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Abstract　 In th is paper the no tions of fine comp lex w eigh ts and the Choquet type fo r comp lex w eigh ts

are in troduced. A nd w e discuss the relations betw een quasi2con tinu ity and fine con tinu ity quasi2every2
w here.
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1. The Notion of Com plex W e ights

L et Y be a set, 5 : 5 (Y ) a convex cone com po sed of non2negat ive num berica l funct ion s

on Y sa t isfying the upper d irected ax iom. L et F : = F (Y ) be an ex tended com p lex2valued

funct ion fam ily. A nd R±e F , I±m F and ûF û are a ll included in 5.

L et〈X , T〉be a H au sdo rff topo logy space. A ssum e there is ano ther topo logy T
� f iner

than T in X . H ere and hereafer, w e w ill u se“f ine”befo re the no t ion s connected w ith T� in

o rder to d ifferen t ia te from T. A nd deno te by Aϖ (resp. A
� ) the clo su re of a sub set A < X w ith

respect to T (resp. T� ). A set m ap W : 2X→F is ca lled a com p lex p 2w eigh t on X if W (Ï) =

0. A com p lex p 2w eigh t w ith the open2m ajo r p roperty is ca lled a com p lex ( genera lized )

w eigh t, w ith respect to w h ich w e u se the no t ion s and no ta t ion s in [4, 5 ].

2. Qua si-Con tinu ity and F ine Con tinu ity Qua si-Everywhere

A com p lex w eigh t W is sa id to be fine if fo r any A ∈2X , W (A� ) = W (A ).

O bviou sly W M (A ) : = ûW (A ) û is f ine ifW is; and W is f ine if and on ly if each W j is, 1Φ
j Φ 4, w here W 1 = W

+
R , W 2 = W

-
R , W 3 = W

+
I , W 4 = W

-
I ; W R and W I are rea l and im aginary

parts of W respect ively.

Theorem 2. 1　L et X and X ′a re both T 2 sp aces, W a f ine com p lex w eig h t sub2strong ly rig h t

con tinuous. T hen w e have

( i)　If the m ap f : X →X ′is W 2quasi2con tinuous, then f is f ine con tinuous W 2quasi2ev2
eryw here.

( ii)　If f is W 2quasi2upp er ( resp. low er) 2sem icon tinuous rea l f unction on X , then f is

f ine upp er (resp. low er) 2sem icon tinuous W 2quasi2everyw here.
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Corollary 2. 1　L et W be a f ine com p lex w eig h t strong ly rig h t con tinuous. If A is a quasi2
closed 2set, then W (A�ø A ) = 0; if A is a quasi2op en2set, then W (A ø A 0) = 0, w here A 0 is f ine

inner of A .

L et W be a com p lex p 2w eigh t. If any fine open set is W 2quasi2( resp. st rong W 2quasi2)

open2set, then w e say W is of genera lized Choquet ( resp. st rong Choquet) type.

Theorem 2. 2　L et X and X ′be both T 2 sp ace. S upp ose the com p lex p 2w eig h t W is tota lly

coun tably p a ra2subad d itive, and is of g enera liz ed strong Choquet typ e. T hen

( i)　 if the m ap f : X →X ′, X ′w ith coun table base, is f ine con tinuous W 2quasi2every 2
w here, then f is W 2quasi2con tinuous;

( ii)　if f is f ine upp er (resp. low er) 2sem icon tinuous rea l f unction W 2quasi2everyw here,

then f is strom g lt W 2quasi2upp er (resp. low er) 2sem icon tinuous.

Corollary 2. 2　L et W be a com p lex w eig h t strong ly rig h t con tinuous. T hen W is of g enera l2
iz ed Choquet (resp. strong Choquet) typ e if and on ly if , f or any cha racteristic f unction ςA of

A ∈2X , tha t ςA is f ine upp er2sem icon tinuous im p lies tha t ςA is W 2quasi2upp er2sem icon tinuous.

F rom T heo rem 2. 1 and T heo rem 2. 2, w e conclude:

Theorem 2. 3　L et X and X ′be both T 2 sp ace. If the com p lex w eig h t W is f ine, tota lly coun t2
ably p a ra2subad d itive, sub2strong ly rig h t con tinuous and is of g enera liz ed strong Choquet

typ e, then

( i)　f or any the m ap f : X →X ′(X ′w ith coun table base) , f isW 2quasi2con tinuous if and

on ly if f is f ine con tinuous W 2quasi2everyw here;
( ii)　f or any rea l f unction f , f is W 2quasi2upp er ( resp. low er) 2sem icon tinuous if and

on ly if f is f ine upp er (resp. low er) 2sem icon tinuous W 2quasi2everyw here.

3. Choquet Property

L et W be a com p lex p 2w eigh t. If fo r any e∈2X , there ex ists a rea l ( resp. rea l and

bounded) funct ion u∈5 such tha t fo r any num ber Ε> 0, there is an open set Ξ sa t isfying Ceυ

< Ξ and W j (Ξ∩e) Φ Εu (1Φ j Φ 4) , then w e say W is of quasi2Choquet ( resp. st rong quasi2
Choquet) type, w here Ceυ is the fine ou ter part of eυ.

Theorem 3. 1　L et W be a com p lex p 2w eig h t. W e have

( i)　if W is of quasi2Choquet (resp. strong quasi2Choquet) typ e, then W is of (strong )

g enera liz ed Choquet (resp. strong Choquet) typ e;
( ii)　 if W is sub2strong ly ( resp. strong ly ) p a ra2rig h t con tinuous and of g enera liz ed

Choquet (resp. strong Choquet) typ e, then W is of quasi2Choquet (resp. strong quasi2Choquet)

typ e.

Proof　 ( i) L et A be a fine open set, then the com p lem en try e: = CA of A is f ine clo sed. By

the hypo thesis, there ex ists a rea l ( resp. rea l and bounded) u∈5 such tha t fo r any num ber

Ε> 0, there is an open set Ξ sa t isfying A = Ceυ< Ξ and W j (Ξ∩e) Φ Εu. Eviden t ly, Ξø A = Ξ∩
eυ= Ξ∩e. W e have W j (Ξø A ) = W j (Ξ∩e) Φ Εu (1Φ j Φ 4) , w h ich im p lies A is W 2quasi2( resp.

st rong W 2quasi2)open.
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( ii)　Fo r any e∈2X , the fine ou ter part Ceυof eυ is f ine open, then Ceυ is W 2quasi2( resp.

st rong W 2quasi2) open. So there ex ists a rea l ( resp. rea l and bounded) u∈5 such tha t fo r

any num ber Ε> 0, there is an open set Ξ= Ceυ sa t isfying W j (Ξø Ceυ) Φ ΕuöK , w here K is the

po sit ive num ber w ith respect to para2righ t con t inu ity ofW . T herefo re there ex ists a bounded
(resp. rea l and bounded) u 1∈5 such tha t there is an open set G sa t isfying Ξø Ceυ< G and W j

(G ) Φ KW j (Ξø Ceυ) + Εu1. Con sequen t ly w e have W j (G ) Φ Εu0, w here u 0: = u+ u 1∈5. O bvi2
ou sly Ξ∩e< Ξ∩eυ= Ξø Ceυ, w h ich im p lies W j (Ξ∩e) Φ W j (G ) Φ Εu0 (1Φ j Φ 4).

Theroem 3. 2　 L et W be a com p lex w eig h t.

( i)　L et W is strong ly rig h t con tinuous and tota lly and coun tably sub2ad d itive. T hen the

g enera liz ed strong Choquet p rop erty is equ iva len t to: f or any rea l f , f is f ine upp er2sem icon2
tinuous im p lies f is strong ly quasi2upp er2sem icon tinuous.

( ii)　L etW is f ine, strong ly rig h t con tinuous and tota lly coun tably subad d itive. T hen the

g enera liz ed strong Choquet p rop erty is equ iva len t to the id en tity of“f ine upp er2sem icon tinuous

W 2quasi2everyw here”and“strong quasi2upp er2sem icon tinuous”f or any rea l f unction f .
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复广义权的细连续性

邱 曙 熙
(厦门大学数学系, 厦门 361005)

摘　　要

本文引入细复广义权和Choquet型复广义权的概念. 讨论了某些与复广义权相关的函数

的拟连续性与细拟处处连续的关系.
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