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The Total Chramatic Number of Graphswith an Unique
M ajor Vertex of Degree Four
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Abstract The total chromatic number X (G) of agraph G is the least number k such thatG admitsa to-
tal coloringw ith k colors In thispaper, it isproved that X (G) = A(G) + 1for all graphsw ith an u-
niguemajor vertex of degree 4
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1 Introduction

A ll graphs in thispaper are finite and smple U ndefined signs and concepts can be found in
[1]

Given agraphG, Nc(v) , de(v) and A(G) denote the neighbour set of a vertex vinG , the
degree of v in G and themaximum degree of verticesof G, regectively. For any two elenentsu
andv inV (G) E (G) , we say that u and v cover each other if u and v are adjacent or incident,
and say that u and v are independent to each other othew ise A subsetSofV (G) E (G) iscalled
an independent set of G if all elanentsof S aremutually independent A subsetM of E (G) iscalled
a perfect matching of G ifM isan independent set of G and coversall verticesof G. W e say a ver-
tex vof agraphG isak- vertex inG if de(v) = k and say visamajor vertex of G if dc (v) = A(G)

For an edgeuv  E(G) and avertexw /V (G) , graphH = G- uv+ w + w iscalled an
edge- subdivisionof G. If wo gragphsG:andGzcan be constructed from a same graph G by a seri-
alsof edge-subdivision, thenwe say that Gi and G2 are homenorphic to each other.

A k -total-coloring of agraphG isan assignment of k wlorstoV (G)  E (G) such that no ad-
jacent elementsor incident elenents receive the same color. L et o0be ak -total coloring of a graph
G and v be a vertex of G, we useCos(v) to denotes the set of colors assigned to vor the edges inci-
dentw ith v in 0. The total chromatic number X (G) of a graph G is the least number k such thatG
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adnits a k -total coloring A famous conjecture named total coloring conjecture'® claims that
AG)+ 1= X(G) =A(G)+ 2for any graphG.

In [3], Zhang Zhongfu andW ang Jianfang proposed a nev conjecture about total coloring
Conjecturel X (G)= A(G)+ 1for all graphsw ith an uniquemajor vertex.

Given agraphG, ifweadd anev edge to E (G) by joining avertex v A/ (G) to amajor vertex
of G, then the new graph hasan uniquemajor vertex So, thisoconjecture 1 mplies total coloring
conjecture

It isvery easy to verify that Conjecture 1 holdsfor grgphsof maximum degree 3 and bipartite
graphs In thispaper, it isproved that Conjecture 1 al holds for graphsof maximum degree 4
Follow ing lenma is needed in the proof.

Lenma 1 1™ Every 2-connected 3-regular graph has a perf ect matching.

2 Reaultsand Proofs

L et G be agraph of maximum degree 3 A 4-total coloring of G is called perfect if all the 3-
vertices of G receive a sane lor, color ® say, and each of the 2-vertices and 1-vertices of G re-
ceive a color different from & W e refer to aperfect 4 -total coloring as4 -PTC.

(First, let us show some usful lenmas )

Lanma 2 1 LetG bea 2-connected 3-regular graph and H be a graph obtained by subdividing
each edged G oncea time Then, H admitsa 4-PTC.
Proof By the defination of H ,

VH)=VI(G) E@©),

EH)= {u]|u V(G),v E(G), uandv areincident in G}
and each 2-vertex of H correponds to an unique edge of G.
ByLenmal 1, G has aperfect matchingM . L etVn denote the set of 2-verticesof H w hich
correpond to the edgesofM . SinceGM oonsistsof cyclesCi, C2, ,Ci, then, H Vm consistsof

even cyclesC'y, C'2, , C'i. LetM ibeaperfect matching inC'i, i= 1,2, ***, |. Then

and
Sz={v VH):du(v)= 3}

are wo independent setsofH .
|

Since each componentB of H - - 1l\/I iisisomorphic to apath P = vivavsvavsof length 4 and the
|
vertex of B which correpondstovsinP isa 3-vertex inH , 0, the set of edgesofH - 1I\/I ican be
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partitioned into wo independent setsof H , S'sandS'4 say. Because all the 2-verticesofH are in-
dependent to each other and for any 2-vertex vofH Vm , exactly oneof S's,; S'suncoversv, @,
all the eleanentsof S's  S's  { 2-vertex of V (H ) Vn} can be partitioned into two independent
sets, Siand Sz say. Clearly, if we color the elementsof Siw ith color i for each i {1,2,3,4},
then, thisisa4-PTC ofH . O
Lenma 2 2 LetG bea 2-connected graph o maximum degree 3 and all major verticesd G are
indegpendent to each other. Then, G admitsa 4-PTC.
Proof By induction on the number of 2-verticesof G. L et

ViG) = {v V(G)-ds(v) = 2.

If there isa subsetS ofV (G) such thatG[S] isacycle and there areonly two 3-verticesu and
w of G inS, then X (G) = 4w hileG contains exactly two 3-vertices and it isnot difficult to verify
that Xr (G) = X (G-E(G[S]) + w ) whileG has at least three 3- vertices

W ithout lossof generality, suppose that there isnot such a subsetS inv (G) , i e, there are
at least three 3-verticeson each induced cycleof G. Then, Gmust be homemorphic to a 2-connect-
ed 3-regular graphH and V*(G) [= [E(H) |= I

By Lenma 2 1, X (G) = 4while NV?(G) | = I. Suppose that G admits a4 -PTC while
M2@G) |= k= 1.

L et G be a 2-connected graph of maximum degree 3, all 3-verticesof G aremutually indepen-
dent and V*(G) | = k+ 1> I. Given a 2-vertex vof G such thatN ¢ (v) = {u1, uz}, de(u) = 3
andN 6 (u2) = {v, us}, letGi= G-v+ uiuz2. Then by the induction hypothesis, G: admitsa4 -
PTC o such that all the 3-verticesof G receive a sane color, ocolor 1 say, and each 2-vertex of G
receives a color different from color 1

W hile ®(us) = 1, let 0(uwv) = ®(uwu2), o(vuz) = 1, o(uz) = i {2,3,4}-{0(u2us)} and
ov) = j {23,4-{i, o(vui)}.
If oo(us) # 1, thenusisa 2-vertex of G, suppposeN c(us) = {uz, ua}.
ux Ug us Uq U1C> U2 us U4
1 ) ] 1 ]
@ T
Figure L
W hile o (us) = o (uwuz) = i (seefigure1(a)), let o(uwv) = @ (uwuz), o(vuz) = 1, o(uz) = j
{3,4}-{i} if ;o (usus) = 1and 0(uz) = b (usuas) if G (usus) # 1, o(v) = j {2, 3, 4}-{i, o(uz2)}
and o(uzuz) = j {2, 3, 4}-{i, OE)(U3U4)}.

W hile ®(us) = j# 0o(uiuz) = iand 0o(uzus) = 1 (seefigure 1(b)). L et o(uv) = oo (uwuz),
o(vuz) = 1, o(uz) = h {3,4}-{i} if ®(usus) = Lland 0(uz) = b (usus) if G (usus) 2 1, let o(v)
= k {2,84}-{i, 0(u2)} and 0(uzus) = h {2, 3, 4}-{i, G (usuas)}.

While®(us) = j#Z o (uuz) = iand G (uzus) # 1. Let o(uwv) = Go(uwuz), o(vuz) = 1, o(v)
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= %(Us), O'(Uz) =k {2, 3, 4}'{06(U2U3), 0'0(U3)} .

O ther elanents not mentioned above receive the sane clor as in 0. Clearly, ogisa4-PTC
Thiscomplete theproof. O
Lanma 2 3 LetG bea sgperable graph o maximum degree 3 and all 3-vertices d G are inde
pendent to each other. Then, G admitsa 4-PTC.

Proof W ithout lossof generality, suppose that 6(G) = 2. It isvery easy to prove this lanma
by induction on the number of cutvertex of degree 2 inG. O

Now, we have themain theoran of thispaper.
Theoran 2 4 LetG bea graphw ith an uniquemajor vertex o degree4 Then, X (G)=5
Proof L etG beagraphwith an uniquemajor vertex uof degree 4 In case that G does not con-
tainsmatchingM w hich coversu and each 3-vertex of N (u) , we can verify that Xr (G) = 5direct-
ly. W ithout loss of generality, suppose thatM is amaximum matching of G w hich coversu and
each 3-vertex ofN (u) , and letH = GM . Then A (H) = 3and allmajor verticesof H aremutu-
ally independent ByLemma?2 3andLenma2 4, H admitsa4-PTC ow ith color setC = {1, 2,
3, 4} and all 3-vertices receive olor 1 It isclearly that for each 2-vertex vofH , the elenentsad-
jacent to v or incidentw ith v receive atmost 3 colorsin . W e shall construct a 5-total coloring 0
of G from oo.

First, letow) = o) foreachw V (H) E(H ), and let o(xy) = 5for each edgexy
ofM having®m (x) £ @ (y).

If each edgeofM has received a color, then 0isa 5-total coloring of G, othemw ise, lete= xy
be an edgeofM and ®(x) = ®(y) = I. LetNw (x) = {x1, x2} andN n (y) = {y1, y2}. W ithout
loss of generality, suppose that | = 4 and both {x1, X2, xx1, xx2} and {y1, y2, yy1, yyz} receive
exactly 3 molors

T2 z L1
4
S S S
Ya y2 1oy vy Y3
Figure 2:

Cael wm(y)= ;m(y2)=kz 4, ;m(yy1)= iz 4and wlyy2)= jZ 4

In thiscase, if bothy:andy:zare 3-verticesof H , then at least one of then, y: say, isnotu
, leta(ys) = 5, o(yys) = k, o(y) = iando(xy) = 5; ifyiisa2-vertex inH and 4 /Cq(y1) ,
then let o(yy1) = 4, o(y) = iand o(xy) = 5; if yiisa 2-vertex inG, we can modify 0 such that
yi1and yy: receive a sane color, colorj say, andy and yy: receive color i and k respectively, then
we have ®(x) # m(y). Sowe assume that both y: and y2 are 2-verticesinH , 4 Cgq(y1) n
Cq(y2) (Seefigure?2) andyizi M (i= 1,2).

If oneof ysandya, ya say, isa 3-vertex inH , let 0(y2) {i, i}-{®w(z2)}, olyzy) = k,
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aly) {i, j}-{oly2)}, o(yy:) = o(y2) and 0(xy) = 5. Therefore, we assume that both ysand
ys are 2-vertices inH (Seefigure 3, w here the slanted edgesyiz: and y2z- are edges ofM ).

2 T 1
Z2 4 JoRa
N s ¥ .
© 1 7 i 1
Yo Y4 Y2 Y n Ys Yy
Figure 3.

A ccording to the set of colorsassigned to z1, ys, Yysys, z2, ys, andyaysin 0o, we can reassign
lorstoysyz, yz2, y2y, y,YyYy1, yiysandys such thaty receivesa color different from color 4. for
example, if 0o(z1) = j, ®m(ys) = jand ®w(ysys) = i, then let o(ys) = i, olyy1) = k, oly) = j,
o(yy2) = iand o(xy) = 5.

Cae2 (y1)= m(yy2)=j and mv(x1)= ob(xx2)=i

If one of x1 and y1, say yi1, is 2-vertex in H (see figure 4), then let g(yya) {4,

®(y2)}-{m(yys)}, oly) = cm(yys) and o(xy) = 5.

Ty Z 51

5 VLO
wly o owoy
Figure 4

Cae2 1 Oned x:andysi, yisay, isa3- vertex inH which isnotu (seefigure5(a)). In
this case, if oned xior x2, xi1say, isalsoa 3- vertex inH w hich isnotu, thenM '=M - xy+ xx1
+ yyiisamatching d G w hich covers u and each 3- vertex inN ¢ (u) and '\/I ' |> N | a contra-
diction So, we can assume that both 0o (x1)# 5and G(x2)# 5hold, let 0(x)=5, olxy)= 4, o
(y)=k, olyy1)=5, and letH=H - yyi+ xy, M =M - xy+ yy:

2 ‘ 1 z T2
2 (3 z 4

o—1 4 / ’e) u x| 4

Y2 4 N Y3 y Y2
(a) (b)

Figure 5.
Cae2 2 vyi= x1= u W ithout loss o generality, suppose that to(ux)= 3 and G (uy)= 2 (see
figure 5(b)). A ccording to the set o colors assigned to yyz, y2, xxzand xz, it isvery easy to reas
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sign thecolorsto x, y, yyz, y2, xxzand xzsuch that x and y receive diff erent colors For example,
w hile o (xx2)= 2 and o (x2)= 3, we can reassign colors as f ollav ing: L et 0(xx2) {1,4}- {Cq
(x2)}, o(x)= 2 and o(xy)= 5

L et & be the restriction of oto H, repeat the above process till each edge of M receive a col-
or. ogisa5- total coloring of G O
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G X (G) V(G) E(@)
, G 4 , XG)= AG)+ 1.
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