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Abstract　Som e basic p roperties of dual co sine operato r function are given. The concep t and charac2
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1. In troduction

L et X be a Banach space and B (X ) the a lgeb ra of a ll bounded linear opera to r on X . A

one2param eter fam ily c ( t) , t∈R , in B (X ) sa t isfying c (o) = I and c ( t+ s) + c ( t- s) = 2c ( t) c

(s) is ca lled a co sine opera to r funct ion on X . If fo r each x∈X , c ( t) x is st rongly con t inuou s

in t, c ( t) is ca lled a strongly con t inuou s co sine opera to r funct ion on X . T he associa ted sine

funct ion s ( t) is defined as s ( t) x =∫
t

0 c (s) x d x , x∈X , t∈R. St rongly con t inuou s co sine oper2
a to r funct ion s has been stud ied e. g. in [2 ] [4- 9 ]. L et X

3 deno tes the dual space of X , then

the co sine opera to r funct ion c
3 ( t) = (c ( t) ) 3 on X

3 is ca lled its ad jo in t. T he duality theo ry

fo r st rongly con t inuou s co sine opera to r funct ion w as in it ia ted by N agy in [5 ]. O ne of the d if2
f icu lt ies in dea ling w ith dual co sine funct ion is tha t the ad jo in t co sine funct ion c

3 ( t) of

st rongly con t inuou s co sine funct ion c ( t) in a Banach space X needed no t be strongly con t inu2
ou s in X

3 , un less X is reflex ive. A n adjo in t con sine funct ion is w eak 3 2con t inuou s and is

w eak 3 2genera ted by A
3 , the ad jo in t of the genera to r A of c ( t). Som e resu lts abou t w eak

3 2con t inuou s con sine opera to r funct ion has been p resen ted by [7 ].

In recen t years, the duality theo ry, in part icu la r the pertu rba t ion theo ry, fo r c02sem i2
group has been ex ten sively developed. How ever, it seem s tha t there has been no at tem p t to

con sider the para llel theo ry fo r co sine opera to r funct ion. In th is and fo llow ing paper, w e

take an at tem p t to g ive som e pertu rba t ion and duality resu lt fo r co sine funct ion w h ich is

ana logou s to the theo ry fo r c02sem igroup in [1 ]. In th is paper w e restrict ou rselves to duality

theo ry. In sect ion 2 w e co llect som e basic p ropert ies abou t dua lity theo ry. A part resu lt can

be found in [5 ] and [7 ]. W e in troduce the concep t of sun2reflex ivity (o r Η2reflex ivity) w ith
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respect to c ( t) , w h ich is sim ila r to [ 1 ] and som e characteriza t ion s of Η2reflex ivity are g iven

in sect ion 3.

In th is paper, elem en ts of X , X
3 , X

Ηetc. a re deno ted by x , x
3 , x

Η, etc. W e u se〈x , x
3 〉

and〈x
3 , x〉in terchangeab ly to deno te x

3 (x ) , i. e. the va lue of x
3 a t x , w henever x∈X and

x
3 ∈X

3 .

2. Ba sic property

L et X be a Banach space, and c ( t) a st rongly con t inuou s co sine opera to r funct ion, let
c

3 ( t) deno te the co sine funct ion of ad jo in t opera to r on the dual space and let A
3 deno te the

ad jo in t of A . It is clear tha t c
3 ( t) , t∈R , sa t isf ies c

3 (0) = I , c
3 (s+ t) + c

3 (s- t) = 2c
3 (s)

c
3 ( t) , ‖c

3 ( t)‖= ‖c ( t)‖ and c
3 ( t) is con t inuou s on R w ith respect to the w eak 3 opera2

to r topo logy of B (X 3 ) [ 5 ]. How ever it m ay happen tha t c
3 ( t) is no t a st rongly con t inuou s op2

era to r funct ion. Fo r exam p le, take X = L p (R ) , 1Φ p < ∞ and (c ( t) f ) (x ) = 1
2

[ f (x + t) + f

(x 2t) ],　x , t∈R then c
3 ( t) is st rongly con t inuou s co sine opera to r funct ion on (L P (R ) ) 3 if

p > 1, bu t no t fo r p = 1. In fact, c
3 ( t) is no t st rongly con t inuou s (o r even strongly m easu r2

ab le) in L
∞ (R ) , see [2 ] Ex. 3. 4, c

3 ( t) is no t st rongly con t inuou s opera to r funct ion in non2
reflex ive Banach space in genera l.

T he nex t L emm a co llect som e w ell2know n resu lts, p roof m ay be found in [ 6, 7 ]. W e

shall u se the no ta t ion s ( t) , defined by s ( t) x =∫
t

0 c (s) x d s, deno ted the associa ted sine func2
t ion. T hen w e have fo r x∈X and x

3 ∈X
3 ,〈x , s

3 ( t) x
3 〉=∫

t

0〈x , c
3 ( t) x

3 〉d s, o r equ iva len t2
ly s

3 ( t) x
3 =∫

t

0 c
3 (s) x

3
d s.

L emma 2. 1　 ( i) t c
3 ( t) x

3
is w eak 3 2con tinuous on R.

( ii)　x
3 ∈D (A

3 ) if f ‖c
3 ( t) x

3 - x
3 ‖= o ( t

2) ( t 0) if f lim t 0
+ t

- 2‖c
3 ( t) x

3 - x
3 ‖<

+ ∞ i. e. , A
3

is the w eak 3 2g enera tor of c
3 ( t).

( iii)　c
3 ( t)D (A

3 ) < D (A
3 ) and d 2

d t2
c

3 ( t) x
3 = A

3
c

3 ( t) x
3 = c

3 ( t)A
3

x
3

f or x
3 ∈D (A

3 ) in

the w eak 3 2d if f eren tiable sense.

( iv )　s
3 ( t)D (A

3 ) < D (A
3 ) and d

d t
c

3 ( t) x
3 = A

3
s

3 ( t) x
3 = s

3 ( t)A
3

x
3

f or x
3 ∈D (A

3 ).

(v )　∫
t

0∫
s

0 c
3 (Θ) x

3
d Θd s=∫

t

0
( t- s) c

3 (s) x
3

d s∈D (A 3 ) f or every x
3 ∈X

3 , and

A 3∫
t

0
( t - s) c3 (s) x 3 d s = c3 ( t) x 3 - x 3 f or x 3 ∈X 3 ,

∫
t

0
( t - s) c3 (s)A 3 x 3 d s = c3 ( t) x 3 - x 3 f or x 3 ∈D (A 3 ).

　　W hen X is non reflex ive, c
3 ( t) need no t be strongly con t inuou s and rela ted to tha t is the

fact tha t A
3 need no t be den sely defined. N ow w e define sub space X

Ηof X
3 on w h ich c

3 ( t) is
st rongly con t inuou s.

D ef in it ion 2. 2　 X
Η= {x

3 ∈X
3 : lim t 0c

3 ( t) x
3 = x

3 }.
L et c

Η( t) be the rest rict ion of c
3 ( t) to X

Η then c
Η( t) is st rongly con t inuou s co sine opera2

to r funct ion and let A
Η be the genera to r of c

Η( t).

L emma 2. 3[ 5 ], [ 7 ]　 ( i) X
Η

is a closed linea r subsp ace of X
3 , f or every s∈R , w e have c

3 (s)X
Η

< X
Η,
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( ii)　D (A
3 ) < X

Η
and f or x

3 ∈D (A
3 ) 2‖ (c

3 ( t) - I
3 ) x

3 ‖Φ t
- 2‖A

3
x

3 ‖sup 0Φ sΦ t‖c (s)‖.

( iii)　X
Η= D (A

3 ) , or equ iva len tly , X
Η= R (Κ,A

3 ) (X
3 ) f or a ll Κ∈Θ(A ).

( iv )　D (A
Η) = {x

3 ∈D (A
3 ) : A

3
x

3 ∈X
Η} and x

3 ∈D (A
Η) im p lies A

3
x

3 = A
Η

x
3 .

(v )　D (A
Η) is w eak 3 d ense in X

3 .
(v i)　If X is ref lex ive then X

Η= X
3

and A
Η= A

3 .
(v ii)　Θ(A

Η) = Θ(A
3 ) = Θ(A ) and R (Κ,A

Η) = R (Κ,A
3 ) ûX

Η f or a ll Κ∈Θ(A ).

3. Η-Ref lex iv ity and character iza tion s

N ex t w e p resen t som e argum en t w h ich is sim ilar to that fo r c02sem igroup in [1 ], [3 ], [10 ].

Fo r x
Η∈X

Ηw e define ‖x
Η‖= sup {û〈x , x

Η〉û: x∈X , ‖x‖Φ 1} then (X Η,‖·‖) is a

Banach space since x
Η is clo sed in X

3 . Fo r x∈X , w e in troduce ‖x‖1= sup {û〈x , x
Η〉û: x

Η∈
X

Η, ‖x
Η‖Φ 1} then w e have

L emma 3. 1　‖x‖1Φ‖x‖ΦM ‖x‖1, Π x∈X w here M = con st.

Proof　 It is clear tha t ‖x‖1= sup {û〈x , x
Η〉û: x

Η∈X
Η, ‖x

Η‖Φ 1}Φ‖x‖ fo r every x∈X .

By L emm a 2. 1 (v) and L emm a 2. 3 ( ii) 2t
- 2

∫
t

0∫
s

0 c
3 (Θ) x

3
d Θd s∈D (A 3 ) < X

Η and ‖2t
- 2

∫
t

0∫
s

0

c
3 (Θ) x

3
d Θd s‖ΦM ‖x

3 ‖ fo r sm all û tû , w here M > 0 is a con stan t. H ence

‖x‖1 Ε sup {û〈x , 2t- 2M - 1∫
t

0∫
s

0
c3 (Θ) x 3 d Θd s〉û: x 3 ∈X 3 ,‖x 3 ‖ Φ 1}

= sup {û〈2t- 2M - 1∫
t

0∫
s

0
c (Θ) x d Θd s, x 3 〉û: x 3 ∈X 3 ,‖x 3 ‖ Φ 1}

fo r every x∈X and t∈R. By tak ing the lim it t 0 w e have ‖x‖ΦM ‖x‖1, so w e fin ish

the p roof.

In o ther w o rds, ‖·‖1 is a no rm equ iva len t w ith the o rig ina l no rm and w hen c ( t) is a

con tract ion co sine opera to r funct ion the tw o no rm s are actua lly the sam e. L et X
Η3 be the du2

a l of X
Η and c

Η3 ( t) be the dual co sine funct ion of c
Η( t) w ith w eak 3 genera to r A

Η3 . W e can

now repea t the above p rocedu re and ob ta in the dom ain of st rongly con t inu ity of c
Η3 ( t) in

X
Η3 , X

ΗΗ= D (A Η3 ) , and c
ΗΗ( t) is a st rongly con t inuou s co sine funct ion in X

ΗΗw ith genera to r

A
ΗΗ. N o te in part icu la r tha t Θ(A ΗΗ) = Θ(A Η3 ) = Θ(A Η) = Θ(A 3 ) = Θ(A ) and R (Κ, A

ΗΗ) = R (Κ,

A
Η3 ) ûX ΗΗ fo r a ll Κ∈Θ(A ) , clearly X

ΗΗ= {x
Η3 ∈X

Η3 : lim t 0c
Η3 ( t) x

Η3 = x
Η3 } and X < X

ΗΗ since c

( t) is st rongly con t inuou s.

L et j: X  X
Η3 be the canon ica l em bedding given by〈jx , x

Η〉=〈x
Η, x〉, j m ap s X in to

X
ΗΗ. By L emm a 3. 1, j: X  X

Η3 is an isom etry no t necessary su rject ive and j (X ) is clo sed in

X
Η3 . If X equ ipped w ith the no rm ‖·‖1, then X can be em beded in X

ΗΗ, in case j m ap s X

on to X
ΗΗw e have

D ef in it ion 3. 2　 X is ca lled Η2ref lex ive (or sun2ref lex ive) w ith resp ect to c ( t) if f X = X
ΗΗ.

W e have the fo llow ing characteriza t ion of Η2reflex ivity:

Theorem 3. 3　 X is Η2 ref lex ive w ith resp ect to c ( t ) if f X
Η

is Η2 ref lex ive w ith resp ect to

c
Η( t).

Theorem 3. 4　 X is Η2ref lex ive w ith resp ect to c ( t) if f R (Κ, A ) is w eak ly com p act in the
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X
Η2top ology sense.

T he p roof of above tw o theo rem s are sim ila r to [3 ], [ 10 ] com p letely.
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余弦算子函数共轭性的一些结果

丁 天 彪
(华北水利水电学院, 郑州 450045)

摘　要

本文系统的给出余弦算子函数的共轭性理论, 并引入了余弦函数的 Η- 自反概念, 及给出

了一些基本特征.
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