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1 Introduction

Compact Riemannian manifoldsw hose Ricci curvature tensrs are parallel have beenstudied
in [1], the follow ing two theorem s are obtained by the authorsof [1]:

Theoran A SupposeM " isa canpactmanif old, V ‘Ric= 0, Scalar curvatureR= n(n- 1). If 2n

(n- D=1l Rull %< 2n(n- 1)+ ( )%, thenM is a gpace f om.
) 3+4 n- 2 ®

Theoran B SupposeM "is a canpact E instein manif old, scalar curvatureR= n(n- 1). If 0=l
Wull < _gLn(n- 1), thenM isa space f om.

Rv andWw in theorem A, B denote Riemann curvature tensor andW eyl conformal curvature
tenor repectively. W ew ill establish similar theorem s on manifolds satisfy v ‘Ric= 0 and find
best constants for theoram A, B. W ew ill al® develop some rigidity theorem sw hich observed in

(2], [3]

2 Preliminaries

Suppose M is a complete manifold of dimension n. {w1, ,Wa} are local orthonomal
franes W e have structure equations
dwi= - ZWijAWj, (1)
i
dw i = - ZW i/ Wi+ Qi (2
k
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w here Q; = RikW /W, Rijware Riemann curvature tensorsofM . The indexes range from

1
2
lton.

Ricci curvature are defined by Rij = lelilj. The covariant derivative are defined by

ZkRij,kVVk: dRij - ZijWmi' ZRimej, (3)
ZIRij,kIVVI: dRij.« - Zij,k\Nmi' ZRim,k\ij' ZRij,mek, (4)

vV 'Ric= 0 denotesRi..u = 0. From (3), (4) we haveRicci identity
> RmRmi + D.RaRmj = Q
If we choose good frames 0 thatn x nmatrix (Rj) isdiagonal, then
(Ri- Rj)* Riju= Q (5)
(5) isvery useful
Leanmal If M isconnected, V°Ric= 0; then the scalar curvature R is a constant
Proof Fram (3), (4) andR = >R, V’Ric= 0, we have

ZR,ka: dR, (6)

dR,k = ZR,mek = O, (7)
Taking exterior differential calculuson (7), by (2) we have
0= ddR = ZdR,mANmk"‘ ZR,m(' ZWmiANik+ Qni).

By (7) we have

ZR,ank = O,

|
o

(8)

ZR,mRmkij =

U sing B ianchi identity
Rijkim + Rijmx + Rijmk1= 0

and V °Ric= 0, by (8) we have

|
o

ZR,mRijkl,m =
SinceR = ;Riii » we have

> RaRm= 0
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From (6) we havedR = 0, R isa constant for connectivity ofM . O

Suppose Ais a constant, define

Diw = Riu- A0S - &idw).

D i have the follow ing qualities

IDI 2= D.D3= Il Rall 2+ 2¥n(n- 1) - 4AR,

k|

Dikim + Dimk1+ Dijmk= 0,

ZDijiI: Ri- (n- 1)Ad

L ettingi= m in (10), by (11) we have

Zijkl,m"‘ Riki- Rjx= Q

U sing V ‘Ric= Owe have

From

Then

ZD ijm,mt = Q
(10) w e have

ZD ijkl,mm = ZRijm,m + ZRijml,km.

'JZ"A” DI %= Z D izjkl,m + D ijkD ijkt,mm
iR hm
=1 vDIl 2+ 2 Z D ijkD ijim, m

i,j,k I,m

=1 vDI ?+ 22 D ik O ijm,m = D ijim,m1)

ij Kk, I,m

=1 vDIl 2+ 2 Z D ik D himmRnim + D inenR hjim

i,k I,m

+ D ijmRukm + D ijksRni).

U sing themethod in [1], we have

{}vnon 2 > —;Ln vl 2+ 2N DI 2 —;(J n- 2+ 3Dl >

IfM isa Einstein manifoldwhose Ricci curvature is (n- 1) A, then

14- Il 2= —;u vDll 2+ (n- DAIDI - (++ =2—=—2—

One can obtain theorem A, B by (13), (14).
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3 Pinching Problems

W ew ill consider the condition forM to become a Einstein manifold Firstw e have
Theoran 1 SupposeM is a canpletemanif old o dimension n(=3), M is connected, v *Ric= Q
Scalar curvatureR# Q If

2R2
n- 1)(n- 2

I Rull 2 < (

2 2
. . . . oo 2R" o 2R" .
thenM is a Einstein manifold or I Rull “= - 1) (n- 2) And Il Rull = (- 1) (n- 2) imp lies

that the universal covering pace & M is isametry toM l((n- 1) (n- 2)) X R W here M

n- 1

— R?
062
ture is (n- 1) (n- 2) R denotes Euclidean line

) denotes (n- 1)- dimensional simply connected space f om w hich sectional curva-

Proof FromLenmalweknow R = const, V, M , choose good frames around p such that
(5) istrueforp. Then the indexesfrom 1 to n are divided into sgroups

{1,2, ,X1},{X1+ 1, x1+ 2, , X1+ X2}, s

s- 1 S- 1 s- 1
S{me+ 1,§xm+ 2, ,me+ x;,lﬁsﬁn
m=1 m=1 m=1

Suppose

i- 1 i- 1

Ryi= a, Dxm+ 1<) < Dxnt x,15i<s

m=1 m=1
and a1, a2, ,asare different real numbers From (5) we have

Riw = 0, Vkl=12 ,n (16)
if i, j are in different groups

Clearly,

S

ZXiai = R, (17)

i=1

>xi=n (18)

i=1

The square length of Ricci tensor isdefined by Il Ricll *= ZT Xia®. Ifs= 1, thenxi= n,

2 2
a= Randll Ricl 2= B s> 2, wewill provell Rull = . In this case
n n (n- Dn- 2
_RZ
Il Ricll 2= . 1+ From continuity of I Ricll ?and connectivity ofM we know M is a Einstein

2
manifold or Il Rull *= (n- 12)R(n_ 7y Infact, supposei {1,2, ,xi}, from (16) we have

X1
ar= Ri= ZRHIL
=1
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Then
X1 X1 2
2 1 N2 o —A1
IZ;Rllll = X1 - 1(IZI‘RI|I|) - X1 - 1 (19)
If x2x= 1, then by (16) we know az = 0, define right hand of (19) equal to @ So

X1

2 X1 2
E Rijij = ai
e xi- 1

Smilarly, we have

I Rull 2= DIREa = 2D, —a’ (20)

i, K | i= 1

s= 2mpliesxi = n- 1, then
2 2_(_0'_1)_ : 2
IRl ?= S0 Za (21)
From (17), (18) ands= 2, xi= 1impliesai= 0, using Cauchy inequality w e have

;aiz > (TR? (22)

2
and if >, a?= ﬁthens: 2, {xux7} = {n- 1,1}.

2R* L
2>
From (21), (22) weknow I Rull == (h- 1) (n- 2 o from the conditionsin theorem
2 2R”
weknow I Rull *= - Dn- 2 Thenwe can supposex:= n- 1, x2= landai= ",
2
a:= 0. Thisimpliesll Ricl *= xaf+ xzaf= —5—.
2 2R*
Now we supposell Rull “= (- 1) (. 2 From (19), (20) we have
L R - ) o
- Ryijji} = Ry = - D(n- 2),1§|,J§n 1, iz j,

otherRiw equal to @ From (13), if A= 0, computation gives
I vRull 2= 0,
thenM islocally ssmmetric By DeRhan’sdecomposition theorem in [4], we know the universal
. . . n-
covering pace ofM is isometry toM 1—8—(n_ Y- 2 X R U
2

1) (n- 2)°
instein manif old. Specially, if n= 11, R> 0, M iscanpact, thenM must be a pace f om.

Corollary 1 U nder the condition of theoren 1, if I Rull *< (n- thenM must bea E-

Proof Thefirst part isfrom theoren 1 If n= 11, then
2R? 2R?
(n- D(- 2 = n(n-

Rys 1
yt (g

_D-_Z_]-z
{ nin- 1) ’
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—R

nin- 1)°

_282_+ (R_)Z[_l+ _D'_Z_]-z

n(n- 1) n"t2 " {am- 1)

thenM isa gace form. Now the second part is clear. O

Remark Corollary 1 is better than theoren A. If n = 11, the pinching oconstant

2R2

(n- D(n- 2

N extwew ill consider the case thatn= 3or 4

from (9), (15), whereA= W e know that if

I Rull 2<

) is the best one

Theorem 2 n= 3, V°Ric= Q M isa canp lete connected manif old, thenM isa spacefom or the
universal covering space d M is isanetry toM 2(RZ') x R W hereR is the scalar curvature ofM .

Proof From LenmalwehaveR = oconst IfR= 0, from (16), (17), (18) we know Ric= 0
ThenM isflat becauseW eyl conformal curvature tenor of three- manifold is vanishing

IfR # 0, from (16), (17), (18) weknow (i) s= 1, x1= n, a1 = J%or (i) s= 2, {x1,x2} =

{n- 1,1}, {a1,a2} = {ﬁ, 0}. From theproof of theorem 1weknowM isa Einsteinmanifold

or the universal covering Pace is isometry toM 2(%) X R Oneknow s that three dmensional E-

instein manifold must be a pace fom. O
Theoran 3 n= 4, V°Ric= 0, M is a canp lete connected manif old. If M is canpact, thenM isa

E insteinmanif old or the universal covering space is isometry toM 3(EGL) X RorM*x N2 whereM *

and N * arem anif oldsw hose Gauss curvature are constants, and they are simply connected.
Proof From (16), (17), (18) we know

() s= 1, Ru= Rz= Ru= Ru= %;
(i) s= 2, Ru= R2= a, Rs= Ru= b, a%Z b, a+ b= %;
(iii) s= 2, Ru= Rz= Ru= 5, Ru= 0.
From V “Ric= Ow e know
241 Ricl *= Il vRicl ?
then Il Ricll *= const becauseM is compact
In case (ii), from (16) weknow Riz2= Rz1z1= - R1z1= - Raiz= a, Ras= Rusz= - Raus
= - Rusu= b, otherRiuequal to Q In case (iii), from (16) we know Rijj = - Riji = % 1<
i,j < 3, i# j,otherRiuequal to @ From (13), A= 0, we have
ZAI Rl 2= I v Rull ? (23)

for both (ii) and (iii).
If (i) happensfor smepointp M , thenM isa Einstein manifold because Il Ricll *is the
snallest in the three cases Now we suppose (ii) or (iii) istrue, then from (23) we know V Ru

= ObecauseM iscompact SoM s locally symmetric
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If (i) happensfor smepointp M , from Il Ricl ?= 2(a’+ b’) = const, a+ b= %:

2
constwe know a= constb= const, | Rull ?= 4(a+ b)*= const = B;‘ If (iii) happensfor some
R’ R?
pointp M , thenll Rull *= 3 <5 So (ii) happensfor every point ofM or (iii) happensfor

every point ofM because of the connectivity ofM . By De Rhan’s decomposition theorem in [4]
we know that the universal covering ace is isometry toM >x N ?in the case (ii) orM 3(%) X R

in the case (iii). O
A nother condition also can makeM become a Einstein manifold Supposep M, V denotes
(r+ 1) - dimensional linear aceof TM . If V V and orthogonal unit vectors{e;,, ,e} CV ,

the follow ing

ZRm (v,e,v,e) > 0

i= 1
is true for every unit vectorv  V thenwe sayRic (r) > Oatp M . Similarlywe can defineRic
(r) < 0.
Theorem 4 M isa canplete Rienannian manif old o dimension n, M is connected, V °Ric= Q If
Ric(r)> O or Ric(r)< O for every pointd M, where r= [ +2 1. r denotes the integral part o

n+ 1
5 -

ery pointd M, thenM isa Einstein manif old.

Proof SupposeM isnot a Einsteinmanifold, thend p M , such thatRu# Rm. W e can sup-

ThenM isa Einstein manif old. Specially, if the sectional curvature K> 0O or K< O for ev-

poseRu = Rz2= = Rii, Rjj = = Rm, 1< i< j=<n. From (5) we have
Rux= 0, i+ 1=< k= n, (24)
RnInI: O, 1§ IS ] = 1

Since(n- D+ (j- 1)= (n- 1)+ (j- i) = n, wecan supposen- i= r= [n+71]_ Then

from (24) we have

Zn: Rk = 0,

k=n- r+ 1
w hich contradictsw ith the condition in the theorem.
If K > 0orK < 0, clearly Ric (r) > OorRic (r) < 0, the theorem isproved O

4 Global Rigidity}

W ew ill establish some rigidity theorems similar to [2], [3] for connected manifold w hich
satisfy V °Ric= Q IfM is compact, thenVw denotes the volume ofM and dw denotes the diam eter
ofM . W e have Sobolev inequality holds in [5].

||f||;_2‘“2§0(n)'w}|-:‘-'[dm'”Vf||2+||f||2],Vf c” M), (25)
w herec(n) is a constant depending only onn. Defineoc= I DIl , whereA= me‘—l)
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Theoran 5 SupposeM isa canpactmanif old dimension n(= 4), v ?Ric= Q Scalar curvatureR
=n(n- 1). If

lal |2< c(n)* wh, c(n) = min{24/”ir?_'—211.3_,;z‘“f?.'_czz()5},

thenM isa gpace f om.

Proof From the proof of theorem 3we know Il Ricll >= const, then from the proof of theorem
ﬂ_l' 2

1weknow that ifM isn’t a Einsteinmanifold then Il Rull >> 2- h. o . From (9) wehave

o= A2+ 212 on(n- 1) = 24/“’“'—11.
n- 2 n- 2

SOM isa Einstein manifold under the condition of the theorem.

From (15) we have
Ao+ 3%- 2(n- 1)o= Q (26)
M ultiply (26) by Un?z. Integration by parts gives

f or 2 =2(n- 1)-I o%+°—j" 0z (v 0)?
M M 2 Im
= 2(n- 1)-J' 03+B-(D'TZT |v a4 |2
M n M
Applying Holder’sinequality,J-M or 02 < J‘M(,%)f- J‘Mﬂg' - Z)DTZ
Gcz(n)J' G2)n e v e (dd 'I |v o* |2+J' 02)
M M M

=200 1 0+ B o iR

) ) a 2 .2 é!n- 2! o
3 < ne n < = =
ApplyingM yer’'s theoran, duw = 1. Then |fJ'M0?) wn = 312N (n) ther.II'M 02=0 0

, from (25) we have

0, M isa ace fom. O
Theoran 6 SupposeM isa canpactmanif old o dimension n(= 4), v ?Ric= 0, scalar curvature

R=- n(n- 1). ThengiveD> 0, 3 & €(n,D), such that if du < D andIM 2< w- €then o=
0, M isa gace f om.

Proof Suppose€< [2 4/ n: __ 2: ]g, from the proof of theorem 5,we know M is a Einstein
manifold Now from theorem 4 in [3], the conclusion is clear. O

Theorem 7 SupposeM isan gpenmanif old o dimension n(= 10), Vv “Ric= 0, scalar curvatureR
- 1) (-9 P
(- 1+ 12 I g€

0, w here &= '13‘4 (n- 1) (n- 9) and B (p, r) denotes the geodesic ball o radius r around p, then o

=-nln- 1), if o= ) and for sasnepointp M, rl'rpme' én'IB(p,r)Oz=

0, M isa gace f om.
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(n- 1) (n- 9,

- 1,
Proof  Takee= = ™7y o )

(1- e

9¢)- Then if 0= €, the sectional curvatureK satis

fies
K=<- (1- g<AQ

From theoram 4we know M isa Einstein manifold From (15) we have

Ao+ 30°+ 2(n- 1)o=Q
So

Ao+ (3e+ 2(n- 1)o= Q (27)
M ultiply (27) by o', where 1is a cut off function w ith compact support inM . Integration by
parts gives

(3e+ 2(n- 1)IM (0" ZIM |v (o |- I |v 1o (28)
By [6] we have
[ 17 @0 o= Lo pe- ., o
M 4 M
By (28) we have
[, v o= [To- Din- 9- (- D2+ - f, @
M 4 4 M

= ‘i‘ezéz(n]'M (01)?

Choosing "(x) = (d (p,x)) , whered (p, x) denotes distant function

1, t=<r,
_JR-_1t - <
ni) = R. i+ 'S t=R.
0, t= R

W e obtained by (29)

1.
A—J(R_ M oon?= 4e02(n]'B(pyr)02. (30)

Foranyro> 0, taker;= 20 '(n) * j+ ro, | = 0, it then follow s from (30) that

7= F= e 0= ™o o,
B(p.rp) B(p.rj. 1) B (p, rp) B (p, rp)

[Bomye e o]

Lettingr; - + o , Oneobtainsg= OonB (p,ro). It'seasy to scedc= OonM . ie,M isa

B (p. 1))

gace fom. O
Theauthorsdon’t know the caseR = 0. Perhapsthere isno general rigidity theoran s in this
case
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