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Abstract　L et (E , Φ) = indlim (E n , Φn) be an inductive lim it of locally convex spaces. W e say that (D ST )

ho lds if each bounded set in (E , Φ) is con tained and bounded in som e (E n , Φn) . W e in troduce a p roperty

w h ich is w eaker than fast comp leteness, quasi- fast comp leteness, and p rove that fo r inductive lim its of

strict ly w ebbed spaces, quasi- fast comp leteness imp lies that (D ST ) . By using D e W ilde’s theo ry on

w ebbed spaces, w e also give som e o ther condit ions fo r (D ST ) . T hese resu lts imp rove relevan t earlier

resu lts.
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A s w ell know n, induct ive lim its of loca lly convex spaces appeared in the theo ry of topo log ica l

vecto r spaces fo r the first t im e w hen som e of the comm on spaces of d ist ribu t ion theo ry w ere

topo log ized in the na tu ra l w ay. Fo r exam p le, if 8 is an open sub set of R n , then a dist ribu t ion on 8
is defined to be a con t inuou s linear funct iona l on D (8 ) . H ereD (8 ) deno tes the set of a ll infin ite2
ly d ifferen t iab le funct ion s f : 8 → R such tha t f has com pact suppo rt in 8 and the na tu ra l topo logy

on D (8 ) is the induct ive lim it topo logy defined by the system {D (K n) } ,w here {K n} is a sequence

of com pact sub sets such tha t K n is con ta ined in the in terio r of K n+ 1 and 8 = ∪
∞

n= 1
K n , and D (K n) =

{f ∈D (8 ) : supp. f Α K n} has the topo logy defined by the sem ino rm s p n,m (f ) = sup {f
(
k ) (x ) :

ûk û Φ m , x ∈ K n},m = 1, 2, 3,⋯. Indeed, D (8 ) w ith the above topo logy, i. e. , D (8 ) = indlim

D (K n) , is a st rict induct ive lim it of F réchet spaces. T he m ain po sit ive resu lts on coun tab le st rict

induct ive lim its are due to D ieudonné, Schw artz and Koβthe (see [1 ], p. 58). L et E 1 Α E 2 Α ⋯ be

a sequence of loca lly convex, H au sdo rff, topo log ica l vecto r spaces (abb revia ted l. c. s. ) and (E ,

Φ) = ind lim (E n, Φn) be their loca lly convex, H au sdo rff, induct ive lim it w ith respect to the con t inu2
ou s iden t ity m ap s id : (E n , Φn) → (E n+ 1, Φn+ 1) . Fo r b revity, deno te by (D ST ) each set B bounded

in (E , Φ) is con ta ined and bounded in som e (E n , Φn) (See[6 ]).

D ieudonné- Schw artz T heo rem ( [1 ], p. 59) sta tes tha t a setB Α E is Φ- bounded if and on2
ly if it is con ta ined and bounded in som e (E n , Φn) , i. e. , (D ST ) ho lds, p rovided tha t Φn+ 1ûE n = Φn
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and E n is clo sed in (E n+ 1, Φn+ 1) fo r every n ∈ N . How ever som e non- st rict induct ive lim its a lso

have m any app lica t ion s and it is po ssib le to ex tend D ieudonné- Schw artz T heo rem to genera l in2
duct ive lim its ( see [ 5 ]2[ 15 ]). In th is paper, w e sha ll invest iga te induct ive lim its of st rict ly

w ebbed spaces. Strict ly w ebbed spaces have m any im po rtan t p ropert ies and include F réchet

spaces, st rong duals of m etrizab le l. c. s. , sequen t ia lly com p lete (D F ) - spaces, etc. ( see [ 3 ]

and [16 ]). H ence the theo ry of induct ive lim its of st rict ly w ebbed spaces has w ide app lica t ion s.

W e shall in t roduce the defin it ion of quasi- fast com p leteness, w h ich is w eaker than fast com 2
p leteness. By u sing D eW ilde′s theo ry on w ebbed spaces, w e p rove tha t quasi- fast com p leteness

im p lies (D ST ) fo r induct ive lim its of st rict ly w ebbed spaces. W e also g ive som e o ther condit ion s

fo r (D ST ) . T hese resu lts im p rove rela ted earlier resu lts.

F irst w e estab lish the fo llow ing L emm a 1, w h ich is indeed a variety of the loca liza t ion theo2
rem fo r st rict ly w ebbed spaces.

L emma 1　 L et (E , Φ) = ind lim (E n , Φn) be an ind uctive lim it of strictly w ebbed sp aces and (F , Γ) be

a F réchet sp ace. If a linea r m ap t: (F , Γ)→ (E , Φ) is sequen tia lly closed and B is a bound ed subset

of (F , Γ) , then there ex ists n∈ N such tha t t (B ) is a con ta ined and bound ed in (E n , Φn).

Proof　 Fo r each p ∈ N , let {C
(p )
n1 ,⋯, nk } be the strict w eb on (E p , Φp ) , then {D n1 ,⋯, nk } =

{C
(n1)
n2 ,⋯, nk }. is the st rict w eb on (E , Φ) , w hereD n1 is defined to be E n1 . ( see [3 ], II, §35, 4).

By the loca liza t ion theo rem fo r st rict ly w ebbed spaces (see [3 ], II, §35, 6 (1) ) , there ex ist a se2
quence n1, n2,⋯of na tu ra l num bers and a sequence Α1, Α2,⋯of po sit ive num bers such tha t t (B ) Α
ΑkD n1,⋯, nk fo r every k ∈ N . T ha t is, t (B ) Α ΑkC

(n1)
n2 ,⋯, nk Α E n1 fo r every k ∈ N . L et U be any

neighbo rhood of o in (E n1, Φn1
) and {Θk- 1} be the sequence of po sit ive num bers co rresponding to

{C
(n1)
n2,⋯, nk

} (see [3 ], II, §35, 1) , then there ex ists k 0∈N such tha tΘk- 1C
(n1)
n2,⋯, nk

Α U fo r any k Ε k 0

. T hu s

t (B ) Α ΑkC
(n1)
n2,⋯, nk

Α Αk

Θk- 1
(Θk- 1C

(n1)
n2,⋯, nk

) Α Αk

Θk- 1
U

fo r any k Ε k 0. H ence t (B ) is con ta ined and bounded in (E n1 , Φn1
) . T h is com p letes the p roof.

W e reca ll tha t an ab so lu tely convex sub set B of l. c. s. (E , Φ) is ca lleda Banach disk if

span [B ] w ith the gauge of B is a Banach space and a l. c. s. (E , Φ) is ca lled fast com p lete if each

bounded set in (E , Φ) is con ta ined in som e bounded Banach disk in (E , Φ) ( see [ 16 ]). In the se2
quel, a topo logy Φon E w eaker than a topo logy Φon E m ean s tha t Φis st rict ly w eaker than o r equal

to Φ. A nd a loca lly convex, H au sdo rff, linear topo logy is sho rt ly deno ted by a l. c. topo logy.

N ow let’s in troduce a p roperty on l. c. s. w h ich is w eaker than fast com p leteness. A l. c. s. (E , Φ)

is ca lled to be quasi- fast com p lete if fo r each bounded setB in (E , Φ) , there ex ists a l. c topo logy

Φon E w eaker than Φand a bounded Banach disk C in (E , Φ) such tha tB Α C . It’s easy to see tha t

(E , Φ) is quasi- fast com p lete if and on ly if fo r each bounded set B in (E , Φ) there ex ists a den se

sub space H of (E′, Ρ(E′, E ) ) such tha t B is con ta ined in som e bounded Banach disk of (E , Ρ(E ,
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H ) ) . O bviou sly, fast com p leteness im p lies quasi- fast com p leteness, bu t the converse is no t

t rue. In fact, if there ex ists a l. c. topo logy Φon E such tha t (E , Φ) is fast com p lete and Φis w eaker

than Φ, then (E , Φ) is quasi- fast com p lete. H ence there are a lo t of loca lly convex spaces w h ich

are quasi- fast com p lete bu t aren’t fast com p lete. Fo r exam p le, let (X , ú õ ú ) be an infin ite d i2
m en siona l Banach space. T hen there ex ists a linear funct iona l f on X w h ich is no t con t inuou s. Fo r

any x ∈ X , define p (x ) = úx ú + û f (x ) û , then (X , p ) is an incom p lete no rm ed space and the

topo logy genera ted by p is st rict ly st ronger than one genera ted by ú õ ú . O bviou sly, (X , p ) is

quasi- fast com p lete, bu t it isn’t fast com p lete, since the no rm ed space (X , p ) is fast com p lete if

and on ly if it is com p lete. In [ 9 ], w e p roved tha t fo r induct ive lim its of st rict ly w ebbed spaces

fast com p leteness im p lies (D ST ) . N ow w e give the fo llow ing im p rovem en t:

Theorem 1　 L et (E , Φ) = ind lim (E n , Φn) be an ind uctive lim it of strictly w ebbed sp aces. If (E , Φ) is

quasi- f ast com p lete, then (D ST ) hold s.

Proof　L etB be any bouunded set in (E , Φ) , then there ex ists a bounded Banach disk C in (E , Φ)

such tha t B Α C , w here Φ is som e l. c. topo logy w eaker than Φ. Suppo se tha t (F , Γ) is the

span [C ] w ith the gauge of C , then (F , Γ) is a Banach space andB is bounded in (F , Γ) . O bviou s2
ly, the iden t ity m ap i: (F , Γ) → (E , Φ) is con t inuou s and hence i: (F , Γ) → (E , Φ) is clo sed. T hu s i:

(F , Γ) → (E , Φ) is clo sed. U sing L emm a 1, w e know tha t B = i (B ) is con ta ined and bounded in

som e (E n , Φn) .

Theorem 2　 L et (E , Φ) = ind lim (E n, Φn) be an ind uctive lim it of strictly w ebbed sp aces. If f or any

n∈ N , there ex ists an absolu tely convex neig hborhood U n of o in (E n , Φn ) and there ex ists a l. c.

top ology Φn on E com p a rable w ith Φsuch tha t U n is rela tively Φn- com p act, then (D ST ) hold s. }

Proof 　 L et UϖΦnn and UϖΦ
n deno te respect ively the clo su re of U n in (E , Φn) and in (E , Φ) .

( I)　Suppo se tha t Φn is w eaker than Φ, then UϖΦ
n Α UϖΦnn . By the hypo thesis, UϖΦnn is Φn - com pact.

L et (F , Γ) be the span [UϖΦnn ]w ith the gauge ofUϖΦnn , then (F , Γ) is a Banach space. O bviou sly the

iden t ity m ap i: (F , Γ) → (E , Φn) is con t inuou s and hence i: (F , Γ) → (E , Φ) is clo sed. U sing L emm a

1, w e know UϖΦnn = i (UϖΦnn ) is con ta ined and bounded in som e (Em , Φm ) . SinceUϖΦ
n Α UϖΦnn ,w e conclude

tha t UϖΦ
n is con ta ined and bounded in som e (Em , Φm ) .

( II)　Suppo se tha t Φn is st ronger than Φ. By the hypo thesis, UϖΦnn is Φn - com pact, then UϖΦnn is Φ

- com pact and UϖΦnn = UϖΦ
n is Φ- com pact. A s befo re, let (F , Γ) be the span [UϖΦnn ] w ith the gauge of

UϖΦnn , then (F , Γ) is a Banach space and the iden t ity m ap i: (F , Γ) → (E , Φ) is con t inuou s, and cer2

ta in ly is clo sed. U sing L emm a 1, w e know tha t UϖΦnn = UϖΦ
n is con ta ined and bounded in som e (Em ,

Φm ) .

Com b in ing ( I) w ith ( II) , w e alw ays have: UϖΦ
n is con ta ined and bounded in som e (Em , Φm ) . By

T heo rem 2 in [9 ], w e conclude tha t (D ST ) ho lds.

Remark 1　 If each iden t ity m ap in: (E n , Φn) → (E n+ 1, Φn+ 1) is w eak ly com pact (o r com pact) , then

there ex ists an ab so lu tely convex neighbo rhood U n of o in (E n , Φn) such tha t UϖE n+ 1n is Ρ(E n+ 1, E′n+ 1)
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- com pact (o r Φn+ 1 - com pact). W e rem ark tha t it’s a ll the sam e to UϖEn+ 1n w heh ter the clo su re is

taken in (E n+ 1, Φn+ 1) o r in (E n+ 1, Ρ(E n+ 1, E′n+ 1) ) , since U n is convex. N ow the iden t ity m ap in+ 1:

(E n+ 1, Ρ(E n+ 1, E′n+ 1) ) → (E , Ρ(E , E′) ) (o r in+ 1: (E n+ 1, Φn+ 1) → (E , Φ) ) is con t inuou s, henceUϖE n+ 1n

is Ρ(E , E′) - com pact (o r Φ- com pact). N am ely U n is rela t ively Ρ(E , E′) - com pact (o r rela t ively

Φ- com pact). T hu s the condit ion in T heo rem 2 is sa t isf ied. H ence T heo rem 2 can be regarded as

a genera liza t ion of the relevan t resu lts on w eak ly com pact and com pact induct ive lim its ( see

[ 17 ]).

Theorem 3　L et (E , Φ) = ind lim (E n , Φn) be an ind uctive lim it of strictly w ebbed sp aces. If there ex 2
ists a sequence U 1Α U 2Α ⋯of absolu tely convex o- neig hborhood s U n in (E n , Φn) such tha t UϖΦnn is Φn2
sequen tia lly com p lete, w here Φn is a l. c. top ology on E w eaker than Φ, then (D ST ) hold s.

Proof 　 L et B be any bounded set in (E , Φ) . W ithou t lo ss of genera lity, w e m ay assum e tha t B

is ab so lu tely convex. F rom the p roof of T heo rem 1 in [8 ], w e can see tha t B is con ta ined in nUϖΦ
n

fo r som e n ∈N , and hence B is con ta ined in nUϖΦnn . O bviou sly BϖΦn Α nUϖΦnn and BϖΦn is a sequen t ia lly

com p lete, bounded disk in (E , Φn) . let (F , Γ) be the span [BϖΦn ]w ith the gauge ofBϖΦn , then (F , Γ)

is a Banach space. Since the iden t ity m ap i: (F , Γ) → (E , Φn) is con t inuou s, i: (F , Γ) → (E , Φ) is

clo sed. U sing L emm a 1, w e know tha t BϖΦn is con ta ined and bounded in som e (Em , Φm ) and so B is

con ta ined and bounded in som e (Em , Φm ) .

Remark 2 　 In T heo rem 3, if a ll topo log ies Φn are a ll Φ, then w e ob ta in the fo llow ing co ro lla ry:

If there ex ists a sequenceU 1 Α U 2 Α ⋯of ab so lu tely convex o - neighbo rhoodsU n in (E n , Φn) such

tha t UϖΦ
n is Φ- sequen t ia lly com p lete, then (D ST ) ho lds. Part icu la rly, if a ll (E n , Φn) a re F réchet

spaces and there ex ists a sequence U 1 Α U 2 Α ⋯ of ab so lu tely convex o - neighbo rhoods U n

in (E n , Φn) such tha t UϖΦ
n is Φ- sequen t ia lly com p lete, then (D ST ) ho lds. T h is is ju st T heo rem 2 in

[12 ]. H ence T heo rem 3 is a genera liza t ion of T heo rem 2 in [12 ].

R epea t ing the argum en t ana logou s to the first ha lf of the p roof of T heo rem 3 in [12 ], w e can

ob ta in the fo llow ing m o re genera l resu lts:

Theorem 4　 L et (E , Φ) = ind lim (E n, Φn ) be an ind uctive lim it of strictly w ebbed sp aces. If there

ex ists a sequence U 1 Α U 2 Α ⋯ of absolu tely convex o- neig hborhood s U n in (E n, Φn ) such tha t f or

any Φ- nu ll sequence {x i: i∈ N } con ta ined in UϖΦ
n , 6
∞

i= 1
ci x i is converg en t in (E , Φ) , then (D ST )

hold s. H ere, Φis any l. c. 　top ology on E w eaker than Φand c= (ci)∈l 1
such tha t úcú 1Φ 1.
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拟速完备性与网状空间的诱导极限

丘　京　辉
(苏州大学数学科学学院, 苏州　215006)

摘　要

设 (E , Φ) = indlim (E n , Φn) 为局部凸空间的诱导极限. 称 (D ST )成立若 (E , Φ) 中每个有界集含

于且有界于某 (E n , Φn) . 引进一种弱于速完备性的性质,叫做拟速完备性,并证明了对于严格网状

空间的诱导极限,拟速完备性蕴涵 (D ST ). 利用D e W ilde 的理论,也给出了关于 (D ST )的其他条

件. 这些结果改进了已有的有关结论.
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