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Abstract In thispgper the notionsof fine complex w eights and the Choquet type for complex w eights
are introduced A ndw e discuss the relations betw een quasi-continuity and fine continuity quasi-every-
w here
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1 The Notion of CanplexW eights

Let Y bea set, & ®(Y) a convex cone composed of non-negative numberical functions
on Y satisfying the upper directed axiom. Let F: = | (Y) be an extended complex-valued
function family. And R: F, |=»F and |F | are all included in &

Let X,T beaHausdorff topology pace A ssume there is another topology T finer
than T in X. Here and hereafer, wew ill use" fine” before the notions connected w ith T in
order to differentiate from T. A nd denotebyA (rep. A) theclosureof a subsetA C X with
repect to T (rep. T). A setmapW:2° - iscalled acomplex p-weighton X ifw (§ =
Q A complex p-weight with the open-major property is called a complex (generalized)
w eight, with regpect to w hich we use the notions and notations in [4, 5]

2 Quasi-Continuity and Fine Continuity Quasi-Everywhere

A ocomplex weightW is said to be fine if foranyA 2, W A)=w (A).

ObviouslyWw (A): = W () | isfineifw is andw isfine if and only if eachw ; is, 1=
j=4, whereW =W, W2=Wr, Ws=Wi, Ws=Wi; WrandW  are real and imaginary
partsof W regectively.

Theoram 2 1 LetX and X' are both T2 paces, W a f ine canplex w eight sub-strongly right
continuous T henw e have

(i) If themap f: X -X' isW -quasi-continuous, then f is f ine continuousW -quasi-ev-
eryw here

(ii) If f isW -quasi-upper (resp. lav er)-samicontinuous real function on X, then f is

fine upper (rep. law er)-sam icontinuousW -quasi-everyw here
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Corollary 2 1 LetW bea fine canplex weight strongly right continuous If A is a quasi-
closed-set, thenW (A MNA)= 0 if A isa quasi-gpen-set, thenW (A M o)= 0, w hereAoisf ine
inner o A.

LetW be acomplex p-weight If any fine open set isW -quasi- (rep. strongW -quasi-)
open-set, thenwe sayW isof generalized Choquet (regp. strong Choquet) type

Theoram 2 2 Let X and X' be both T2 space Suppose the canplex p-weight W is totally
countably para-subadditive, and is o generalized strong Choquet type Then

(i) if themap f: X -X', X' with countable base, is f ine continuous W -quasi-every-
w here, then f isW -quasi-continuous;

(ii) if f isfine upper (resp. low er)-sanicontinuous real f unction W -quasi-everyw here,
then f is strangltW -quasi-upper (resp. low er)-samicontinuous

Corollary 2 2 L etW be a canplex w eight strongly right continuous ThenW is d general-

ized Choquet (resp. strong Choquet) type if and only if , for any characteristic f unction X o

A 2%, that X isf ine upper-sem icontinuous imp lies that X isW -quasi-upp er-sam icontinuous
From Theoren 2 1 and Theorem 2 2, we conclude

Theoram 2 3 LetX and X' beboth T2gpace If thecanplex weightW isfine, totally count-
ably para-subadditive, sub-strongly right continuous and is o generalized strong Choguet
type, then

(i) forany themap f: X -X' (X'w ith countable base), f isW -quasi-continuous if and
only if f isfine continuousW -quasi-everyw here;

(ii) for any real function f, f isW -quasi-upper (resp. low er)-samicontinuous if and
only if f isfine upper (rep. lav er)-sanicontinuousW -quasi-everyw here

3 Choquet Property

LetW be a complex p-weight If for any e 2°, there exists a real (rep. real and
bounded) function u & such that for any number > 0, there is an open set w satisfying Ce’
CwandW (wne)=ea (1=j=4), thenwe sayW isof quasi-Choquet (reg. strong quasi-
Choquet) type, where Ce'is the fine outer part of &

Theorem 3 1 LetW bea canplex p-weight W e have

(i) if W isd quasi-Choquet (rep. strong quasi-Choquet) type, thenW isd (strong)
generalized Choquet (resp. strong Choquet) type

(ii) if W is sub-strongly (resp. strongly) para-right continuous and o generalized
Choquet (rep. strong Choquet) type, thenW isd quasi-Choquet (resp. strong quasi-Choquet)
type

Proof (i) LetA be afineopen set, then the complementry e = CA of A isfineclosed By
the hypothesis, there existsa real (resp. real and bounded) u & such that for any number
e 0, there is an open set wsatisfyingA = CeC wandW ; (wn €) < eu Evidently, w™M = «un
e= wne WehaveWw ; (M )=W ;(wn e) <a(1<j=<4), which mpliesA iswW -quasi- (res.
strongW -quasi-) open
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(ii) Foranye 2, thefineouterpart Ceof e€isfineopen, then Ceisw -quasi- (rep.
strong W -quasi-)open So there exists a real (regp. real and bounded) u @ such that for
any number & 0, there is an open set wD Cé satisfyingW ; (wN\Cé) < au/K, where K is the
positive numberw ith regect to para-right continuity of W. T herefore there exists a bounded
(rep. real and bounded) u: @ such that there isan open set G satisfying w>CeéC G andW |
(G) = KW (w0 C&+ aun Consequently we haveW ; (G) < auo, where us: = u+ u1 & Obvi-
ously wn eC wn & W C& which impliesw j (wn ) < W (G) < awn(1<j<4).

Theroem 3 2 L etW bea canplex weight

(i) LetW isstrongly right continuous and totally and countably sub-additive Then the
generalized strong Choquet property is equivalent to: for any real f, f isfine upper-samicon-
tinuous implies f is strongly quasi-upper-sam icontinuous

(ii) LetW isfine, strongly right continuous and totally countably subadditive T hen the
generalized strong Choquet property is equivalent to the identity o “ f ine upper-sam icontinuous
W -quasi-everyw here” and“ strong quasi-upper-samicontinuous” f or any real f unction f.
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