Oandx N (R) = Q(R) = {0} by [3, p63, Theorem 16]. Thusx Q(R).

Corollary If R isad -ring, thenR/Q (R) isanf -ring.
3 The P- radical of R and | -Q sam ismple rings

In this section we give a comprehensive characterization of the P-radical introduced in [4]
and show the structure theoran of | Q samisimple rings In order to do thiswe need the follow ing

Definition 3 1R iscalled an | =samiprime | -ring, if R contains no nonzero nilpotent | -ideal; an | -
ideal A o R iscalled an | -samiprime | -ideal, if R/A isan | -samiprime| -ring.
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A useful proposition follow s directly from Proposition 2 3 and this definition

Proposition 3 1 The follav ing statements are equivalent
(1) Risan!|-Q sanisimple ring.
(20 Risan !B sanisimple ring.
(3 Risanl-saniprimel -ring.
W emay characterizeQ (R) asfollovs

Theorem 3 1 Thel Q radicalQ (R) o R coincidesw ith the intersection o all | -saniprime| -ideals
Adphad R.

Proof LetN = n {Adpha: Adphaisan|-saniprime | -ideal of R }. By Theoran 2 1 (2) and
Proposition 3 1, Q (R) isan | -saniprimel -ideal, thusN € Q (R). A ssumeB AN isanilpotent | -
ideal of RN , since® + A)/Ax B/AunB) BAN)/(AanB)N), B+ Ay/Auisa
nilpotent | -ideal, ©B < AxandB S N . Applying Proposition 3 1, RN isan|Q samismple
ring ButQ (R) AN isan|-Q ideal of RN by Theorem 2 1 (1) and Proposition 2 1 (3). W hence
QR) SN. ThusQR) = N .

This theorem characterizes the | -Q radical of R and will be used in the rest of the paper
M oreover, we have

Theoran 3 2 Thefollov ing subsets d R coincidew ith theP -radical P (R) o R :
(1) thelQ radicalQ (R) o R,
(2) thelB radicalB (R) d R,
(3) theintersection o all | -samiprime | -ideals o R.

Proof It isclear that an | -idealA of R isl -samiprime if and only ifN (R/A) iszero U sing Theo-
ren 2 2and 3 1, and [4, 2 12], wehaveQ(R) = B(R) = n {A« Aqxisan|-samiprimel -ideal
of R} = n {A« Awisan | -ideal of R andN (R/A) iszero} = P (R).

Theoran 3 3R isan | Q samisimple ring if and only if it isa subdirect sum o samel -primel -
rings
Theorem 3 3 follow s directly from Proposition 3 1 and [1, Corollary 8 5 8].

4 |-Q radical rings

In this sectionw e discuss| Q radical rings in order to obtain the structureof | Q ideals The
next theorem is a basic result

Theorem 4 1 Every | -hananorphic imageR "~ and every | -subringM o an | -Q radical ring R arel
-Q radical rings In particular, | -idealsd an | -Q radical ring arealso | Q radical rings

Proof It iseasy to see from Theoren 2 1 (3) thatR ™ isalo an | Q radical ring

It renainsto proveM = B (M ) by Theoren 3 2 andDefinition 2 2 L etN (v) be as in D efini-
tion 2 3, S the complamentary set of B (M ) inM . ClearlyS n N (0) = . Now assumeS n
N (v) = O for each ordinal numberv < u. Ifuisalmitordinal number, thenS n N (u) = & by
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the transfinite inductive hypothesis if u= v+ 1isnot alimit ordinal number, thenN (u) is the
sum of all | -idealsK «0f R such that K« containsN (v) and K &N (v) isnilpotent A ssumeM 1= S
N N (u) isanonampty set, then thereisa Mai. Let awand a bel -ideals generated by {a}
inM and inR regectively. Sincea M 1, there exist ®and a positive integer n such that a " <
KeSN (v), hence am EM nN (v) from aw S a . ButsinceSn N (v) = @ by the trans
finite inductive hypothesis, then aw SM NN (v) =B M) n N (v) €SB M ). Applying T heo-
ren 3 2weobtain am €SB M) anda B M) n S, which contradicts the choiceof S, thusM 1
= N (u)nS= . WhenceS n B (R) = D via transfinite induction SinceR= B (R), S= Sn
M SSNnR=SnB(R)= . ThereforeM = B M ).

Definition 4 1L etX bea nonanpty subset & R, the l& t| -annihilator o X inRisl(X) = {r R:
|r|x = Oforeachx X}.
A smilar definition can bemade for right | -annihilator.

Proposition 4 1 (1) Suppose thatX isa nonanpty subset o R, if |x | X foreachx X , then
the I t (right) | -annihilator of X inR isa et (right) | -ideal o R.
(2) Theldt (right) | -annihilator o a et (right) | -ideal & R inR isan | -ideal d R.

Theoran 4 2 (1) Any | -idealA o an|-Q sanisimple ring R isalso an | Q sanisimple ring.
(2) If A isanl-ideal d R contained in thel Q radicalQ (R) o R, then thel Q radical o
R/A isQR)/A .

Proof It is mmediate from Proposition 3 1and 4 1, and Theoren 3 1and 2 1
N ext w e discuss the structure of | Q radical ringsand | -Q ideals

Theoran 4 3A lgt (right, wo- sided) | -ideal A o R isa lgt (right, wo- sided) | Q ideal if
and only if A isan | -Q radical ring.

Proof Sufficiency. W ithout lossof generalityw e now assumeonly thatA isanonzero left | -ideal

L etM beany | -ideal of R , andA be not contained inM . ThenA "= (A + M ) M isanonzero left
| -ideal of R* = RAMM . U sing the hypothesis thatA is an | -Q radical ring, Theoren 4 1 and
A/ANM) A+M)M=A", wehavethatA " isan!|-Q radical ring A ssume thatB ~ isthe
right | -annihilator ofA * inA * , thenB “cA'B = {0}, clearlyB ~ isanilpotent | -ideal of A ~
by Proposition4 1 IfB = A", thenA isaleft!| Q idealofR; ifB " # A", from Theoram 2 1
(3) wemay assume thatL ~ " isa nonzero nilpotent | -ideal of A " " = A" /B8 " . L et %be the natural
| -homomorphisn of A "ontoA " ", andL " = @P*(L ") the inversel -homomorphic imageofL *~
under @, thenL "~ = L B, L  isnilpotent, andA 'L " # {0"}. Hence by Proposition 1 1
(4) thel-ideal A 'L ") isanonzero nilpotent left | -ideal of R ™. It follow s from Definition 2 1
thatA isaleft | Q ideal of R.

N ecessity. A ssume first thatA isatwo- sided | Q ideal Let!| bean | -ideal of A with

| # A. Wewill show that thel -ringA /I contains a nonzero nilpotent | -ideal L etQ = (all I

-ideals of R that are contained in 1) . It iseasily seen thatQ isan | -ideal of R and thatQ < I.

SinceA isan | Q ideal, thereisan | -idealL of R suchthatQ S L SA + Q=A,LQ S (A +
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Q)/Q andL A is a nonzero nilpotent | -ideal of RQ. Now L & I, since othew ise, wewould
haveL S Q and thatL A isthe zero | -ideal inR/AQ. So (L + 1)/l isanonzero | -ideal inA /1.
SinceL A isnilpotent inR A , there isapositive integer n such that (L Q)"= 0inRAQ. SoL"<S
Q S I. This mplies (L + 1)/1 is nilpotent inA /I. Since | was chosen arbitrarily, we have
show n that any | -homomorphic mage of A contains a nonzero nilpotent | -ideal Thus by T heo-
ren 2 1 (3), A isan | -Q radical ring

N ext assume thatA isa left (right) 1 Q ideal Then by Proposition 2 2, A can be enbedded
in thel Q idealA + AR (A + RA ). Byourpreviousdiscussions, A + AR (A + RA )
isan | Q radical ring Now A isan|-subringofA + AR (A + RA ). ByTheoran 4 1, A is
an | Q radical ring

Theoran 4 4 (1) Thel Q radicalQ (R) o R and every | -subring o Q (R) are also | Q radical
rings

(2) Every lgt (right, or wo- sided) | -idealA o R isa lgt (right, or wo- sided) | Q
ideal o R if and only if A iscontained inQ (R).

(3) IfAisanl-ideald R, thenQA)=Q([R) n A.

Proof The proof of Part (1) is mmediate from Theorem 2 1 (1), Theorens4 3and 4 1

(2) Necessity. It follow s mmediately from Theorem 2 1 (1).

Sufficiency. SinceA < Q (R) , by Part (1), we know thatA isan | -Q radical ring Hence by
Theorem 4 3A isa left (right, or wo- sided) | Q ideal of R.

(3) Using part (1), Theoren 4 3, and part (2), we haveQ (R) n A S Q(A). On the
other hand, by Theoren 2 1 (2) and 4 2 (1), we have thatA/(A n Q(R)) A +
QR))MQ(R) isan | Q samismple ring It follow s from Proposition 3 1 and Theorem 3 1 that
Q@A) €A nQ(R). Hence (3) holds

Corollary If M isan | -subring d R, thenQM ) 2Q(R) nM . (namelyBM) 2B (R) nM) }

Theoran 4 51f anl-ringR " isan | -hananorphic image o R (R Pr*) and K = kerPc QR),
then an | -ideal A 2 K o R isthel Q radical o R if and only if #A) isthel Q radical of R .

Proof mmediate

a | -Qradical for full matrix lattice- ordered rings

The purpose of this section is to discuss the |l Q radical of full matrix lattice- ordered rings
(full I matrix | -rings).

Theoren 5 1A n | -ring Rw ithout identity can be enbedded naturally in an | -ring Row ith identity
such that

(1) Every gt (right, wo- sided) | -idealA o R isalsoa lef t (right, wo- sided) | -ideal
d Ro.

(2) A isanil (nilpotent) | -ideal o R if and only if A isa nil(nilpotent) | -ideal d Ro.

(8 IfAisan!|-Q ideal & R, thenA isalsoan!|Q ideal d Ro.
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(4) Thel Q radicalQ (R) o R coincidesw ith the| Q radical Q (Ro) o Ro.

Proof LetRo= {a+ ne|a R, nisan integer}, thenRocan bemade to be an | -ringw ith identity
einwhichR isan | -subring, by defining
i a+ ne= b+ meifandonly ifa= b, m= n;
a+ ne Rifandonlyifn= Q
i (a+ ne)+ (b+ me)= (a+ b)+ (n+ m)e
ii (a+ ne)(b+ me) = ab+ nb+ ma+ mme
iv a+ ne< b+ meifandonlyifa< b, n<m.

There is no lossof generality in assuming thatA isa left | -ideal of R. Forallx = a+ ne
Ro,b A and [a+ ne|= |p|, thenwehave (a+ ne) (- a- ne) = |a|+ max{n, - n}e=<
[o|. Itfollwsthat [a| = |p|andn= 0, thatisx = a A. Hence (1) holds by iii

(2)  The necessity is mmediate from (1). The converse is trivial since for anyx = a+ ne

A , there exists apositive integer k such that (a+ ne)*= 0, by i- iv, wehaven= 0. It fol-
low s thatA < R. This completes the proof of (2).

(8) SinceA isan | Q ideal of R, A isan | -ideal of Roby (1). IfM oisan | -ideal of Row ith
A ¢£Mo, thenM =Mon R2A , and (A + M) M contains a nonzero nilpotent | -idealB M of
RAM . It follow s thatB supsetM andB 2 M , B €Moand B + Mo) Mo B/B NnMo) = B M
is a nonzero nilpotent | -ideal of RoM 0. Since (A + Mo) M o2 B + M o) Mo, A isan | Q ideal
of Ro.

(4) Itisclear from Theorem 2 1 (1) and Part (3) thatQ (R) < Q (Ro). Conversely, sup-
pose thatB o/ (R) isa nilpotent | -ideal of Ro/Q (R) , then Bo n R) A (R) isanilpotent | -ideal
of RQ (R). ThereforeBon R= Q (R) by Theoram 2 1 (2), Proposition 3 1 and Definition 3 1
SinceB o/Q (R) is nilpotent, it follow s from i- iv thatBo S R. ThusRo/Q (R) isan | -samiprime
I -ring By Theorem 3 1 this mpliesQ (Ro) < Q (R). Hence (4) holds

L et Rn be the full matrix ring of all n x nmatricesY = (yi) over an | -ringR. Then, by
definingY = Z tomean thaty; < zjforalli,j= 1,2, ,n, wegetanl-ring, which iscalled a
full I matrix | -ring overR.

Suppose lis an | -homomorphisn of an | -ringR into an | -ringS. Then ' R.— Sa is the ring
homomorphisn induced by "lon the full | matrix | -ring That ish(ys) = (Myy)) .

Lenma 5 1L et "lbe a surjective | -hananorphisn o R ontoS , and let kerl= A. Then lisa sur-
jective | -hananorphisn o RnontoS», and ker'h= A.. That isRa/An  Sn (R/A)n.

Theoran 5 2L etR bean | -ring w ith identity e, A an | -ideal o R, and letA »denote the set o n X
nmatricesw ith entrices inA . Then
(1) ThemapA —>A.isa bijectivemap o theset o | -idealsinR onto the set of | -ideals inRa.
(2) A isanilpotent | -ideal of R if and only if A« is a nilpotent | -ideal of Rn.
(3) A isan!|-Q ideal of R if and only ifA.isan | Q ideal of Rn.
(40 A isanl-primel -ideal of R if and only ifA.isan | -prime | -ideal of Rx.
(5 A isanl-samiprimel -ideal of R if and only ifAsisan | -samiprime | -ideal of Rx.
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Proof (1) It isevident that ifA isan | -ideal of R , thenA .isan | -ideal of R.. Conversely, as
sune thatK isan | -ideal of Rn. Then, by [6, p471, Proposition 7], there existsa ring idealN of
R such thatK = N .. Foranyx R, a N ,and |x|=< |a], wehaveaE Nnand |xE|= [aE |
, WhereE is the unitmatrix, or identity, of Rn. SinceK = Nisan | -ideal of R., there isxE

N .. Thisimpliesx N . It followsthatN isan ! -ideal of R.

(2) IfA isanilpotent | -ideal, then there exists a positive integer k such thatA* = {0}.
Hence (An)"= {(0)}, where (0) isthen x nmatrix whose entriesare all @ Conversely, ifAn is
a nilpotent | -ideal of Rn, that is (A.)" = {(0)}, then for any ai,a;, ,a A, (0) =
(aiE) (a2E) (axE) = (aaz ax)E. It followsthatA“= {0}.

(3) Suppose thatA.isan|-Q ideal of R.. Take any | -idealM of RwithA £ M , thenAn
¢ Maby (1). Hence (A~ + M) M » contains a nonzero nilpotent | -ideal B »M » of Rn/M 1. Since
BM)y BuMoS An+tM)Mo= A+M)fMn (A+M)M)byLenmas 1, weobtain
thatB M < (A + M) M isnilpotent ThusA isan|-Q ideal of R. Similarly, the converse holds

(4) Wefirst show the follow ing fact:

Idn = (13)n = 13 & (*)

for every pair of | -ideals!,J of R. Sincelndn S (1J)nS 13w, 1adn S (13)n S 13 . =
1J n. Conversely, for everyY = (yi) I3 n, there areyi J,i,j= 12, ,n. By
[5, p169] there exista; |, by J such that |y | = aby, hence [Y |= (lys]) = (ayby) =
z i} (@iEq) (bEi)  1:dn, whereEj isthen x nmatrix with (i, ) -entry eand all other en-
triesQ This mpliesY InJn . Thus(*) holds From (1), [4, pp. 71- 72] and (* )wecan

easily obtain thatA isan|-primel -ideal of R if and only if Anisan | -primel -ideal of Rn.
(5) It is mmediate from Part (1) and (2) andLenma5 1

Corollary If R isan | -ring w ith identity, then thel Q radical o Rnisthesetd all n X nmatrices
w ith entries in thel Q radical & R. That isQ (Rn) = @Q (R))x.

Theoran 5 3 For any | -ring R, thel Q radical Q (Rn) o Rnisthefull | matrix I -ring @Q (R))n
over thel Q radicalQ (R) o R. That isQ (R:) = Q (R))n.

Proof It is suffices to consider the case R w ithout identity, by Corollary of Theorem 5 2 From
Theoran 5 1, R can be anbedded in an | -ring R w ith identity inwhich R is an | -ideal of R and
QR)=0Q (E). Then, by Theoran 5 2 and itsCorollary, Rn is an | -ideal of R, and

Q(Rn): (Q(R))n: (Q(R))n Rn
By Theorem 4 4 (1) and (3) weobtainQ (Rr) = Q Q@ Rx)) € Q (Ry) ; By Theoran 4 4 (3) we
getQ (R.) < Q (Rn). WhenceQ Rn) = Q (Rn) = @Q (R))n.

N
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