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Stancu-Kan torov ic算子的迭代在L 空间的逼近
Ξ

薛　银　川
(宁夏大学数学系, 银川750021)

摘　要　本文给出 Stancu2Kanto rovic算子的迭代在L 空间的逼近阶的估计.
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设 f (x )∈C [0, 1 ],D. D. Stancu 在[1 ]中构造并研究了如下算子

S n (f ; x ) = ∑
n

k= 0

Ξn, k (x ) f ( k
n

) , (1)

其中

Ξn, k (x ) = C
k
n

x (x + Α)⋯ (x + (k - 1) Α) (1- x ) (1- x + Α)⋯ (1- x + (n- k - 1) Α)
(1+ Α) (1+ 2Α)⋯ (1+ (n- 1) Α) ,

Α≥0是只与 n 有关的参数.

Α= 0时, S n (f ; x )就是著名的Bern stein 多项式B n (f ; x ) = ∑
n

k= 0
C

k
nx

k (1 - x ) n- k
f ( k

n
).

对 f (x ) ∈L [0, 1 ],令 F (x ) =∫
x

0
f ( t) d t ,定义

C n (f ; x ) =
d

d x
S n+ 1 (∫

u

0
f ( t) d t; x ). (2)

称C n (f ; x )为 Stancu2Kan to rovic算子. Α= 0时, C n (f ; x )就是著名的 Kan to rovic多项式

P n (f ; x ) = (n + 1)∑
n

k= 0
C

k
nx

k (1 - x ) n- k∫
k+ 1
n+ 1

k
n+ 1

f ( t) d t. (3)

　　记C
(1)
n (f ; x ) = C n (f ; x ) , C

(k+ 1)
n (f ; x ) = C n (C

(k )
n (f ) ) , k = 1, 2,⋯,称C

(k)
n (f ; x )为 C n (f ; x )

的迭代,本文讨论C
(k)
n (f ; x )在L [0, 1 ]中的逼近,给出如下

定理　设 f (x )∈L [0, 1 ], 0≤Α= Α(n)→0 (n→∞) ,则对任何自然数 k ,有

úC
(k )
n (f ; x ) - f (x ) ú 1= O (Ξ(f ;

(1+ Α) k (n+ 1) k - nk

(1+ Α) k (n+ 1) k )L ).

推论　设 f (x )∈L [0, 1 ], 0≤Α= Α(n)→0 (n→∞) ,则对任何自然数 k ,有

lim
n→∞

úC
(k)
n (f ; x ) - f (x ) ú 1= 0.

定理的证明需要下列引理
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引理1
[ 2 ]　对任何自然数 k , C

(k)
n (f ; x )为线性正算子.

引理2
[ 2 ]　设 f (x )∈L [0, 1 ], k 为自然数,则

C
(k)
n (f ; x ) =

d
d x

S
(k)
n+ 1 (∫

u

0
f ( t) d t; x ) ,

这里 S
(k )
n (f ; x )是 S n (f ; x )的迭代.

引理3　对任何自然数 k ,有

úC
(k )
n (f ; x ) ú 1≤ú f ú 1.

证明　由引理1及 S
(k )
n (f ; 0) = f (0) , S

(k)
n (f ; 1) = f (1)立得.

引理4
[ 2 ]　对算子 S

(k)
n (f ; x )有

S
(k )
n ( t

2; x ) =
1

(1+ Α) k [x (x + Α) + a
(k)
n x (1- x ) ]+ (1-

1
(1+ Α) k- 1 ) x ,

这里 a
(k)
n = 1- (1-

1
n

) k
.

引理5　记 Βn, k = m ax
0≤x≤1

S
(k)
n+ 1 (û t- x û; x ) ,则

Βn, k≤
(1+ Α) k (n+ 1) k- nk

(1+ Α) k (n+ 1) k .

证明　由引理4及线性正算子的Буняковскииε不等式证得.

引理6
[ 3 ]　设B n 是 C [a , b ]] P n 的一列线性算子, (P n 是次数不超过 n 的代数多项式全

体) ,满足B n (1; x ) = 1, B n ( t; x ) = x 以及对 g (x )∈C [a , b ],有

B n (g ( t) ; a) = g (a) ,　B n (g ( t) ; b) = g (b).

设

A n (f ( t) ; x ) =
d

d x
B n+ 1 (∫

u

a
f ( t) d t; x )

及A n (f ; x )是线性正算子,且满足

úA n (f ) ú 1≤M ú f ú 1,　Π f (x )∈L [a , b ], n= 1, 2,⋯.

设 Κn> 0, Κn→0 (n→∞) ,则

úA n (f ) - f ú 1= O (Ξ(f ; Κn) L ) ,　Π f (x )∈L [a , b ]

成立的充分必要条件是

V rai sup
a≤x≤b

B n+ 1 (û t- x û; x ) = O (Κn).

令 Κn=
(1+ Α) k (n+ 1) k - nk

(1+ Α) k (n+ 1) k ,由于0≤Α= Α(n)→0 (n→∞)知 Κn→0 (n→∞) ,由引理1至引

理5知算子C
(k )
n (f ; x )满足引理6的条件,从而定理的结论成立.

附注　Α= 0时,由定理可得关于 P
(k)
n (f ; x )的如下估计

úP
(k)
n (f ; x ) - f (x ) ú 1= O (Ξ(f ;

(n+ 1) k - nk

(n+ 1) k )L ) ,

k= 1时,这便是熟知的关于 Kan to rovic算子的结果.
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L -Approx imation by the Iterates of
Stancu-Kan torov ic Operators

X ue Y inchuan
(D ep t. of M ath. , N ingxia U niversity, Yinchuan 750021)

Abstract

In th is papaer the d irect theo ry of app rox im at ion by the itera tes of Stancu2Kan to rovic

opera to rs in L [0, 1 ] is d iscu ssed and the est im ate of the degree of the app rox im at ion is ob2
ta ined.

Keywords　Stancu2Kan to rovic opera to rs, itera te, app rox im at ion.
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