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Inter polating Rational Splines in Three
D mensional Space*

Tan Jieging
(Dept of M ath M ech , Hefei U niversity of Technology, Hefei 230009)

Abstract L et apolyhedron in three dmensional pace be decomposed into tetrahedral cells by a cer-
tain partition In this pgper efforts are made on assigning gopropriate nodes along the edges of every
tetrahedron and characterizing interpolation data that detem ine a unique rational function of type (1,
1), which is nonsingular in the correponding tetrahedron By constructing suitable basis functions
and restricting the interpolation data, necessary and sufficient conditions for the existence of rational

plineswith C° aswell asC' snoothness are fomulated regectively.
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1 Introduction

Bivariate gplines, which are composed of piecav ise polynom ials over collections of con-
vex polygons, usually trianglesor rectangles, have been thoroughly studied by various au-
thors (see, e g , [3], [4] and the bibliography therein). It is omew hat difficult, how ever,
to apply the techniques developed in polynomial gline theory to the investigation of multi-
variate rational lines since there aremany undetem ined factors in treating nonlinear prob-
lens A sweknow that the first derivative of a rational function of (n,m)- type isof (n+ m

1,2m)- type, which leads to difficulties in patching together piecav ise rational functions
as snoothly as possible,moreover in most cases a rational function is required to be nonsin-
gular in the corregponding domain, w hich results in complicationsof treating a rational func-
tion w ith higher- degree denominator. By means of W achgress rational w edge functions
([1]) theauthor ([5]) found an effective approach to the construction of bivariate nonsingu-
lar rational plinesw ith low ordersunder triangular and quadrilateral partitions regectively.
This paper aims at finding out the conditions for the existence of interpolating nonsingular
rational glines in three dmensional gace

Suppose thatV isapolyhedron in three dmensional gace R®, which is divided into te-
trahedral cells by a partition Q containing N interior edges E1, Ez, , En. Denote by B (Ei)
the union of all the cells such that Ei acts as a common edge of them. A ssume thatB (E/)
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containsM i tetrahedral cellsw hich are denoted as Qi, &, , Qi
For each cell Q.w e label itsvertices and some point on each edgeasp“', p= 1,2, , 10 such

, in counterclockw ise order.
that the labelson the triangular planesopposite to vertices 1°', 2“', 3" and 4“' are repective-
Iy 2k,i, gk,i, 3k,i, 7k,i14k,i and 6k,i; lk,i, lOk,i, 3k,i, 7k,i, 4 and 5k,i; 1k,i1 8k,i, 2k,i, 6k,i, 4% and 5k,i;
and 1°', 8¢, 2“', 9" 3“" and 10“' M oreover we make the convention that vertices 2' and
3“"" correpond to the sane triangular plane, i e , 1¢'= 1%, 3= 2171 g4'= 4 +1 g
=5, 7¢'= 6" and 10'= 8“ "'(as shown in Fig 1).
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Fig 1

W e say a rational function in R® isof (m,n)- type if its numerator and denom inator are
polynomials in x, y and z of degreem and n repectively, and denote by Rm,»(x,y,z) the set
of all the rational functionsof (m,n)- type

Definition 1 If the rational function R*'(x,y, z) in R11(x,y, z), which has no singular
points in Q, satidf ies

R“'(p*) = of'= uw'As', p= 1,2, ,10, k= 1,2, My i= 1,2, ,N, (11

R (x,y,z) - R“Y(x,y,z) = O((k(x,y,2))"), t= 1,2, (12

w here u,ﬁ’i/v;k;i isa fraction given at pk’i= (x;k;i, ylé’i, zE’i) w ith the convention that V'S’i> 0 and

vi'=1if of'= 0, and I(x,y,z) denotes the linear f om w hose locus contains QN Qi+ 1, then

w e call the union d theM i rational f unctions an incident interpolating rational pline associat-

ed with Eidf (1,1)- typew ith C" *-smoothness and denote it by SRL< (x,y,z;B (Ei), Q).

Definition 2 1f B (E)) nB (E;) D Q= @ impliessR™'(x,y,z)=R" (x,y,z), thenwe call
%1 SRit(x,y,z B (Ei), Q) the interpolating rational line defined inD o (1, 1)-type
w ith C* *-snoothness and denote it by SRL<(x,y,z,V,Q) or SRii(, Q) for short
For smplicity the sub-or superscripts k, i in what follow s will be all or partially
dropped unless they are necessary and 0 will be done with later introduced notations
w hereever the context makes than clear.

2 C’rational splines
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Denote by d (m, n) the distance betw een wo pointsm and n and let

O - O

Fm,n: d(m,n)'

(21)

Theoran 1 The necessary and suff icient conditions f or the ex istence of SR11(Q,V) satifying
(1 1) arethefollav ing

FieF2oFs10= Fes2FoesFini, (2 2
F1sF26Fas= Fs2FeaFs1, (2 3)
Fa1wF15Fa7= Fio1FsF73, (2 4
FooF47Fs0= FeaF73Fo2, (2 5)
min(ou, 0u) < 06 < max (0w, Ou), (2 6)
min(oe, &) < 06 < max(oe, 04), 27
min(os, &) < o< max (s, O), (2 8
min(oe, k) < 0 < max (0¢, 0e), (29
min(ce, 06) < 0t < max (ck, 0a), (2 10
min (o, 06) < o< max(ou, o), (2 11)
oh= of"", b= of o= of (2 12)
o= of", of= of?, olo= ob (2 13)
Proof L et usintroduce the follow ing notations

1 1 1 1

Xi Xj Xk X
D (i,j,k, *) = : (2 14)

Yi Vi Y ¥

Zi Zj Zx Z

W) = D(2.3.4,°) Wa(s) = D(3.4.1. )

D (2341’ D (3412
(2 15)
wa(e) = L2y ) o RAL2.8 )
D(41,2273)" D (1,23,4)
Obviously w e have
W P (q) = d)ch p1 q = 11 21 31 41 (2 16)
w here & is the Kronecker symbol L et
Zz: CoUW (x,y,2)
R(X!yvz) = 4 (2 17)

CprWp(X,y,Z)’

p=1
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then it follow sfrom (2 15) thatR (p)= o holdstruefor p= 1,2,3,4 Now we construct the
coefficients Cp-s such that

R(p)= o, p=1 2 10 (2 18)
By (2 14) and (2 15) we have
W1(6) = Wi (7) = Wi(9) = 0,

W2(5) = W2(7) = W2(10) = 0,

W3(5) = Ws(6) = Ws(8) = 0,

W 4(8) = Wa4(9) = W4(10) = 0,
because W i vanishes on the line connecting points distinct from point i, therefore (2 18)
leads to the conditions

(2 19)

(uwvs - usvi)W 1(5)C1+ (uavs - usva)W 4(5)Cas= 0,
(u2ve - uev2)W 2(6)C2+ (uave - UeVa)W 4(6)Ca= 0O,
(usv7 - uwva)W 3(7)Cs+ (uavz - uwva)W 4(7)Ca= 0O, (2 20)
(uvs - usvi)W 1(8)C1+ (uz2vs- usv2)W 2(8)C2= 0,
(uave - UoV2)W 2(9)C2+ (usve - usva)W 3(9)Cz= 0,
(Uutvio - uwv1)W 1(10)C1+ (usvio - uwvz)W 3(10)Cz= Q
M aking use of the follow ing basic facts
D (i,j,k,os+ Bt) = oD (i,j,k,s) + B (i,j,k, 1) (2 21)
w here o+ = 1 and
d(1,5) d(4.5) , d(2,6) d(4.6),
ST awatt dwat T a2 att 42 a?
_ d37 d(4.7) . d(2,8) d(1.8),
F i@t d3a> BT awatt 41 2? (2 22)
9= 2+ : 10= d_(_S._lQ)_ 1+ d_(,l._lQ)_
d(2,3) d(2, 3) d(1,3) d(1, 3)
w e obtain
_D(2345 _d(45 _D(1,235 _ d(15)
Wil = 52 - da WO =523 da;
_D(3416) _ d(46) _D(1,236) _ d(2,6)
Wel® = 53412 = diza WO =513 d(2a
_DbM4127 _ di47 _ 01237 _dBEB7)
We=p w123 d@a W OD=p1234" 4G4 2 23

D(2.3.4,8 _ d(2.8) W(&:Q&AL&:mﬁﬁ
D(23,4,1)  d(1,2)° 2 D(3,4,1,2) ~ d(12)°

(419  d@Ea D129 _ d(2.9
W9 =5 Ga1) T dza V9 @2 T d2);

_ D(2,3.4,100 _ d(3.10 _D(41210 _ d(1,10)
Wi0 = 55540 T day V9= 50Uy T aw

W 1(8) =
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L et

UnVo - UgVm

Gm,n = d (m ’ n) = VmVaFm,n, (2 24)

then (2 20) isequivalent to
G15C1+ GasCa
G26C2+ Ga,6Ca
G37/Cs+ Ga7Cs=
G18C1+ G2sC2
G2C2+ G3Cs= 0,
G110C1+ G310C3= Q

Clearly a nontrivial R (x,y, z) satisfying (2 18) is uniquely detemined if and only if every

(2 25)

[
O 0O O o o

one of fifteen 4x 4 submatrices contained in the 6x 4 matrix with repect to coefficientsCa,
C2, Csand C4 has rank three, which yields

G1,8G2,9G310 = Gs,2Gg,3G10,1 (2 26)
G1,8G2,6G4,5 = Gs,2Ge,4Gs,1 (2 27)
G3,10G1,5G4,7 = G10,1Gs,4G7,3 (2 28)
G2,6G4,7G3,9 = Ge,3G7,3Go,2 (2 29)

w hich are equivalent to (2 2)- (2 5) regectively due to (2 24). W emention that symmet-
rical equations (2 2)- (2 5) are not independent of one another. In fact, if we assume each
Fe.q isnonzero, then each of (2 2)- (2 5) may be derived from the other three, for exan-
ple, we reorder (2 2)- (2 4) asfollows

F18F29F310= Fs2Fog3Fio1,

Fs2Fe64Fs51= Fu18F26Fas,

Fi10,1Fs54F73= F310F15F42

M ultiplying the first equation by the second and the third ones, w e get

Fo2oFe64Fs1Fs4F73= FosF2eFasFisFaz

Noting that Fp.q= - Fqp, Oone mmediately gets (2, 5).

W e know that the necessary and sufficient condition to make R (x,y, z) be nonsingular
in Q is to let the denominator of R (x,y, z) take valuesw ith the same sign at four vertices of
the tetrahedron Q, i e , C1,C2, Csand Camust possess the sane sign From thisand (2 25)
follow mmediately (2 6)- (2 11).

W e point out that (2 12) and (2 13) are the necessary and sufficient conditionsfor R*
(x,y,z) and R“ *(x,y, z) to haveaC’- snooth connection over the common boundary of
and Q1 Let

N (X, y,.z)

K k+ 1 -
R*(x,y,z) - R" (x,y,z) = D«(x,y,z)’

(2 30)
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then it follow sfrom (2 12), (2 13) and our convention about the labeling,
N (1) = N«(3) = N«(4) = N«(5) = N«(7) = N« (209 = 0, (2 31)

w hich means by Bezout’s theorem ([2]) that the quadratic polynomial N « (x, y, z) contains
such a linear factor I«(x,y, z) that its locus

Le(x,y,z) = {(x,y,2) lk(x,y,z) = 0} (2 32

covers the common boundary of Qcand Q1 Inotherwords, (2 31) impliestheC®- snooth
connection of R*(x,y,z) and R *(x,y,z), therefore (2 12) and (2 13) are sufficientw hile
their necessity isobvious Theorem 1 is hereby completely proved

Remark 1 Egecially if 5, 6, 7, 8, 9 and 10 aremidpointson correponding edges of tetra-
hedron Q, then conditions (2 2)- (2 5) can bew ritten as follow s

(- 08) (- 00) (06- Ow) = (06- O)(0b- 08) (- ©4),

(0- 06) (- 06) (- O6) = (06- &) (C6- ou)(06- o),

(06- o) (- 06) (u- 00) = (Owo- o) (06- ou) (00 - Os),

(- 06) (u- o) (06- 06) = (06- Ou) (0- 08) (0b- 00).
Remark 2 U nder conditions (2 2)- (2 4) we can find out a basis system of lutionsof e
quations (2 25)

Ci1= CG29G310Gs5 C2= CG110G39Gas s,
Cz= CG29G101Gs5, Ca= CG310G2 oGs,1, (2 33)
w here C is an arbitrary nonzero constant
3 C'rational slines
L et
Hmn= CoCH E(unvi ' - us v, 31

and denote by V « the volume of the tetrahedral cell Q« and by Sy« the area of the triangle
w hich is the projection of the triangular plane correponding to vertex p“ onto the YOZ
plane

Theoran 2 Thenecessary and suff icient conditions f or the existence d SR1i:(Q,V) satisfying
(1 1) aregiven by (2 2)- (2 13) and

4 4
V kZH 'i,nSthl + Vi 1ZH rf],lSrlfw;t = 0,
n=1 m=1
4 4
VkZH EnSH+ Vi 1ZH m2Sm= 0, (32
n=1 m=1
4 4
VkZH ﬁ,nSﬁ?tl+ V i+ 1ZH ;,45#1;;: 0,
n=1 m=1
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w here

D (34,1, )
3 # 0, for t= x,yorz (3 3

Proof From (2 17) and (2 30) weobtain

4 4
N«(x,y,z) = ZZCQC‘S”(U%V'E”- un” Ve )W (X, y, ZW (X, y, 2). (3 4)

m=1n=1

Since (2 2)- (2 13) are satisfied, we have
Nk(X,y,Z): |k(X,y,Z)|l:(X|yyz)1
where I« (x,y,z) islinear IfL«(x,y,z) isnot parallel to, for exanple, theX - axis, i e,

Iaxzio’

then it follow s from Bezout’s theorem that

N (1) | ONL(3) | NL()
0x o0x ox
are the necessary and sufficient conditionsfor R*(x,y,z) and R *(x,y, z) to beC" snoothly
oconnected over QN Qe+ 1, w hich yields (3 2) bymeansof (2 15), (3 4) and our convention
about the labeling at the very beginning that 1= 1%, 3= 2 'and 4= 4“ % The theorem is
proved
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