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Continuous Spectrum M easure of a Class of Schrodinger
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Abstract W e consider the discrete Schrodinger operator acting on 1”( Z) w ith the poten-

tialV., the sequence consisting of k + 1 symbols {0, 1, 2,
hibits purely continuous gectrum.
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1 Introduction

W e study one- dimensional discrete Schrodinger operator acting on 17 ( Z):
(HU)n:Un+1+ Un-1+ )\VrLJn (1)
w hereV . is a sequence consisting of k + 1 symbols {0, 1,

,k}. V arious such one dimensional
models have been investigated™ >

, hanely with random or amost periodic potential A I,
much works have been devoted to studying the Schrodinger operatorw ith a potential generated by

the Fibonacci sequence T he discovery of quasi- crystals gives physical grounds to study of such
kind of potential which can be thought as one- dimensional model™*>®.

Kadanoff and Tang proposed amodel w hereV . is given by

Vo= X (hw+ 6 (2)
w here X is the characteristic function of an interval A on the circle and the argument of X has to
be understood modulo 1 W here ww as the golden mean, A w as the interval (- «, «f] and Bw as
Q These authors conjectured that the spectral measure is singular continuous In thispaper, we

show that the operator (1) with the potential V., consisting of k + 1 symbols {0,1,2, ,k},
exhibitspurely continuous gpectrum.

In [1], Kohmoto,

2 Notation and Reault

2 1 On continued fraction expansions
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Sincew ew ill make an extensive use of the continued fraction expansion (CFE) of the irra-
tional number, wemust first recall some basic notation A ny irrational number w> Ocan bew rit-
ten in a uniqguew ay as

-1
-1

ai +
az +

= [ao; a1, a2, ], (3)

w here the integers ai' s are called the partial quotientsof CFE If we truncate this expansion, we
obtain a sequence of rational approximants

=2 @
ai + I
a» + + _l
ai

called the principal convergentsof the CFE T heir num erators and denom inators both obey linear
recursive relations as

pi= api-1t+ pPi-2, Q= aq-1%t Q-2 (5

In addition, we have fori = 0

pPig+1- PpPi+1Q+1= 1 (6)

2 2 Sequences generated by a circlemap

L et usfirst define characteristic function with A a given number betw een 0 and 1:
1 if 0= Frac(x) < A,
0 if A< Frac(x) < 1
Here Int (x) and Frac (x) = x - Int(x) denote integer and fractional partsof x , regpectively. It
is easily seen that X (x) isa 1- periodic function Consider sequence{Xs (nw+ 6} , consisting of
wo symbolsOand 1 This sequencemay al be generated by a circlemap, namely unit circum-
ference, as shown by Fig 1

X2 (x) = Int(x) - Int(x- A) = (7)

X4(2)

Fig 1

L et us define an intemediate labelling sequence on the circle (unit circumference). A se
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quencel . is asociated w ith the sequence of numberson = Frac(0+ nw) by the rule
K, if0 < 0h < Xu,
k- 1, ifx:1 < 0h < Xz,
Lo= : : (8)

1, ifXk- 1 < O < Xk,

0, ifxk < o0 < 1,

where0< Xx1< x2< < x«x< 1. This sequence consistsof k+ 1symbols 0,1,2, ,k. And
itmay also be generated by a circlemap (namely unit circumference), as shown by Fig 2 The
sequence {Xa (0+ nw)} is recovered by choosingk = 1,x1= A

k—2
a5l slg
%”"

o

2/ Ih-ll

k—1

Fig 2

2 3 Rewlts

W e study discrete Schrodinger operators (1). In the follow ing theorem sV . is the sequencel »
in (8), wan irrational number. W e use the notationH (6, A) to take into account the dependence
of H on Aand 6.
Theoren  For L ebesque almost every wand for any x1, x2, ,xx(0< x1< x2< < x«), then for

L ebesque almost every the spectral measure  H (6, A) is continuous f or any valued A }

3 L enmasand Proof of Theoran

Lenma l L etU bea solution o the eigenvalue equation HU = EU and suppose that there exists an
integer r such thatVaw=Vafori= - 1,1and 0< n< r (HypothesisH 1), thenwehavefor all E:
max (I Y-, 1Y 0yl ) =1 yol /2, (9)

w here Y is the vector (Un,Un+1)".
Proof For any lutionU of HU = EU one canw rite
U1+ Un1+ AVUn= EUn

By the use of transfer matrices, we have
Y= T (n)Yn- 1, (10)

w here
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Yn= , T(n)= : (11)
U e -1 E- AV

L et
M{M=TMmTh- 1) T(), (12)

then

Yo=M (n) Yo (13)
HypothesisH 1 implies that

Y= M (r)Yo

Yo=M (r)Y- «. (14)

Y= M (r)Y.

Since the deteminant of M (r) is 1, thematrixM (r) satisfies
MZ2(r) - trM (r)) *M (r) + 1= 0, (15)
where tr(*) is the trace of matrix (*) , | is2x 2unitmatrix
) Thecase |[tr(v (r) | = 1.
Apply the characteristic equation (15) to any vectorx  C?, and take the nom, thisyields
I xll =01 &M ()M (Dx- M20)x < I M ()xll + ITM2r)x .

Uo
Letx = Yo= l } , and consider equalities (14), one gets
U

Yol < Max{ll Y ,II Yl }. (16)
i) Thecase [t () |> 1.
The equation (15) mplies that

_ 2 1
MO = T oM O Ty

Foranyx C? we have

_ 2 1
M= T o™ O o)

T ake the nom

_ 2 1 < 2
M (r)yxll =1 m (r)x + "y (r))xll <hIwm(r)xll + I xII.
Letx = M~ *(r) Yo and consider equalities (14), one gets
1Yol < Max{ll Y.l I Y. I }. (17)
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ThusL enma 1 is a consequence of (16) and (17).
Lenma 2 For almost every w there exists f or almost every 8 a sequence r.(6) for w hich the Hy-

pothesisH 1o L enma 1 isfulfilled.

Proof Let %” be the n" principal convergent of the CFE of the irrational number W that one

gets
Qo+ 1= anQn + Q- 1, Prt1= anpn+ pPn- 1,

w here a. is the n" partial quotient of CFE of w. T he rate of convergence of the%El to wis given by

n

- Bof < |Bel Beps oo (18)
qn qn+ 1 qn ann+ 1 anqn
Now the set E (n) of value of Osuch that HypothesisH 1 is fulfilledw ith r = @ is given by
k
E(n) = Ei(n) n Ez2(n) n n Ex(n) = iDlEi(n),
(19)

Ei(n) = {GO<Ln£q(|Frac(mw+ 9 - xi|)> alw- zﬂh

wherexi(i= 1,2,3, ,k) are the endpointsin (8), see Fig 2 Indeed, (19) expresses the fact
that Frac (mnw+ 6 form in [1, g.] must be distant from x: by at least the phase shife correpond-
ing to a translation of £ 0. in order to ensure the exact repetition of the potential considered in

Lenmal Clearlywe have

u(E () = 1- 2¢¢|w- %:L (20)
w here u is theL ebesguemeasureon [0, 1], thususing (18):
HEM) = 1- 26+ D fo- 2]z 1 2l 1) (21)
Now, it isknown [7] that for a e wone gets
Im supan=+ o, (22)

n- oo

w hich yields that
Im supu(E (n) = 1,
w hence
p(lm supe(n)) = 1
Consequently, fora e w, thereexistsforua e Ban infinite sequencer«(60) = g (6) such thatH 1
is fulfilled
Proof of Theoram It suffices to show that any lutionU of the eigenvalue equationHU = EU

cannot decay at infinity.
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From Lenma 2we know that there exists, for a e wand fora e 0, an infinite increasing
sequence I satisfying the Hypothesis H 1 of Lenma 1 In this casemax (Il Y. Il , I Y I ,
Il Yz Il ) does not tend to oasn tend to + o , thereforeH (6, A) cannot have eigenvectors in I

(2) fora e Band all A.
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