
Journal of M athem atical R esearch & Expo sit ion
Vo l118, No12, 191- 196, M ay 1998

Inf in itely M any Rad ia lly Symm etr ic Solution s to

Superl inear Boundary Va lue Problem s
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Abstract　 In th is paper w e show that a class of superlinear boundary value p rob lem s in annu lar

dom ains have infin itely m any radially symm etric so lu t ions. T he resu lt is ob tained w ithou t o th2

er restrict ions on the grow th of the non linearit ies. O ur m ethods rely on the energy analysis and

the phase2p lane angle analysis of the so lu t ions fo r the associated o rdinary differen t ial equa2
t ions.
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1. In troduction

In th is sho rt paper w e con sider the ex istence of infin itely m any rad ia l so lu t ion s of the e2
quat ion

∃u + f (u ) = 0　in　0 < R 1 < ûx û < R 0, x ∈ RN , N Ε 3, (1. 1)

w ith the D irich let boundary condit ion

u = 0　on　ûx û = R 1 　and　ûx û = R 0. (1. 2)

W e assum e tha t

f ∈C 1 (- ∞,∞) , f (0) = 0. (1. 3)

T h is condit ion on f w ill be assum ed th roughou t the paper w ithou t fu rther m en t ion. In addi2
t ion, the fo llow ing condit ion s w ill be assum ed:

(H 1)　f is nondecreasing in (- ∞,∞) ;

(H 2)　lim û tû ∞f ( t) öt= ∞.

O ver the last tw o decades, con siderab le p rogress has been m ade in the study of superlin2
ear boundary value p rob lem s, such as:

∃u + g (u ) = q (x ) ,　fo r　x ∈ 8 ; u = 0　fo r　x ∈ 58 , (1. 4)
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w here 8 is a bounded reg ion in RN , g : R R is a con t inuou s funct ion, q∈L
2 (8 ) and

lim
ûuû ∞

(g (u ) öu ) = ∞. (1. 5)

T he m ain goal has been to iden t ify the condit ion s on 8 , g , q under w h ich (1. 4) - (1. 5) has

infin itely m any so lu t ion s. M o st of the resu lts have been ob ta ined by u sing varia t iona l m eth2
ods w ith the grow th of g less than the Sobo lev inequality grow th, see, fo r exam p le, [ 2, 3 ]

and [12- 14 ]. R ecen t ly, Castro and Ku repa [ 6 ] genera lized their resu lts to the case tha t g can

su rpasses the Sobo lev inequality grow th and found infin itely m any rad ia l so lu t ion s of (1. 4)

w ith 8 being a ball. M eanw h ile, the ex istence of po sit ive rad ia l so lu t ion s of (1. 1) - (1. 2)

has a lso been stud ied by m any au tho rs. See, fo r exam p le, [ 4 ], [ 7- 10 ] and the reference

therein. W hen f is superlinear ( i. e. , it sa t isf ies condit ion (H 2) ) the ex istence of so lu t ion s

has been p roved under variou s sets of assum p tion s, a lw ays includ ing a rest rict ion on the

grow th of f a t infin ity (see [1, 5- 6 ]). It is know n tha t such a grow th condit ion is, in gen2
era l, necessary fo r sta rlike dom ain s [11 ]. In the case of the annu lu s, such a grow th condi2
t ion s is no t necessary. In th is sho rt paper w e show tha t fo r f sa t isfying (H 1) , (H 2) , there

ex ist infin itely m any rad ia l so lu t ion s of (1. 1) - (1. 2). N o te tha t there is no rest rict ion on

the grow th of f here.

W hen the dom ain is a ba ll o r an annu lu s, one m ay con sider in part icu la r rad ia lly sym 2
m etric so lu t ion s, in w h ich case the p rob lem s m en tioned above reduce to p rob lem s in o. d. e. ,

T hu s, in term s of the variab le

Ν= [ (N - 2) rN - 2 ]- 1. (1. 6)

Eq. (1. 1) ob ta in s the fo rm

u″(Ν) + Θ(Ν) f (u (Ν) ) = 0,　Ν0 < Ν< Ν1, (1. 1)′

w here

Θ(Ν) = [ (N - 2) Ν]- k ,　k =
2N - 2
N - 2

, (1. 7)

Νi = [ (N - 2)R N - 2
i ]- 1,　i = 0, 1, (1. 8)

the boundary condit ion becom es

u (Ν0) = u (Ν1) = 0. (1. 2)′

2. M a in results

In th is sect ion w e shall ob ta in ou r　m ain resu lt

Theorem 2. 1　 S upp ose f sa tisf ies the cond itions (H 1) and (H 2). T hen (1. 1) - (1. 2) has in2
f in itely m any rad ia lly sym m etric solu tions w ith m ax (R 1, R 0) u> 0.

To p rove th is theo rem , w e shall f irst con sider the fo llow ing in it ia l va lue p rob lem

(rN - 1u′)′+ rN - 1f (u ) = 0,　r > R 1, (2. 1)
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u (R 1) = 0, u′(R 1) = R - (N - 1)
1 b,　w here b > 0. (2. 2)

L emma 2. 2　 A ssum e tha t f sa tisf ies the cond itions (H 1) and (H 2). T hen , f or any b> 0,

p roblem (2. 1) - (2. 2) has a un ique solu tion u (·, b) w hose d om a in of d ef in ition is (R 1,∞).

Proof　 It is know n from the theo ry of o. d. e. , tha t there ex ists a un ique loca l so lu t ion of

(2. 1) near r= R 1. Suppo se tha t fo r som e increasing sequence rn∈ (R 1,∞) , rn rλ∈ (R 1,∞)

w e have

lim
n ∞

(u 2 (rn , b) + (u′(rn , b) ) 2)  ∞.

If (u′(rn , b) ) 2 does no t tend to infin ity, then by the m ean value theo rem a new increasing se2
quence r′n  rλ can be found so tha t (u′(r′n , b) ) 2 ∞. T hu s, w ithou t lo ss of genera lity, w e

can assum e (u′(rn , b) ) 2 ∞. L et F (s) =∫
s

0f ( t) d t and E� ( r, b) = (u′( r, b) ) 2ö2+ F (u ( r, b) ).

Since (H 1) and (H 2) ho ld, w e have F Ε 0. H ence

lim
n ∞

E
� (rn , b) = ∞. (2. 3)

O n the o ther hand w e have

E�′(r, b) = -
(N - 1)

r
(u′(r, b) ) 2 Φ 0.

H ence

E
� (r, b) Φ E

� (R 1, b) = R - 2 (N - 1)
1 b2ö2,

w h ich con trad icts (2. 3) and thu s the lemm a is p roved.

N ow w e con sider ano ther fo rm of (2. 1) - (2. 2) :

u″+ Θf (u ) = 0　fo r　Ν< Ν1, (2. 4)

u (Ν1) = 0, u′(Ν1) = - b. (2. 5)

Fo r any b> 0, p rob lem (2. 4) - (2. 5) has a un ique so lu t ion u (·, b) w ho se m ax im al dom ain

of defin it ion in (0, Ν1) w ill be deno ted by (Ν(b) , Ν1). A funct ion u (Ν) is a so lu t ion of (2. 4) -

(2. 5) if and on ly if it sa t isf ies the in tegra l equat ion

u (Ν) = b (Ν1 - Ν) 2∫
Ν1

Ν
( t - Ν) Θf (u ( t) ) d t,　ΝΦ Ν1. (2. 6)

F rom (2. 6) it is clear tha t if u is a po sit ive so lu t ion in som e in terva l (Α, Ν1) w ith Α> Ν
～

(b) ,

then

u (Ν) Φ b (Ν1 - Ν) 　in　 (Α, Ν1). (2. 7)

T herefo re if Α> Ν
～

(b) the above so lu t ion can be ex tended to the left of Α. D eno te

Ν0 (b) = inf{Ν0 > Ν
～

(b) : u (Ν, b) > 0　in　 (Ν0, Ν1) }.

It fo llow s from L emm a 2. 2 tha t Ν
～

(b) = 0 if f sa t isf ies (H 1) and (H 2).

T he fo llow ing tw o lemm as are know n from [4 ] and [10 ].
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L emma 2. 3　 F or every b> 0 there ex ists a un ique p oin t Σ(b)∈ (Ν0 (b) , Ν1) a t w h ich u a tta ins

its m ax im um um (b) over th is in terva l. T he f unction b Σ(b) is con tinuously d if f eren tiable in

(0,∞).

L emma 2. 4　 L et f sa tisf y (H 1) , (H 2). T hen the d om a in of d ef in ition of u (·, b) is (0, Ν1)

and lim b ∞Σ(b) = Ν1, lim b ∞Ν0 (b) = Ν1. 　F u rtherm ore, lim b ∞um (b) = ∞.

D efine E (Ν, b) = (u′(Ν, b) ) 2ö2+ Θ(Ν) F (u (Ν, b) ) , F ( t) =∫
t

0f (s) d s . W e shall ob ta in the

fo llow ing lemm a.

L emma 2. 5　 L et f sa tisf y (H 1) , (H 2). T hen

lim
b ∞

E (Ν, b) = ∞

un if orm ly f or Ν∈[Ν0, Ν1 ].

Proof　Since
d

d ΝE (Ν, b) = Θ′(Ν) F (u (Ν, b) ) Φ 0 fo r Ν∈ (Ν0, Σ(b) ) , then

E (Ν, b) Ε E (Σ(b) , b) = Θ(Σ(b) ) F (um (b) ).

By the facts tha t lim b ∞Θ(Σ(b) ) = Θ(Ν1) and lim b ∞F (um (b) ) = ∞, w e have tha t

lim
b ∞

E (Ν, b) = ∞

fo r a ll Ν∈[Ν0, Ν1 ].

T he argum en ts above im p ly tha t fo r b> 0 sufficien t ly la rge, there ex ists a un ique so lu2
t ion u (r, b) fo r the p rob lem

(rN - 1u′)′+ rN - 1f (u ) = 0;　u (R 1) = 0, u′(R 1) = b

such tha t there ex ists Συ(b) > R 1 w ith u′(Συ(b) ) = 0 and lim b ∞Συ(b) = R 1. M o reover,

lim
b ∞

[ (u′(r, b) ) 2ö2 + F (u (r, b) ) ] = ∞

fo r a ll r∈[R 1, R 0 ].

Proof of Theorem 2. 1　T he m ain idea of the p roof is sim ila r to tha t in the p roof of T heo rem

A of [6 ]. W e on ly g ive the m ain differences here. L et (u (r, d ) , u′(r, d ) )≠ (0, 0) fo r a ll r∈

( Συ(b) , rυ). By defin ing t
2 (r, b) = u

2 (r, b) + (u′(r, b) ) 2 w e see tha t fo r b> 0 there ex ists a u2
n ique con t inuou s argum en t funct ion Η(r, b) , r∈[R 1, rλ) , such tha t

u (r, b) = t (r, b) co sΗ(r, b) ,　u′(r, b) = - t (r, b) sinΗ(r, b) ,　Η(Συ(b) , b) = 0.

N o te tha t fo r r∈ (R 1, Συ(b) ) , -
Π
2

< Η(r, b) < 0 and Η(R 1, b) = -
Π
2

. A n elem en tary ca lcu la t ion

show s tha t

Η′(r, b) = sin2Η(r, b) +
(f (u (r, b) ) +

n
r

u′(r, b) ) co sΗ(r, b)

t (r, b) .
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By the con t inuou s dependence of the so lu t ion s on the in it ia l condit ion s w e on ly need to p rove

tha t

lim
b ∞

Η(R 0, b) = ∞. (2. 8)

　　 (Since Συ(b)  R 1 as b ∞ and Η(Συ(b) , b) = 0, then Η(R 0, b) > 0. ) L et the num ber T in the

p roof of T heo rem A in [ 6 ] be R 1 + (R 0 - R 1) ö4 here. A lit t le m odifica t ion of the p roof of

T heo rem A in [6 ] im p lies tha t (2. 8) ho lds. T he p roof is com p lete.

Remark 1　W e can ob ta in the sim ila r resu lts by con sidering (2. 1) w ith the in it ia l va lue con2
dit ion s u (R 1) = 0 and u′(R 1) = - R

- (N - 1)
1 b, b> 0.

2. W e can also ob ta in infin itely m any rad ia l so lu t ion s of the equat ion (1. 1) sub ject to

one of the fo llow ing boundary condit ion s:

( i)　d u
d r

= 0 on ûx û= R 1 and u= 0 on ûx û= R 0,

( ii)　u= 0 on ûx û= R 1 and d u
d r

= 0 on ûx û= R 0.

Fo r the first case, w e con sider the p rob lem (2. 1) w ith the in it ia l va lue condit ion:

u (Ν1) = b > 0,　u′(Ν1) = 0.

L et E (Ν, b) be as in L emm a 2. 5. A lit t le m odifica t ion of the p roof of L emm a 2. 5 im p lies tha t

lim b ∞E (Ν, b) = ∞ un ifo rm ly fo r Ν∈ [ Ν0, Ν1 ]. T he sam e argum en ts as in the p roof of T heo2

rem 2. 1 then im p ly tha t the conclu sion is t rue.

W e can no t d irect ly u se the argum en ts in the p roof of case (i) to p rove case ( ii). In th is

case w e direct ly con sider the in it ia l va lue p rob lem

u″+ N - 1
r

u′+ f (u ) = 0,　r < R 0,

u (R 0) = b,　u′(R 0) = 0.

L et E (r, b) = (u′(r, b) ) 2ö2+ F (u (r, b) ). T hen

d E
d r

= -
N - 1

r
(u′) 2 Φ 0

fo r r∈ (R 1, R 0). T hu s, E (r, b) Ε E (R 0, b) = F (b). T h is im p lies tha t lim b ∞E (r, b) = ∞ fo r r

∈[R 1, R 0 ].

L et Ν= R 0- r, uζ (Ν) = u (r). T hen, w e know tha t E� (Ν, b) : = (uζ′(Ν, b) ) 2ö2+ F (uζ (Ν, b) ) 

∞ in [0, R 0- R 1 ] as b ∞. D efine t
2 (Ν, b) = uζ2 (Ν, b) + (uζ′(Ν, b) ) 2. W e see tha t fo r b> 0 there

ex ists a un ique con t inuou s argum en t funct ion Η(Ν, b) , Ν∈[0, Ν) , such tha t

uζ (Ν, b) = t (Ν, b) co sΗ(Ν, b) ,　uζ′(Ν, b) = - t (Ν, b) sinΗ(Ν, b) ,

Η(0, b) = 0.

T he sim ila r argum en ts to tha t in the p roof of T heo rem A in [6 ] im p ly tha t ou r conclu sion is

t rue.
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环形域上超线性边值问题的无穷多径向对称解

郭 宗 明
(河南师范大学数学系, 新乡 453002)

摘　要

本文揭示了一类超线性边值问题在环域上有无限多的正对称解, 此结果对非线性项的

增长性除超线性外无其它限制. 本文主要方法是相关常微分方程解的能量分析和相平面分

析.
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