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1. In troduction

Com pact R iem ann ian m an ifo lds w ho se R icci cu rva tu re ten so rs are para llel have been stud ied

in [1 ], the fo llow ing tw o theo rem s are ob ta ined by the au tho rs of [1 ]:

Theorem A　 S upp ose M
n

is a com p act m an if old , ý 2R ic= 0, S ca la r cu rva tu re R = n (n- 1). If 2n

(n- 1) Φ‖R M‖2< 2n (n- 1) + ( n

3+ n- 2
) 2, then M is a sp ace f orm .

Theorem B　 S upp ose M
n

is a com p act E instein m an if old , sca la r cu rva tu re R = n (n- 1). If 0Φ‖

W M‖2<
4
9 n (n- 1) , then M is a sp ace f orm .

R M andW M in theo rem A , B deno te R iem ann cu rva tu re ten so r and W eyl confo rm al cu rva tu re

ten so r respect ively. W e w ill estab lish sim ila r theo rem s on m an ifo lds sa t isfy ý 2
R ic= 0 and find

best con stan ts fo r theo rem A , B. W e w ill a lso develop som e rig id ity theo rem s w h ich ob served in

[2 ], [ 3 ].

2. Prel im inar ies

Suppo se M is a com p lete m an ifo ld of d im en sion n . {w 1, ⋯,w n} are loca l o rthono rm al

fram es. W e have structu re equat ion s:

dw i = - 6
j

w ij +w j , (1)

dw ij = - 6
k

w ik +w k j + 8 ij , (2)
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w here 8 ij =
1
2 6 k , l

R ijk lw k +w l, R ij k l are R iem ann cu rva tu re ten so rs ofM . T he indexes range from

1 to n .

R icci cu rva tu re are defined by R ij = 6 l
R lilj . T he covarian t deriva t ive are defined by

6
k

R ij , kw k = dR ij - 6
m

R m jw m i - 6
m

R imw m j , (3)

6
l

R ij , k lw l = dR ij , k - 6
m

R m j , kw m i - 6
m

R im , kw m j - 6
m

R ij ,mw m k , (4)

ý 2R ic= 0 deno tes R ij , k l = 0. F rom (3) , (4) w e have R icci iden t ity

6
m

R m jR m ik l + 6
m

R im R m jk l = 0.

If w e choo se good fram es so tha t n × n m atrix (R ij ) is d iagonal, then

(R ii - R j j ) õ R ijk l = 0. (5)

(5) is very u sefu l.

L emma 1　 If M is connected , ý 2R ic= 0; then the sca la r cu rva tu re R is a constan t.

Proof　 From (3) , (4) and R = 6 iR ii , ý 2R ic= 0, w e have

6
k

R ,mw k = dR , (6)

dR , k - 6
m

R ,mw m k = 0, (7)

T ak ing ex terio r d ifferen t ia l ca lcu lu s on (7) , by (2) w e have

0 = d dR , k = 6 dR ,m +w m k + 6
m

R ,m (- 6
i

w m i+w ik + 8 m k ).

By (7) w e have

6
m

R ,m 8 m k = 0,

6
n

R ,m R m k ij = 0. (8)

U sing B ianch i iden t ity

R ijk l,m + R ij lm , k + R ijm k , l = 0

and ý 2R ic= 0, by (8) w e have

6
m

R ,m R ijk l,m = 0.

Since R = 6 ij
R ij ij , w e have

6
m

R ,m R ,m = 0.
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F rom (6) w e have dR = 0, R is a con stan t fo r connect ivity ofM . 　　 □

Suppo se Κis a con stan t, define

D ij k l = R ij k l - Κ(∆ik ∆j l - ∆il∆jk ).

D ijk l have the fo llow ing qualit ies:

‖D‖2 = 6
i, j , k , l

D 2
ij k l = ‖R m‖2 + 2Κ2n (n - 1) - 4ΚR , (9)

D ijk l,m + D ijm k , 1 + D ij lm , k = 0, (10)

6
i

D ij il = R j l - (n - 1) Κ∆j l. (11)

L et t ing i = m in (10) , by (11) w e have

6
m

D m jk l,m + R j k , l - R j l, k = 0.

U sing ý 2R ic= 0 w e have

6
m

D ijkm ,m l = 0. (12)

F rom (10) w e have

6
m

D ijk l,mm = 6
m

R ijkm , lm + 6
m

R ijm l, km.

T hen

1
2

∃‖D‖2= 6
i, j , k , l,m

D 2
ijk l,m + D ijk lD ij k l,mm

= ‖ý D‖2 + 2 6
i, j , k , l,m

D ijk lD ij km , lm

= ‖ý D‖2 + 2 6
i, j , k , l,m

D ijk l (D ijkm , lm - D ijkm ,m l)

= ‖ý D‖2 + 2 6
i, j , k , l,m

D ijk l (D h jkm R h ilm + D ihkm R h j lm

　 + D ijhm R hk lm + D ijkhR h l). (13)

　　U sing the m ethod in [1 ], w e have

1
4

ý ‖D‖2 Ε 1
2
‖ý D‖2 +

n
2

Κ‖D‖2 -
1
2

( n - 2 + 3)‖D‖3. (14)

IfM is a E in stein m an ifo ld w ho se R icci cu rva tu re is (n - 1) Κ, then

1
4
△‖D‖2 Ε 1

2
‖ý D‖2 + (n - 1) Κ‖D‖2 - ( 1

2
+

n - 2

n (n - 1) )
)‖D‖3. (15)

O ne can ob ta in theo rem A , B by (13) , (14).
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3. P inch ing Problem s

W e w ill con sider the condit ion fo rM to becom e a E in stein m an ifo ld. F irst w e have

Theorem 1　 S upp ose M is a com p lete m an if old of d im ension n (Ε 3) , M is connected , ý 2R ic= 0.

S ca la r cu rva tu re R≠0. If

‖R M‖2 Φ 2R 2

(n - 1) (n - 2)

then M is a E instein m an if old or ‖R M‖2=
2R 2

(n- 1) (n- 2). A nd ‖R M‖2=
2R 2

(n- 1) (n- 2) im p lies

tha t the un iversa l covering sp ace of M is isom etry to M
n- 1 ( R 2

(n- 1) (n- 2)
) × R. W here M

n- 1

( R 2

(n- 1) (n- 2)
) d enotes (n- 1) - d im ensiona l sim p ly connected sp ace f orm w h ich sectiona l cu rva2

tu re is
R 2

(n- 1) (n- 2). R d enotes E uclid ean line.

Proof　 F rom L emm a 1 w e know R = const, Π p ∈M , choo se good fram es around p such tha t

(5) is t rue fo r p . T hen the indexes from 1 to n are d ivided in to s group s:

{1, 2,⋯, x 1}, {x 1 + 1, x 1 + 2,⋯, x 1 + x 2},⋯,

Φ 6
S - 1

m = 1
x m + 1, 6

S - 1

m = 1
x m + 2,⋯, 6

S - 1

m = 1
x m + x s , 1 Φ s Φ n.

Suppo se

R j j = a i, 6
i- 1

m = 1
x m + 1 Φ j Φ 6

i- 1

m = 1
x m + x i, 1 Φ i Φ s,

and a1, a2,⋯, a s are d ifferen t rea l num bers. F rom (5) w e have

R ijk l = 0, 　Π k , l = 1, 2,⋯, n (16)

if i, j are in d ifferen t group s.

C learly,

6
s

i= 1
x ia i = R , (17)

6
s

i= 1

x i = n. (18)

　　T he square leng th of R icci ten so r is defined by‖R ic‖2 = 6
s

i= 1x ia i
2 . If s = 1 , then x 1 = n ,

a1 =
R
n

and ‖R ic‖2 =
R 2

n
. If s Ε 2 , w e w ill p rove ‖R M‖2 =

2R 2

(n - 1) (n - 2) . In th is case

‖R ic‖2 =
R 2

n - 1
. F rom con t inu ity of ‖R ic‖2 and connect ivity of M w e know M is a E in stein

m an ifo ld o r‖R M‖2 =
2R 2

(n - 1) (n - 2) . In fact, suppo se i∈ {1, 2,⋯, x 1} , from (16) w e have

a1 = R ii = 6
x 1

l= 1
R l il i.
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T hen

6
x 1

l= 1
R 2

lil i Ε 1
x 1 - 1

(6
x 1

l= 1
R lili) 2 =

a2
1

x 1 - 1
. (19)

If x 1 = 1 , then by (16) w e know a1 = 0 , define righ t hand of (19) equal to 0. So

6
x 1

i, j = 1
R 2

ij ij Ε x 1

x 1 - 1
a2

1.

Sim ila rly, w e have

‖R M‖2 = 6
i, j , k , l

R 2
ijk l Ε 26

s

i= 1

x i

x i - 1
a i

2. (20)

s Ε 2 im p lies x i Φ n - 1 , then

‖R M‖2 Ε 2 (n - 1)
n - 2 6

s

i= 1

a2
i. (21)

F rom (17) , (18) and s Ε 2 , x i = 1 im p lies a i = 0 , u sing Cauchy inequality w e have

6
s

i= 1

a i
2 Ε R 2

(n - 1) 2 , (22)

and if 6
s

i= 1a
2
i =

R 2

(n - 1) 2 then s = 2 , {x 1, x 2} = {n - 1, 1}.

F rom (21) , (22) w e know ‖R M‖2 Ε 2R 2

(n - 1) (n - 2) . So from the condit ion s in theo rem

w e know ‖R M‖2 =
2R 2

(n - 1) (n - 2) . T hen w e can suppo se x 1 = n - 1, x 2 = 1 and a1 =
R

n - 1
,

a2 = 0. T h is im p lies‖R ic‖2 = x 1a2
1 + x 2a2

2 =
R 2

n - 1
.

N ow w e suppo se‖R M‖2 =
2R 2

(n - 1) (n - 2) . F rom (19) , (20) w e have

- R { i j j i} = R ij ij =
R

(n - 1) (n - 2) , 1 Φ i, j Φ n - 1, i≠ j ,

o ther R ijk l equal to 0. F rom (13) , if Κ= 0 , com pu ta t ion gives

‖ý R M‖2 = 0,

then M is loca lly symm etric. By D e R ham ’s decom po sit ion theo rem in [4 ], w e know the un iversa l

covering space ofM is isom etry to M n- 1 R
(n - ) (n - 2) × R. □

Corollary 1　U nd er the cond ition of theorem 1, if ‖R M‖2<
2R 2

(n- 1) (n- 2) , then M m ust be a E 2

instein m an if old. S p ecia lly , if nΕ 11, R > 0, M is com p act, then M m ust be a sp ace f orm .

Proof　 T he first part is from theo rem 1. If n Ε 11 , then

2R 2

(n - 1) (n - 2) Φ 2R 2

n (n - 1) + (R
n

) 2 [
1
2

+
n - 2

n (n - 1)
]- 2,
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from (9) , (15) , w here Κ=
R

n (n - 1) . W e know tha t if

‖R M‖2 <
2R 2

n (n - 1) + ( R
n

) 2 [
1
2

+
n - 2

n (n - 1)
]- 2,

thenM is a space fo rm. N ow the second part is clear. □

Remark 　 Co ro lla ry 1 is bet ter than theo rem A. If n Ε 11 , the p inch ing con stan t

2R 2

(n - 1) (n - 2) is the best one.

N ex t w e w ill con sider the case tha t n = 3 o r 4.

Theorem 2　 n= 3, ý 2R ic= 0. M is a com p lete connected m an if old , then M is a sp ace f orm or the

un iversa l covering sp ace of M is isom etry toM 2 ( R
2

) × R. W here R is the sca la r cu rva tu re ofM .

Proof　 F rom L emm a 1 w e have R = con st. If R = 0 , from (16) , (17) , (18) w e know R ic = 0

. T henM is f la t becau se W eyl confo rm al cu rva tu re ten so r of th ree- m an ifo ld is van ish ing.

If R ≠ 0 , from (16) , (17) , (18) w e know (i) s = 1, x 1 = n , a1 =
R
n

o r ( ii) s = 2, {x 1, x 2} =

{n - 1, 1}, {a1, a2} = {
R

n - 1
, 0}. F rom the p roof of theo rem 1 w e know M is a E in stein m an ifo ld

o r the un iversa l covering space is isom etry to M 2 ( R
2

) × R. O ne know s tha t th ree d im en siona l E2

in stein m an ifo ld m u st be a space fo rm. □

Theorem 3　 n= 4, ý 2R ic= 0, M is a com p lete connected m an if old. If M is com p act, then M is a

E instein m an if old or the un iversa l covering sp ace is isom etry toM 3 ( R
6

) ×R or M
2×N

2. w here M
2

and N
2

a re m an if old s w hose Gauss cu rva tu re a re constan ts, and they a re sim p ly connected.

Proof　 F rom (16) , (17) , (18) w e know

(i) s = 1, R 11 = R 22 = R 33 = R 44 =
R
4

;

( ii) s = 2, R 11 = R 22 = a , R 33 = R 44 = b, a ≠ b, a + b =
R
2

;

( iii) s = 2, R 11 = R 22 = R 33 =
R
3

, R 44 = 0.

F rom ý 2R ic= 0 w e know
1
2

∃‖R ic‖2 = ‖ý R ic‖2

then ‖R ic‖2= con st becau seM is com pact.

In case (ii) , from (16) w e know R 1212 = R 2121 = - R 1221 = - R 2112 = a , R 3434 = R 4343 = - R 3443

= - R 4334 = b , o ther R ij k l equal to 0. In case (iii) , from (16) w e know R ij ij = - R ij j i =
R
6

, 1 Φ

i, j Φ 3, i≠ j , o ther R ijk l equal to 0. F rom (13) , Κ= 0 , w e have
1
2

∃‖R M‖2 = ‖ý R M‖2 (23)

fo r bo th ( ii) and ( iii).

If ( i) happen s fo r som e po in t p ∈M , thenM is a E in stein m an ifo ld becau se ‖R ic‖2 is the
sm allest in the th ree cases. N ow w e suppo se ( ii) o r ( iii) is t rue, then from (23) w e know ý R M

= 0 becau seM is com pact. So M is loca lly symm etric.
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　　 If ( ii) happen s fo r som e po in t p ∈M , f rom ‖R ic‖2 = 2 (a2 + b2) = con st, a + b =
R
2

=

con st w e know a = con st b = con st, ‖R M‖2 = 4 (a + b) 2 = con st Ε R 2

2
. If ( iii) happen s fo r som e

po in t p ∈M , then‖R M‖2 =
R 2

3
<

R 2

2
. So ( ii) happen s fo r every po in t ofM o r (iii) happen s fo r

every po in t ofM becau se of the connect ivity ofM . By D e R ham ’s decom po sit ion theo rem in [ 4 ]

w e know tha t the un iversa l covering space is isom etry to M 2×N 2 in the case (ii) o rM 3 ( R
6

) ×R

in the case (iii). □

A no ther condit ion a lso can m akeM becom e a E in stein m an ifo ld. Suppo se p ∈M , V deno tes

(r + 1) - d im en siona l linear space of T pM . If Π V and o rthogonal un it vecto rs {e1,⋯, er} < V ,

the fo llow ing

6
r

i= 1
R m (v , ei, v , ei) > 0

is t rue fo r every un it vecto r v∈V then w e say R ic (r) > 0 at p ∈M . Sim ila rly w e can define R ic

(r) < 0.

Theorem 4　M is a com p lete R iem ann ian m an if old of d im ension n , M is connected , ý 2
R ic= 0. If

R ic ( r) > 0 or R ic ( r) < 0 f or every p oin t of M , w here r= [
n+ 1

2
], r d enotes the in teg ra l p a rt of

n+ 1
2

. T hen M is a E instein m an if old. S p ecia lly , if the sectiona l cu rva tu re K > 0 or K < 0 f or ev2

ery p oin t of M , then M is a E instein m an if old.

Proof　 Suppo seM is no t a E in stein m an ifo ld, then ϖ p ∈M , such tha t R 11≠ R nn . W e can sup2
po se R 11 = R 22 = ⋯ = R ii, R j j = ⋯ = R nn , 1 Φ i < j Φ n . F rom (5) w e have

R 1k1k = 0,　i + 1 Φ k Φ n , (24)

R nln l = 0,　1 Φ l Φ j - 1.

Since (n - 1) + ( j - 1) = (n - 1) + ( j - i) Ε n , w e can suppo se n - i Ε r = [
n + 1

2
] . T hen

from (24) w e have

6
n

k= n- r+ 1

R 1k1k = 0,

w h ich con trad icts w ith the condit ion in the theo rem.

If K > 0 o r K < 0 , clearly R ic (r) > 0 o r R ic (r) < 0 , the theo rem is p roved. □

4. Globa l R ig id ity}

W e w ill estab lish som e rig id ity theo rem s sim ila r to [ 2 ], [ 3 ] fo r connected m an ifo ld w h ich

sa t isfy ý 2R ic= 0. IfM is com pact, then V M deno tes the vo lum e ofM and dM deno tes the d iam eter

ofM . W e have Sobo lev inequality ho lds in [5 ].

‖f ‖ 2n
n- 2

Φ c (n) õ v - 1
nM õ [ dM õ‖ý f ‖2 + ‖f ‖2 ], Π f ∈ c∞ (M ) , (25)

w here c (n) is a con stan t depending on ly on n . D efine Ρ = ‖D‖ , w here Κ=
R

n (n - 1) .
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Theorem 5　 S upp oseM is a com p act m an if old d im ension n (Ε 4) , ý 2
R ic= 0. S ca la r cu rva tu re R

= n (n- 1). If

‖Ρ‖û n
2

< c1 (n) õ vM

2
n , c1 (n) = m in{2

n (n - 1)
n - 2

,
4 (n - 2)

3Π2n2 õ c2 (n) },

then M is a sp ace f orm .

Proof　 F rom the p roof of theo rem 3 w e know ‖R ic‖2 = con st, then from the p roof of theo rem

1 w e know tha t ifM isn’t a E in stein m an ifo ld then‖R M‖2 Ε 2õ n - 1
n - 2

õ n2 . F rom (9) w e have

Ρ Ε 2õ n - 1
n - 2

n2 - 2n (n - 1) = 2
n (n - 1)

n - 2
.

So M is a E in stein m an ifo ld under the condit ion of the theo rem.

F rom (15) w e have

∃ Ρ + 3Ρ2 - 2 (n - 1) Ρ Ε 0. (26)

M u lt ip ly (26) by Ρ
n- 2

2 . In tegra t ion by parts g ives

3∫M Ρõ Ρ
n
2 Ε 2 (n - 1) õ∫M Ρ

n
2 +

n - 2
2 ∫M Ρ

n
2 - 2 (ý Ρ) 2

= 2 (n - 1) õ∫M Ρ
n
2 +

8 (n - 2)
n2 ∫M ûý Ρ

n
4 û 2.

A pp lying Ho
¨

lder’s inequality,∫M Ρõ Ρ
n
2 Φ (∫M Ρ

n
2 )

2
n õ (∫M Ρ

n
2 õ n

n - 2
)

n- 2
n , f rom (25) w e have

6c2 (n) (∫M Ρ
n
2 )

2
n õ v - 2

nM õ (d 2
M õ∫M ûý Ρ

n
4 û 2 +∫M Ρ

n
2 )

Ε 2 (n - 1)∫M Ρ
n
2 +

8 (n - 2)
n2 ∫M ûý Ρ

n
4 û 2.

A pp lying M yer’s theo rem , dM Φ Π. T hen if (∫M Ρ
n
2 )

2
n õ v - 2

nM Φ 4 (n - 2)
3Π2n2c2 (n) , then∫M Ρ

n
2 = 0, Ρ≡

0 , M is a space fo rm. 　 □

Theorem 6　 S upp ose M is a com p act m an if old of d im ension n (Ε 4) , ý 2R ic= 0, sca la r cu rva tu re

R = - n (n- 1). T hen g ive D > 0, ϖ Ε= Ε(n ,D ) , such tha t if dM Φ D and∫M Ρ
n
2 Φ vM· Ε then Ρ≡

0, M is a sp ace f orm .

Proof　 Suppo se Ε< [2
n (n - 1)

n - 2
]

n
2 , f rom the p roof of theo rem 5, w e know M is a E in stein

m an ifo ld. N ow from theo rem 4 in [3 ], the conclu sion is clear. 　　 □

Theorem 7　 S upp oseM is an op en m an if old of d im ension n (Ε 10) , ý 2R ic= 0, sca la r cu rva tu re R

= - n (n- 1) , if ΡΦ (n- 1) (n- 9)
(n- 1) 2+ 12

· (1-
1
9 e

2) and f or som e p oin t p∈M , lim
r→ + ∞

e
- ∆n· r∫B (p , r) Ρ2=

0, w here ∆n=
1
3

(n- 1) (n- 9) and B (p , r) d enotes the g eod esic ba ll of rad ius r a round p , then Ρ

≡ 0, M is a sp ace f orm .
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Proof　 T ake Ε=
(n - 1) (n - 9)
(n - 1) 2 + 12

õ (1 -
1
9

e2) . T hen if Ρ Φ Ε, the sect iona l cu rva tu re K sa t is2

f ies.

K Φ - (1 - Ε) < 0.

F rom theo rem 4 w e know M is a E in stein m an ifo ld. F rom (15) w e have

∃Ρ + 3Ρ2 + 2 (n - 1) Ρ Ε 0.

So

∃Ρ + (3Ε+ 2 (n - 1) ) Ρ Ε 0. (27)

M u lt ip ly (27) by ΡΓ2 , w here Γ is a cu t off funct ion w ith com pact suppo rt in M . In tegra t ion by

parts g ives

(3Ε+ 2 (n - 1) )∫M (ΡΓ) 2 Ε∫M ûý (ΡΓ) û 2 -∫M ûý Γû 2Ρ2. (28)

By [6 ] w e have

∫M ûý (ΡΓ) û 2Ρ2 Ε 1
4

(n - 1) 2 (1 - Ε)∫M (ΡΓ) 2.

By (28) w e have

∫M ûý Γû 2Ρ2Ε [
1
4

(n - 1) (n - 9) - ( 1
4

(n - 1) 2 + 3) õ Ε]õ∫M (ΡΓ) 2

=
1
4

e2∆2 (n)∫M (ΡΓ) 2.

Choo sing Γ(x ) = Γ(d (p , x ) ) , w here d (p , x ) deno tes d istan t funct ion.

Γ( t) =

1, t Φ r,

R - t
R - r

, r Φ t Φ R ,

0, t Ε R.

.

W e ob ta ined by (29)

1
(R - r) 2∫B (p , R )

Ρ2 Ε 1
4

e2Ρ2 (n)∫B (p , r)
Ρ2. (30)

Fo r any r0 > 0 , take r j = 2Ρ- 1 (n) õ j + r0, j Ε 0 , it then fo llow s from (30) tha t

∫B (p , rj
)
Ρ2 Ε e2∫B (p , rj- 1)

Ρ2 Ε e2j∫B (p , r0)
Ρ2 = eΡ(n) (rj - r0)∫B (p , r0)

Ρ2,

∫{B (p , r0) }Ρ2 Φ e- Ρ(n) (rj - r0) õ∫B (p , rj
)
Ρ2.

L et t ing r j → + ∞ , O ne ob ta in s Ρ≡ 0 on B (p , r0) . It’s easy to see Ρ≡ 0 on M . i. e. , M is a

space fo rm. 　 □

T he au tho rs don’t know the case R = 0. Perhap s there is no genera l rig id ity theo rem s in th is

case.
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ý 2R ic= 0的R iem ann 流形的刚性定理

徐森林　梅加强
(中国科技大学数学系, 合肥 230026)

摘　要

本文用R ic表示里奇曲率张量,研究了ý 2R ic= 0的黎曼流形什么时候成为爱因斯坦流形或空

间形式.
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