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Perturbationsof M - Accretive Operators
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Abstract In the present paper, by virtue of nev gpproch techniques, w e obtain several mgpping theo-
rem s involving compact perturbations of m —accretive operators These results mprove and extend the
ocorregponding those obtained by Kartsatos, Zhu, and Kartsatos andM abry.
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1 Introduction and Prelim inar ies

L et X be arealBanach pacew ith nom
J: X - 2 isdefined by

IJx = {x°  X': x,x = ||><||2= ||><||2}

where *, * denotes the generalized duality pairing It iswell known that if X * is uniform ly con-
vex thenJ is single-valued andJ (tx) = tJx, forallt> 0,x X , andJ isuniform ly continuous
on bounded subsetsof X . W e denote the single- valued nomalized duality mapping by j.

A n operator T with domainD (T) and rangeR (T) inX is said to be compact, if it is continu-
ousonD (T) and maps bounded subset of D (T) into relatively compact subset of X . T is com-
pletely continuos if it is continuousonD (T) from thew eak topology of X to the strong topology
of X . Anoperator T is said to be accretive if for everyx,y D (T) there exists omej (x - y)

J (x - y) such that

and adual X " . The nomalized duality mapping

Tx- Ty,jlx- y) =Q (1)

For accretive operator, there isan equivalent definition(cf. Kato [4]). Theoperator T is accretive
if and only if the inequality
- yll= k- y+ sTrx- Ty (2)
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holds, foreveryx,y D (T)ands> 0. Theoperator T is said to be strongly accretive if there ex-
ists a positive constantk such that T - kIl isaccretive, wherel: X — X denotes the identity opera-
tor. AnoperatorT iscalledm -accretive if T isaccretiveandR (1 + rT) = X forallr> 0. For an

m - accretive operator T , the Yosida approximantsJn, Trare defined by Jn= (I + ‘an)' LTa=

TJn, regectively. It iswell known that themappingsJ» are nonexpansive and themappings T
arem -accretive and L ipschitzian continuousw ith L ip schitz constant 2n. M oreover,

n(l- 32 = Tdo,, Jrox| = Jrx||

forallx D(T), n=1

W e denote by —" (* —") strong (weak) convergence W e also denote by B»(0) the open
ball w ith center at zero and radiusb> 0. The wmbols[?, ® denote the strong closure and the
boundary of the setD , regectively. The letterR+ denotes (0, ).

Recently, several authors studied the solvability of the equationsw ith the form

Tx+ Cx = f,

whereT isanm —accretive operator and C is compact
In thepresent pagperw e continue the study of compact perturbatiobsofm -accretive operator.

W e show that the Yosida gpproximantsTJnfor a stronglym -accretiveoperator T are stronglym -

accretive The fact isused to proveourmain results (Theorem s 1-4). W ith our nev approch, the

assumption in [1, 2] thatX ~ isuniform ly convex becomes unnecessary. Thus, our resultsare sig-

nificant mprovementsof various resultsof Kartsatos [1, Theoram 6] and Zhu [2, Theorens 4-

6]

Lanmal 1 LetT:D (T)CX — X bem-accretive and also be strongly accretive, then TJn: X - X

are strongly m-accretive for all n= 1

Proof It isclear that TJ» arem -accretive, for alln = 1. Weonly need to show that TJn are

strongly accretive Indeed, for every x1,x2 X, Jox1,JnX2 D (T), sinceT is strongly accre-

tive, there is 9me constant k > 0 such that
TIX1-TInX2, ] = K

b x1=3 wx2 |F,
for mej J (Inx1=JnX2).

By the equality n(1-J.) = TJ., we have
N xix2- @wxa- Iwx2),j = k[pxa- 3 - nxzff, (3

w hich leads to

n( xi1- Xz,j -

l]nXl' JnX2||2) =k

an1- JnX2||2. (4)

It follow s from (4) that

poxs- dwl|= @+ ) - x| (5)
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At thispoint, choosingj: J (x1- x2) , we have
TIax1- TJIeXz,j1 =N X1- Xz- ([@oex1- JnX2),j1

=n(lki- xelf- @+ ) - x|

—k 2
- X

Kk
Zl+ klIXl' X2||2,

foralln = 1, completing the proof of Leanmal 1 O
Lemmal 2 LetT,C:X — X bebounded strongly m- accretive and canpact, regpectively. A s
sume that there exist constants b, ¢> 0 such that
<coxj>= - ol
for every ||x || = b, foreveryj Jx, then the equation

Tx + Cx = f

has at least one solution f or any f X
Proof Letf begiven SinceT is strongly accretivew e know that for everyx X , there exists
j  Jx such that

Tx- T0,j = k|x|f, (6)

. . . c+ " oll+ ":[
w herek is a strongly accretive constant for T. By taking r = max{b, % } , wehave

Tx+ Cx- f,j = Tx- T0,j + Cx,j + 7105 - [F]lkll
Zklxlf - Clroll+ e+ Ip [kl
>0,

foreveryx  0B.(0), for omej Jx. By Chen [3, Theoren 5], we see that

f (T+C)@B(0),

w hich show s the equation Tx + Cx = f has at least one lution for any f X . Theproof is
complete O

Lanmal 3 LetT:D(T) CX — X bem - accretive, then f or any sequence{xn} C D (T) such that
Xn > X X,Txn>y Xasn-o o ,wehavex D (T)andy= Tx.

Proof Foranyu D (T), by the equivalent definition of accretive operator T , w e have

||u- Xn |l < ||u xn+ (Tu- TXn)| (7)
By taking limit on the both sidesof (7), we obtain
- xf|= fu- x+ @u- 9 (8)
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Lettingu= (I + T) *(x+ y),wegetthatu+ Tu= x+ y, ie,u- x=y- Tu. Thus
Jlu- x||= |v- Tu+ (Tu- y)||= 0. So, wehavex=u D (T)andy= Tu= Tx, completing
the proof of Lanmal 3 O

Leammal 4 LetT:D(T)CX - X beanm- accretive gperator and k be a positive constant, then

bnkx- JnX||—> Oasn— o, whereJi= [I+ 'i‘(T+ k1)] “and 3= (1+ %T)’l.

Proof Setus= Jox andus= Jnx, then

un + 'J‘Tuﬁ+ LUE: X, Un + _l-TUn: X. (9)
n n n
It follow s from (9) that
'ﬁ'uﬁ: _r]]-(TUn' Tus) + Un- Uk (10)

By the definition of accretive operator T , w e have
K
n

k
Un

| (11)

Un - UK

=

un - Ul + _rJ]-(TUn' Tuﬁ)"z

W e now pick afixed elenentxo D (T) , thenJixo — xoasn — ® . SinceJk X — D (T) isnon-
expansive,w e have

un bix - 3o+

= pEXo"S "X- Xo||+M, (12)

bix || =
k

whereM is some positive constant such that [ixo[| < M for all largen. Thereforew e have -us

k
Un - Un

- Oasn - o« , and hence - Oasn - o . Theproof of Lenma l 4 iscomplete O
Lammal5 LetT:D(T)CX - X,C:D (C)CX — X bestrongly m- accretive and canpact, re-
g ectively.

(1) if D (c)=D (T) and the equation

TIx + CIox = f (13)
has a solution x» B5(0), for every n= 1,2, , then the equation
Tx+ Cx=f (14)

has a solution x Bbs(0)n D (T).
(2) if D(C)=X orB»(0) and the equation

TIx+ Cx = f (15)
has a solution xn Bs(0), for every n= 1,2, , then the equation Tx+ Cx= f has a solution x
B»(0)n D (T).
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Proof (1) Wepick afixedxo D (T). SinceJd.are nonexpansive andJixo — Xoasn — © , we
assert that there exists a fixed constantM > 0 such that

poxall = looxoll+ ffxn - xoll
for all largen. L ettingun= Jnxn, wemay assume thatCun - yasn - o . ThusTu, - f - yas
n - o . Hence{Tun} isaCauchy sequence SinceT is strongly accretive, w e have

"TUn' T Um ||Z k

Un =  Um ”,

for all largen,m. It follow sthat{u.} isCauchy. A ssimeu, - u D (T), thenCu. —» Cuand T un
- f - Cuasn - o.ByLenmal 3, weseethatu D (T)andTu+ Cu= f.

ann' Xn|l = _n:L"TJan

bo- ull= eos vt ws = Tl e ul - o

Noting that , we know that

asn — o . Hencexn - uasn —» o . Sincexn B»(0), we see thatu B»(0). The proof of
(2) is similar to the proof of (1) above, soweomit it W e complete the proof of Lenmal 5 O

2 M ain Reaults

Now we prove themain resultsof thispaper.
Theoran 2 1 LetX bea real Banach spacew hich isunif omly convex and let T:D (T)CX - X

be m-accretive, C:B5(0) » X campletely continuous A ssume that 0 D (T) and there exists con-
stant r> O such thatfor all x 0B»(0) and j Jx,

cx,j = (|rof|+ nn (16)

ThenB(0)C (T+C) B-(0)n D (T)).
Proof W e consider the follow ing approximating problem:

TIx + Cx + kifx = f, %))

wheref B.(0) andk> Oaregiven Foreveryx 0B:s(0) , thereexistsomej Jx such that

(T+ kIJIfx+ Cx- f,j = (T+ kI)Ikx- (T + kI)JI®0,j
+ (T + kI)JKO,j + Cx- f,j

=k I+ (rofl+ nb- (Jrof+ b

__k

=1+ (>0

el 38

Herew e have used the fact (T + kl1)Jix - (T + kI1)JK0, | = 1+ K
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By Chen [3, Theoran 5], we assert that the equation

(T+ kI)Jkx + Cx = f

hasa lutionxn  Bos(0) for everyn= 1,2, . ByLenmal 5we know that the equation

(T+ kl)x + Cx = f

hasa olutionx Bs(0) n D (T).

W e now choosing kn > 0 such thatk. - Oasn — o , then there existsx, B(0) n D (T)
such that

TXn+ Cxn+ koxn= f.

Since X is reflexive, wemay assume that x»— x  B»(0) asn - o . By Kartsatos[1, L en-

mallweseethatTx+ Cx=f ,orf (T+ C)Bs(0) n D(T)), completing the proof of The
orem 2 1 O
Remark 1 Theoren 2 1 shaov s that Theoren 6  Kartsatos [1] holds truew ithout assump tion
that X is unif oomly convex. Thusour result improves the correponding that o K artsatos [1].
Theoran 22 LetT:D (T)CX - X,C:X —» X bem-accretive and canpact, repectively. A ssume
that 0 D (T) and there exist constants r> 0,b> 2(|[TO|+ r) and a> 3 such that

@ frx+ cx[= a(frol+ n.x o @), k= b

(i)  ox,j = - (ol o)kl Ikll= b5 Ix

ThenB:(0) CR(T+ C). If, moreover, C iscanp letely continuous and X is unif om ly convex,
then B (0) CR) T + C).
Proof W efirst consider the equations

TIEx + Cx + kikx=f, n= 1,2, , (18)

. _ 2(||:[Q|+ r)
for afixed f B:(0) , wherek = b- 2(||TO||+ g

Letx 0Bs(0),j Jx, then
(T+ kI)Ix+ Cx- f,j= (T+ kI)Inx- (T+ kI)JIr0, |

+ (T + k1)J0,j + Cx- f,]

o —k

=T - 2(rof+ nb=a

Herewe have usedL enmal 1and the fact ||(T + k1)J50||= [[TO|. By Chen [3, Theorem 5], we
know that the equation (18) has a olution xn B»(0) for eachn= 1,2, . Then, by L enma
1 5, the eguation
Tx+ Cx + kx = f (19)
hasa lutionx  Bxw(0) n D (T).
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_ —2(rof+ n . .
Letkn= —— R oy withm > 2(|ro]|+ . then the equation

Tx+ Cx + kex = f (20)

hasa olutionxm  Bm(0) n D (T), form > 2(|[T0[+ r). A sin theproof of Zhu [1, Theorem
4], wecan show that [xn || < b, form > 2(|[r0||+ r). Therefore, we have Txm + Cxm — f as

m oo ,ie,f (T+ C)Bs(0) n D(T)). The second part of the conclusions is obvious,
completing the proof of Theorem 2 2 O
Theorem 2 3 LetT:D (T)CX - X ,C:ma X bem-accretive and canpact, repectively. A s
sune that 0 D (T) and there exist constants r> 0,b> 2(|[TO[}+ r) and a> 3 such that

(i) |rx+cx|z a(frolF n.x b @), |k|= b

(i) I, j = - (ro]+ 0 x| x X, |x||= b for all largen and j JIx. Then the
conclusions & Theorem 2 2 hold.

Proof W efirst consider the equations

TIx+ CIux + KInx = f,n= 1,2, (21)
—  _ _2(roll+
w heref B:(0),k= b- 2(”_|_0||+ R
Letx 0Bb(0),j Jx, then

(T+ kI)JIix+ Clax - f,j = (T+ kI)Isx- (T+ ki1)JIN0,]

+ (T+ k1)JI0,j + CInx,j - f,j

_k

=T wIKIF- 2drofl+ nik]=a

By Chen [3, Theoran 5], the equation (21) has a slution x»  B:(0) for all largen. Set us =
JiXn, Un = JnXn, thenwe have
Tus+ Cun+ kun= f. (22)

Since {un} is bounded, w ithout loss of generality, wemay assume that Cu,» — y asn - o . So,
Tus+ kus — f - yasn — o . Since (T + klI) is strongly accretive, we see that {us} must be

uk- un]|- Oasn - o . Conse

Cauchy. Thus, uf - uasn — o . ByLenmal 4weknow that
guently, un - uandCun - Cuasn - . ByLeanmal 3wehaveTu+ Cu+ ku= f. Since0
(\P'e baOf|+ |kn|l, weknow that

= <

|+

D (T), wehavel.0 - Oasn — o . Noting that
|lull= b, ie,u Bs(0) nDI(T).

Un

_ _2(rofl+ n . : .
Letkn= "= S o+ nWithm> 2(Jrof|+ r), then, asin theproof above, the equation
TX + CX + kax = f, (23)

hasa olutionxn  Bm(0) n D (T) , for everym > 2(|[r0||+ r).M oreover, we can show that
[xm [|< b, forallm> 2(|fro||+ r) , smilar to theproof of Theorem 2 2, it is therefore om itted
W e complete the proof ofTheoren 2 3 O
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Remark 2 Theorans 2, 3 shov that Theorems 4,4’ hold truew ithout assumption that X ~ is uni-
fomly convex. Thus our results are signif icant improvements o Zhu [2, Theorens 4,4'] A Iso,
w e can prove that Theorens 5,6 o Zhu [2] hold truew ithout assump tion that X ~ is unif om ly con-
VEX.

Theoran 2 4 LetX berd lexiveand letA:D (A) CX — X bea strongly m-accretive gperator w ith
0=A0,T:X - X a linear canpact gperator and C:D (A) — X a campletely continuous gperator. A s-

sum e that there exists a canp letely continuous f unctiong: B 1(0) - R+ such that g (u)= 0 impliesu=
0 and

Cu,j = Q(HLL”) lulp .
for fixed p>1L,u D @A)NO,j Ju
ThenAu- ATu+ Cu=f issolvablefor all A R-+,f X.

Proof For the sake of smplicity, we prove Theorem 2 4only for A= 1. W e first consider ap-
proximating problens

AJox - TInx + Clux + ‘;‘x: f,n= 1,2, |, (24)

for fixedf X,whereJn= (A + 'f]‘l)' . SinceA:D (A) C X — X is stronglym —accretive, we

know that there exists some positive constant b: such that f ('nll + AJs) By (0)). By Chen

[3, Theoran 3 3], we have
deg(1+ AJ.By,(0),1) = 1

for all n. W e shall prove that there exists a positive constant bz such that

'E“x+ AJx - t(TIwx - Clnax) # f

for all t [0, 1], x OBs,. Indeed, if it isnot the case, then there exist some sequence{tn} C
[0,1], and {xm} C X with |xm || - o such that

—;lem + AJoXm - tn (TIuxm - CJuxm) = f. (25)

Setum = JnXm, thenum D (A) NO}. From (25) we obtain
1+ ':;)A Un - Tn + 6Cln + —Un = 1. (26)
W e assert that there exists a constant k > 0 such that
. U,
infg () = k
09 o |

A ssume the contrary and let vim = m have a subsequence, denoted again by {va} , such that
g(vm) > 0Oasm - o . Thenwehavevna— vasm — o , sinceX isreflexive and {va} is bounded
and henceg (vm) - g(v) asm - o . Thus, g(v) = 0. By our assunptionong, we havev= 0
, thereforevm—0asm — o .
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Now choosing some j Jum , we have
= Atn,j =t Tum,j + f,j, (27)
w herecis a strongly accretive constant for operatorA .
D ivided by [u» |} on the both sidesof inequality (27), it gives to

j 1 j
St Tve, 0 ) * fo - 28
= T ] el el 2
Observing that Tvm — TO= Oand _L"um " - O0asm - o , wehavec = 0, acontradiction It fol-

low s that, for ome constantk > 0, Cum,j = k||um ||"+1, for everym = 1,2, . Taking this
fact into consideration in (26), we obtain that

0= (1+ 5) Atnj - & Tunj *+ tn Cunj + Tlumff- f]

= clfun [F - o |7 [l P+ et e [P [ e

Now w e consider two possible cases

Cazl tn— Q Inthecase, wecan choosem so large that c- tm ||T ||Z 'g'

thusw e get a contradic-

tionw ith 0= ‘;' "Um ||2 ||f || "Um ||

Cae2 tn— t In thecase, wecan choosem so large that tn= _2L thusw e also get a contradiction

P2 A e 1P

Consequently, there exists a positive constant b2 such that

'gl‘x+ AJnx - t(TIwx - CIux) # f,

with 0= 7 (kjun

forallt [0,1]andx OB, (0).
Choosing r = max{bs, b2} , we have

deg(AJn- TJIn+ Cln+ ‘:]w, B:(0),f) = deg('nll+ AJ.B.(0),f) = 1, (29)

and henceAJnx + CJux - TJnx + 'rj;x = f hasat least one lutionxn B :(0) for eachn= 1,
2,
L ettingusn = Jnxn, thenwe obtain

(1+ #)Aun- Tun+ Cun+ 'E;un: f,

by Lemma l 5, we see that there exists someu B.(0) n D (A) such that
Au- Tu+ Cu= f,
completing the proof of Theorem 2 4 O
Remark 3 If X isa real separable H ilbert pace, then w e obtain Theoran 3 o K artsatos and
M abry [7] H ence, our Theoran 2 4 extends the result o Kartsatos and M abry [7]
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