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Abstract Some basic properties of dual cosine operator function are given The concept and charac-
terization of O-reflexivity with regpect to cosine operator function are first studied
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1 Introduction

L et X be aBanach ace andB (X ) the algebraof all bounded linear operator on X. A
one-parameter family c(t), t R, inB (X) satisfying c(o)= | and c(t+ s)+ c(t- s)= 2c(t)c
(s) is called a cosine operator functionon X. If for each x X, c(t)x is strongly continuous
in t, c(t) iscalled a strongly continuous cosine operator function on X. The asciated sine
function s(t) isdefined ass(t)x=J';c(s)xdx, X X, t R. Strongly continuous cosine oper-
ator functionshas been studied e g in [2][4- 9] LetX ~ denotes the dual aceof X, then
the cosine operator function ¢” (t)= (c(t)) " on X ~ is called its adjoint The duality theory
for strongly continuous cosine operator functionw as initiated by N agy in [5] Oneof the dif-
ficulties in dealing with dual cosine function is that the adjoint cosine function ¢” (t) of
strongly continuous cosine function c(t) in aBanach gpace X needed not be strongly continu-
ousin X ', unlessX is reflexive An adjoint consine function isweak * -continuous and is
weak * -generated by A *, the adjoint of the generator A of c(t). Some results about w eak
* -continuous consine operator function has been presented by [7]

In recent years, the duality theory, in particular the perturbation theory, for co-sami-
group has been extensively developed How ever, it seans that there has been no attempt to
oconsider the parallel theory for cosine operator function In this and follow ing paper, we
take an attempt to give some perturbation and duality result for cosine function w hich is
analogous to the theory for co-samigroup in [1]. In thispaperw e restrict ourselves to duality
theory. In section 2w e collect some basic properties about duality theory. A part result can
be found in [5] and [7] W e introduce the concept of sun-reflexivity (or 6-reflexivity) w ith
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repect to c(t), which is smilar to [1] and some characterizations of &-reflexivity are given
in section 3

In thispaper, elanentsof X ,X ~,X %etc are denoted by x,x ,x°, etc Weuse x,x’
and x ,x interchangeably to denotex (x), i e thevalueof x at x, whenever x X and
X X .
2 Basic property

L et X be aBanach gpace, and c(t) a strongly continuous cosine operator function, let
¢’ (t) denote the cosine function of adjoint operator on the dual pace and let A~ denote the
adjointof A. It isclear that ¢’ (t),t R, satisfiesc (0)= 1, ¢ (st )+ ¢ (s t)= 2¢" (s)
c (), I @WN=1cl andc” () iscontinuouson R w ith repect to theweak * opera-
tor topology of B (X *) . How ever itmay happen that ¢” (t) isnot a strongly continuousop-
erator function For example, takeX =L, (R), 1<p< o and (c(t)f) (x)= ‘32‘[1‘ (x+ )+ f

(x-t)], x,t R thenc (t) is strongly continuous cosine operator function on (L»(R)) " if
p> 1, but not for p= 1 Infact, ¢  (t) isnot strongly continuous (or even strongly measur-
able) inL” (R), see [2] Ex 3 4, ¢ (t) isnot strongly continuousoperator function in non-
reflexive Banach space in general

The next L enma collect somew ell-know n results, proof may be found in [6, 7]. We
shall use the notation s(t), defined by s(t)x=J'; c(s)xds, denoted the associated sine func-

tion Thenwehaveforx X andx X', x,s ()x’ =I; x,c (0x" ds, orequivalent-
* * t * *
ly s” (t)x :IOC (s)x " ds
Lenma2 1 (i) t>c ()x isweak * -continuous on R.
(i) x* D@ iff I c (Ox - x I =0o(f) (t>0) iff lmeot ¢ (Dx - x I <
+ o ie,A istheweak * -generator of c (t).
(i) ¢ (MDA )CD@") and L (Dx =A ¢ (Ux'=c (DA x forx” D) in
thew eak * -diff erentiable sense
(iv) s@Wpb@')CDb(@’) and 'g;c* (x =A"s ()x =s (HA 'x forx D@").

IS * * * * * * *
) I(JOC (P)x dpds:f;(t- s)c’ (9x'ds DA ") forevery x~ X', and
t
A]’O(t- s)ic’ (gx "ds= ¢ ()x - x'forx X7,
t
0(t- s)ic’ (A "x"ds= ¢ ()x - x forx" D@").

W hen X isnonreflexive, ¢’ (t) need not be strongly continuous and related to that is the
fact thatA ~ need not be densely defined Now w e define subgpace X ®of X “ onwhich ¢” (1) is
strongly continuous

Definition 2 2 X°= {x" X :lmcoc’ ()x =x"}
Let c®(t) be the restriction of ¢” (t) to X ®then c*(t) is strongly continuous cosine opera-
tor function and let A ® be the generator of ¢(1).

3% (j) X %isa closed linear subspaced X *, forevery s R, wehavec ()X °

L enma 2
cx?®
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(i) DA)Cxandforx” D@2 (¢ (M- 17)x 1 =t °1 A x I suposs=ill c(s)1 .
(iii) X°=D ("), or equivalently, X=R(AA ) (X ') forall A PQA).

(iv) DAY={x" D@ )Ax X%}andx D@ mpliesA x =A°x".

(v) D@ isweak * densein X .

(vi) If X isrelexivethen X=X " and A°=A ",

(i) P@A%)=P@A)=PA) and RAAD=R(AA") koforall A PA).

3 OBReflexivity and character izations

N extwepresent some argumentw hich is smilar to that for co-samigroup in [1], [3], [10]

For x° X°wedefine I xl = sup{| x,x® :x X, I xI <1} then X% - I ) isa
Banach gace since x’isclosed in X . Forx X, we introduce Il xIl *= sup{ | x,x° |: x°
X8 I x% <1} thenwe have

Lanma3 1 I xI *<ll xl =Ml xlI *, ¥Yx X whereM = oconst

Proof Itisclear that I xIl *= sup{ | x,x® | x® X% I x® =1}=<1 xIl foreveryx X.
By Lenma2 1 (v) andLemma 2 3 (ii) 2t'”'2c* (P)x"dPds D (A )Cx%and I ZI'IJ’Z

¢ (Mx dpPdsl =M Il x"II for snall |t|, whereM > 0 isa constant Hence

I xll = supf | x,zt‘?M‘“’Zc‘ (Ax dPds [ x" X ', xI <1

:sup{|2t'?l\/I'J-j.Zc(P)deds,x* x> x",0x'1 <1}

forevery x X andt R. By taking the Imit t>0Owehave ll xlI <M I xIl *, s we finish
the proof.

In otherwords, I - I *isanom equivalentw ith the original nom andw hen c(t) isa
contraction cosine operator function the two nom s are actually the same L et X * be the du-
al of X ®and ¢® () be the dual cosine function of c’(t) withweak * generatorA . W e can
now repeat the above procedure and obtain the domain of strongly continuity of & (1) in
X%, x®=D @?%), and c®(1) isa strongly continuous cosine function in X ®w ith generator
A% Note in particular that P(A %)= pa® )= pPa%= P )= PQA) andR (A, A®=R (A
AY) ®forall A PQA), clearly X = {x” X *:lmeoc® (Dx¥ = x"} and X CX ®since ¢
(t) is strongly continuous

Letj: X - X% be the canonical embedding given by jx,xe = x%x, j maps X into
X" ByLanma3d 1, j:X—>X * isan isometry not necessary surjective and j (X) isclosed in
X%, If X equippedw ith thenom Il - II *, then X can be enbeded in X ®, in case j mapsX
onto X ®we have

[c¢]

Definition 3 2 X iscalled Bref lexive (or sun-ref lexive) w ith repect to c(t) iff X=X %
W e have the follow ing characterization of ©-reflexivity:

Theorem 3 3 X isO- ref lexivew ith repect toc (t) iff X ®is B~ ref lexivew ith repect to
0
c ().

Theoran 3 4 X is Ore lexivew ith repect to c(t) iff R (AA) isweakly canpact in the
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X e-tqo ology sense

The proof of above two theorensare smilar to [3], [10] completely.
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