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Inf initelyM any Radially Symmetr ic Solutions to
Super linear Boundary Value Problan s
in Annular Damains

Guo Zongm ing
(Dept of M ath , Henan Nomal U niversity, X inxiang 453002)

Abstract In thispaperw e show that a classof superlinear boundary value problean s in annular
domains have infinitely many radially symmetric solutions The result isobtainedw ithout oth-
er restrictionson the grow th of the nonlinearities Ourmethods rely on the energy analysisand
the phase-plane angle analysis of the slutions for the asociated ordinary differential equa-
tions
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1 Introduction

In this short paper w e consider the existence of infinitely many radial olutionsof the e-
guation

Au+ f(u=0 in 0<Ri< |[x|<Ro x R',N =3, (11
w ith theDirichlet boundary condition
u= 0 on [x|=R: and |x|= Re (12

W e assum e that
f  C'(- o,0), f(0)=Q (13
This condition on f will be assumed throughout the paper w ithout further mention In addi-
tion, the follow ing conditionsw ill be assum ed:
(H1) f isnondecreasing in (- o, );
H2) lmppwf (1) /t= o.
Over the last two decades, considerableprogress hasbeen made in the study of superlin-
ear boundary value problans, such as
Au+ g(u) = q(x), for x & u= 0 for x @& (14
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w here Q is a bounded region in R", g: R~ R isa continuous function, q L *(Q) and

Im @@ /) = e. (1 9)

Themain goal has been to identify the conditionson Q, g, g underwhich (1 4)- (1 5) has
infinitely many slutions M ost of the results have been obtained by using variational m eth-
odsw ith the grow th of g less than the Sobolev inequality grow th, see, for example, [2, 3]
and [12- 14] Recently, Castro and Kurepa'® generalized their results to the case that g can
surpasses the Sobolev inequality grow th and found infinitely many radial solutionsof (1 4)
w ith Q being a ball M earw hile, the existence of positive radial olutionsof (1 1)- (1 2)
has al been studied by many authors See, for exanple, [4], [7- 10] and the reference
therein W hen f is superlinear (i e , it satisfies condition (H2)) the existence of solutions
has been proved under various sets of assumptions, aways including a restriction on the
grow th of f at infinity (see [1, 5- 6]). It isknown that such a grow th condition is, in gen-
eral, necessary for starlike domains [11] In the case of the annulus, such a grow th condi-
tions is not necessary. In this short paper we show that for f satisfying (H1), (Hz2), there
exist infinitely many radial olutionsof (1 1)- (1 2). Note that there is no restriction on
the grow th of f here

W hen the domain is a ball or an annulus, onemay consider in particular radially sym-
metric olutions, inw hich case the problan smentioned above reduce to problensino d e,
Thus, in temsof the variable

g= [N - 2™ °1 7 (16
Eg (1 1) obtains the fom
u'(® + POf (U(®) =0 &< E< &, (1
w here
pO= - 28" k= AF (17)

&= [N - 2RV ?’TY i= 0,1, (1 8)
the boundary condition becomes
u(%) = u(&) = Q 12

2 Main reaults

In this section w e shall obtain our main result

Theorem 2 1 Suppose f satid ies the conditions (H 1) and (H 2). Then (1 1)- (1 2) hasin-
finitely many radially symmetric solutionsw ith max®,.rypu> Q
To prove this theorem, we shall first consider the follow ing initial value problem
(™M w)'+ MY @W=0 r> Ry, 21
— 192 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



u(R1) = 0, (R = Ri™ Yb, whereb> Q (2 2
Lenma 2 2 Assune that f satisf ies the conditions (H 1) and (H2). Then, for any b> 0,
problen (2 1)- (2 2) hasa unique solution u(- ,b) whose danain o déf inition is (R1, ® ).

Proof It isknown from the theory of 0. d e , that there exists a unigue local solution of
(2 1) near r= R. Suppose that for some increasing sequence rn (R1,©), rm>r1 (R1, )
w e have

Im (U(rn,b) + (u'(rn,b))?) = 0.

If (u'(rn, b))% doesnot tend to infinity, then by themean value theorem a new increasing se-
quence r'»— 1 can be found s that (u' (r'a, b))*—> 0. Thus, without lossof generality, we
can assume (u' (rn, b))?> . Let F (s) =If)f (dtand E(r,b)= (u'(r,b))?/2+ F (u(r, b)).
Since (H1) and (H2) hold, we have F=Q Hence

IME(r, b) = o. (23

On the other hand w e have
e =- =L we=a
Hence
E(r,b) < E(R1,b) = R1°" "1°/2,

w hich contradicts (2 3) and thus the lanma isproved
Now w e consider another form of (2 1)- (2 2):

u"+ Pf(u) =0 for &< &, (2 4)
u(&) =0, u' (&) =- b (2 5)

For any b> 0, problem (2 4)- (2 5) hasa unique olution u(- , b) whosemaximal domain
of definition in (0, &) w ill be denoted by (£(b), &). A function u(¥) isa slution of (2 4)-
(2 5) if and only if it satisfies the integral equation

&
u@®=bE- Bf - PP E<& (2 6
From (2 6) it isclear that if u is a positive olution in some interval (o, &) with o> £(b),
then
u(® <b(&- 8 in (& &). (27

Therefore if o £(b) the above lution can be extended to the left of ® Denote
&(b) = inf{&> &(b): u(gb)> 0 in (&, &)}

It follow sfrom Lemma 2 2 that £(b)= 0 if f satisfies (H1) and (H2).
The follow ing two lenmas are known from [4] and [10]
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Lenma 2 3 For every b> O there exists a unique point T(b) (% (b), &) atw hich u attains

itsmaximum um (b) over this interval. The function b— T(b) is continuously diff erentiable in
(0, ).

Lanma 2 4 Letf satify (H1), (H2). Then thedanain d de inition o u(- ,b) is (0, &)
and IMeoT(b)= &, IMmw&(b)= & Furthemore, lMbswum(b)= .
Define E (£ b)= (u' (£ b))*/2+ P(OF (u(& b)), F (D= [4f (9ds. W e shall obtain the
follow ing lenma
Lanma2 5 Letf satisy (Hi1), (H2). Then
IME (&) = o

unifomly for & [&, &]

Proof Since adiéE(E, b)= P (9F (u(g b)) <0for & (&, T(b)), then
E(&b) = E(T(b),b) = P(T(b))F (um (b)).
By the facts that lims-« P(T(b)) = P(&) and limov-«»F (un (b)) = , we have that
IME(£b) =
forall € [&, &]

The arguments above mply that for b> 0 sufficiently large, there exists a unique lu-
tion u(r, b) for the problem

(M) + MM uW=0 uR)=0 u{R)="hb
such that there exists T(b) > R:w ith u' (T(b))= 0 and Iimv-»T(b) = R» M oreover,

Im[(u'(r,0))*/2+ F(u(r,b))]= o
forall r [R1,Ro]

Proof of Theoran 2 1 Themain ideaof theproof is smilar to that in the proof of Theoran
A of [6]. W eonly give themain differences here Let (u(r,d),u’(r,d))# (0,0) forall r
(T(b), r). By defining £ (r,b)= u*(r,b)+ (u' (r,b))*we see that for b> O there exists a u-
nique continuous argument function 6(r,b), r [R1, 1), such that

u(r,b) = t(r,b)oosO(r,b), u'(r,b) =- t(r,b)sinB(r,b), O(T(b),b) = Q

I

Note that for r  (R1, T(b)), - ‘g< O(r,b)< 0Oand O(R1, b) = - 5~ An elanentary calculation

show s that

(f (u(r,b)) + u'(r, b)) 0sB(r, b)
0 (r,b) = sin’0(r,b) + tEr 0 .
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By the continuous dependence of the solutionson the initial conditionsw e only need to prove
that
Im6(Ro,b) = . (2 8)
(Since T(b) > R1asb— o and O(T{(b), b)= 0, then B(Ro, b)> Q ) L et the number T in the
proof of Theoren A in [6] be R:+ (Ro- R1)/4 here A little modification of the proof of
Theorem A in [6] mplies that (2 8) holds The proof is complete

Remark 1 W e can obtain the similar results by considering (2 1) w ith the initial value con-
ditonsu(R1)= 0and ' R1)= - R1 " "b,b> Q

2 W e can als obtain infinitely many radial solutionsof the equation (1 1) subject to
one of the follow ing boundary conditions

(i) f’;r*: Oon |x |=Riand u= 0on |x |= Ro,

(i) u=0on |x |= Riand ‘;*r‘: Oon |x |= Re

For the first case, we consider the problen (2 1) with the initial value condition:

u(&) = b>0, u (&) =20

Let E(Eb) beasinLenmma?2 5 A littlemodification of theproof of Lenma2 5 mplies that
lMmb-» E (§ b)= o uniformly for & [&, &] The sane arguments as in the proof of Theo-
ren 2 1 then mply that the conclusion is true

W e can not directly use the arguments in the proof of case (i) to prove case (ii). In this
casew e directly consider the initial value problem
N - 1

r

u"+ u+ f(u =0 r< Ro,

u(Ro) = b, u(Ro =20
LetE(r,b)= (u'(r,0))%/2+ F (u(r,b)). Then
dE _ ) N_Tl(u')zﬁ 0

dr
forr (R1,R0). Thus, E(r,b)=E (Ro,b)= F(b). This mpliesthat limv-«E (r,b)= c forr
[R1,Ro]

Let & Ro- r,u(&= u(r). Then, weknow that E(&b): = (0" (& b))*/2+ F (G(& b))~
© in [0,Ro- Ri] asb— o. Definet’ (& b)= (£ b)+ (0" (£ b))% W e see that for b> 0 there
exists a unique continuous argument function 6(g b), & [O,:g‘), such that

u(&h) = t(§b)cosB(Eb), 0 (§b) =- t(&Db)sinb(E b),
0(0,pb) = Q
The smilar arguments to that in the proof of Theorem A in [6] imply that our conclusion is
true
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