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Abstract Let (E,Q = indlim (En, G) be an inductive Imit of locally convex gpaces W e say that (DST)
holds if each bounded set in (E, Q is contained and bounded in ome (En, G) . W e introduce a property
w hich isw eaker than fast completeness, quasi- fast completeness, and prove that for inductive Imitsof
strictly w ebbed gpaces, quasi- fast completeness mplies that (DST). By using DeW ilde’ s theory on
w ebbed gaceswe alo give some other conditions for (DST). These results mprove relevant earlier
results
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A swell know n, inductive Imitsof locally convex saces appeared inthe theory of topological
vector paces for the first tme when some of the common saces of distribution theory were
topologized in the naturalw ay. For example, if Qisan open subset of R", then a distribution on Q
is defined to be a continuous linear functional onD (Q) . HereD (Q) denotes the set of all infinite-
ly differentiable functionsf: Q — R such thatf has compact support in Qand the natural topology
onD (Q) is the inductive lim it topology defined by the system {D (K.)} ,where{K.} isa sequence

of compact subsets such that K. is contained in the interior of K1 and Q= nlen , andD (Kn) =
{f D (Q:supp. f S Kn} has the topology defined by the saminom spam (f) = sup {f k) (x):
k| =m,x Ka,m= 1,23 . Indeed, D (Q) with the above topology, i e , D (Q) = indlim
D (K.) , isa strict inductive limit of Fréchet paces Themain positive resultson countable strict
inductive limits are due to D ieudonné, Schw artz and Kothe (see [1], p. 58). LetE1 S E2 < be
a sequence of locally convex, Hausdorff, topological vector gpaces (abbreviated | ¢ s ) and (E,
Q = indlim (En, G) be their locally convex, Hausdorff, inductive limitw ith regpect to the continu-
ous identity mapsid: (En, G) - (En1,G+1). For brevity, denote by (DST) each setB bounded
in (E, Q is contained and bounded in some (En, G) (See[6]).

Dieudonné- Schwartz Theoran ([1], p. 59) statesthat a setB < E isT- bounded if and on-
ly if it is contained and bounded in ome (E», G) , i e, (DST) holds, provided that G+1 |[En= G

* ReceivedM ay 28, 1995
— 55 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



andEnisclosed in (Env1, G+1) for everyn N . However osme non- strict inductive Iimits also
havemany applications and it ispossible to extend D ieudonné Schw artz Theoram to general in-
ductive Ilimits (see [5]-[15]). In this paper, we shall investigate inductive limits of strictly
webbed gaces Strictly webbed gaces have many important properties and include Fréchet
Paces, strong duals of metrizable | ¢ s, sequentially complete O F) - gaces, etc (see [3]
and [16]). Hence the theory of inductive limitsof strictly webbed spaces hasw ide applications
W e shall introduce the definition of quasi- fast completeness, w hich isweaker than fast com-
pleteness By usingDeW ilde's theory onw ebbed spaces, w e prove that quasi- fast completeness
implies D ST) for inductive limitsof strictly webbed gpaces W e al® give ome other conditions
for OST). These results mprove related earlier results

Firstwe establish the followingL enma 1, which is indeed a variety of the localization theo-
ran for strictly w ebbed gaces
Lenmal Let (E,Q= indlim (En, G) bean inductive limit o strictly w ebbed spacesand (F, T) be
a Fréchet pace If alinearmap t (F, ) — (E, Q issequentially closed and B is a bounded subset
o (F,1), then thereexistsn N such that t(B) isa contained and bounded in (En, G).
Proof Foreachp N, let{CY, ,nJ be the strictwebon (E,,G), then{Dn, ,n} =
{c¥”,  ,n}. isthe strictwebon (E,Q , whereD , isdefined to beEn,. (see [3], I, § 35, 4).

By the localization theorem for strictly w ebbed gpaces (see [3], Il, 8 35, 6(1)), thereexist a se-
quence n1, n2,  of natural numbers and a sequence 0, 0k,  of positive numbers such thatt®) <
®Dn, .o foreveryk N . Thatis tB) S aCY’, ,nc S En foreveryk N . LetU beany

neighborhood of o in (En, G,) and { P 1} be the sequence of positive numbers corregponding to

{c¥ .} (see[3], Il, § 35,1), then there existsk, N such thatf. :C\¥ ., S Ufor any k = ko
. Thus
(ny) O (n) Ok
tB) S okCn¥ .o S D l(A0k. 1Cn ) S . Y

for anyk = k, Hence t(8) is contained and bounded in (En, G,) . This completes the proof.

W e recall that an ablutely convex subsetB of | ¢ s (E,Q is calleda Banach disk if
gan [B ]with the gauge of B isaBanach paceand al ¢ s (E,Q iscalled fast complete if each
bounded set in (E, Q is contained in some bounded Banach disk in (E,Q (see [16]). In the se-
quel, a topology CTon E w eaker than a topology Ton E means that Tis strictly w eaker than or equal
to T And a locally convex, Hausdorff, linear topology is shortly denoted by a | ¢ topology:.
Now let’ sintroduce apropertyonl ¢ s which isweaker than fast completeness A L ¢ s (E,Q
is called to be quasi- fast complete if for each bounded setB in (E, Q , thereexistsal ctopology
Ton Ew eaker than Tand a bounded Banach disk C in (E, §Q such thatB < C. It' seasy to see that
(E, Q isquasi- fast complete if and only if for each bounded setB in (E, Q there exists a dense
subgpaceH of (E', 0(E',E)) such thatB is contained in some bounded Banach disk of (E, 0(E,
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H)). Obviously, fast completeness mplies quasi- fast completeness, but the converse is not
true In fact, if thereexistsal ¢ topology TonE such that (E, Q isfast complete and Cisw eaker
than T, then (E, Q isquasi- fast complete Hence there are a lot of locally convex spacesw hich

are quasi- fast complete but aren’ t fast complete For example, let (X, |) be an infinite di-
mensional Banach pace T hen there existsa linear functional f onX w hich isnot continuous For

anyx X, definep(x) = |x||+ |f (x)]|, then (X,p) isan incomplete nomed gace and the

topology generated by p is strictly stronger than one generated by | Obviously, (X,p) is
quasi- fast complete, but it isn’ t fast complete, since the nomed ace (X, p) isfast complete if
and only if it iscomplete In [9], we proved that for inductive Iimits of strictly webbed spaces
fast completeness mplies (DST). Now we give the follow ing mprovement:
Theoren 1 Let (E, Q= indlim (En, G)be an inductive limit o strictly w ebbed spaces If (E,Q is
quasi- fast canplete, then (DST) holds
Proof L etB beany bouunded set in (E, Q , then there exists a bounded Banach disk C in (E, Q
such thatB < C ,where Cis ome | ¢ topology weaker than T Suppose that (F,T) is the
gan [C]w ith thegaugeof C, then (F, ') isaBanach gace andB isbounded in (F, ). Obvious
ly, the identitymap i: (F, ™ - (E, Q isoontinuousand hencei: (F,T) - (E,Q isclosed Thusi:
(F, - (E,Q isclosed UsingL enma 1,we know thatB = i(B) is contained and bounded in
ome (En, G).
Theorem 2 Let (E, Q= indlim (En, G) be an inductive limit o strictly w ebbed spaces If for any
n N, there exists an absolutely convex neighborhood Un o o in (En, G) and there existsa | ¢
tgpology G on E camparablew ith Csuch that U . is relatively G- canpact, then (DST) holds }
Proof L etUandU 5denote repectively the closureofUn in (E, G) and in (E, Q.

(I) Suppose that G isw eaker than C, thenUs< U . By the hypothesis, U isG- compact
Let (F, ") be the :an [U G, ]w ith the gaugeof U, then (F, ) isaBanach gpace Obviously the
identitymap i (F, ") - (E, G) iscontinuousand hencei: (F,’) - (E,Q isclosed U singL enma
1,we know U= i(U%) iscontained and bounded in ome (Em, G). SinceUr< UT ,we conclude
thatU f is contained and bounded in some (Em, ) .

(1) Suppose that G is stronger than T By the hypothesis, U isG - compact, thenU® isT
- compact andU = U_ncisC- ocompact A sbefore, let (F, ) be the pan [U_ﬁﬂ]w ith the gauge of
Ug, then (F,7) isaBanach gpace and the identitymap i: (F, ") - (E, Q iscontinuous, and cer-
us

tainly isclosed U singL enma 1, we know thatU = is contained and bounded in some (Enm,

G).
Combining (1) with (11), we aw ayshave U is contained and bounded in ssme (Em, G) . By
Theorem 2 in [9], we conclude that D ST) holds
Remark 1 If each identitymap in: (En, G) — (En1, G+1) isweakly compact (or compact), then
there exists an ablutely convex neighborhoodU » of 0 in (En, G) such thatU&™® is 0(Ens 1, E'n+ 1)
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- compact (or G+1- compact). W e remark that it’ sall the same toU ™ *w hehter the closure is
taken in (Env1, G+1) Or in (En+ 1, O(Env 1, E'ne 1)) , sinceUn is convex. Now the identity map in+ 1
(Ene 1, 0(Ene 1, E'ne1)) = (E, 0(E,E)) (Orin 1 (Env1,Gr1) - (E, Q) iscontinuous, henceU 1
iso(E,E) - compact (or C- compact). NamelyU is relatively 0(E,E’) - compact (or relatively
C- ocompact). Thus the condition in Theorem 2 is satisfied Hence Theorem 2 can be regarded as
a generalization of the relevant results on weakly compact and compact inductive limits (see
[17]).
Theoren 3 Let (E, Q= indlim (En, G)be an inductive limit o strictly w ebbed spaces If there ex-
ists a sequenceU 1S U2S o absolutely convex o- neighborhoodsU . in (En, G) such that U is G-
sequentially canplete, where Gisa l ¢ topology on E w eaker than G then (DST)holds
Proof L etB beany bounded set in (E, Q. W ithout lossof generality, wemay assume thatB
is abolutely convex From the proof of Theorem 1 in [8], we can see thatB is contained in nJ
for omen N , and henceB is contained innJ . ObviouslyB ™ S nU randB ™ is a sequentially
complete, bounded disk in (E, G). let (F, ") be the an [B *]w ith the gaugeof B ™, then (F, N
isaBanach ace Since the identitymap i: (F, " - (E, Q) isoontinuous, i: (F,7) - (E,Q is
closed U singL enma 1, we know thatB ™ is contained and bounded in some (Em, &) and 0B is
oontained and bounded in some (Em, G) .
Remark 2 In Theorem 3, if all topologiesG are all C, thenw e obtain the follow ing corollary:
If there existsa sequenceU: < U<  of ablutely convex o- neighborhoodsU in (En, G) such
that Ut is C- sequentially complete, then (DST) holds Particularly, if all (E., G) are Fréchet
gaces and there exists a sequenceU: S Uz S of abwlutely convex o - neighborhoodsU
in (En, G) such thatUfisC- sequentially complete, then (DST) holds This is just Theorem 2 in
[12]. Hence Theorem 3 is a generalization of Theorem 2 in [12].

Repeating the argument analogous to the first half of the proof of Theorem 3 in [12], we can
obtain the follow ing more general results
Theoren 4 Let (E, Q= indlim (En, G) be an inductive limit o strictly w ebbed spaces If there
exists a sequenceU 1S U2CS d absolutely convex o- neighborhoodsUn in (En, G) such that f or

any T null sequence {xi:i N} contained in U¥, iZl:cixi is convergent in (E, Q, then (DST)
holds Here, Cisany L ¢ topology on Ew eaker than Cand c= (¢) | *such that |lc|h= 1
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