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Abstract　F irst of all, th is paper show s clearly careless m istake of Ko rnai2W eibu ll queue mod2
el w ith the w ait ing buyers in J. Ko rnai

[4 ] , as w ell as Ko rnai2W eibu ll queue model w ithou t w ait2
ers

[5 ]. Secondly, st rict ly p rove that revised model has ‘no rm al state’, under mo re natu ral con2
dit ions. W e advance theo ry of Ko rnai2W eibu ll queue model such that deep ly understand an

abuse of the p lanned econom y.
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1. Korna i-W e ibull Queue M odel w ith the W a iting Buyers

J. Ko rnai and J. W. W eibu ll (1977) , (1978) , J. Ko rnai(1980) and H. Socnow ska (1988)

estab lish and research queueing model w ithou t w aiters in sho rtage econom y and try to give
the ex istence p roof of“no rm al state”. L iu X ingquan (1994) have show ed clearly careless
m istake of Ko rnai2W eibu ll queue model, co rrected th is model and gave b ifu rcated value S

3

by strict logical reason ing, and p rove that S < S
3

is a necessary and sufficien t condit ion un2
der w h ich revised model has“no rm al state”.

J. Ko rnai(1980) on ly gave Ko rnai2W eibu ll queue model w ith the w ait ing buyers. U p to
now , I did no t see that w ho gave ex istence p roof of“no rm al state”of Ko rnai2W eibu ll queue
model w ith the w ait ing buyers. F irst of all, th is paper show s clearly careless m istake of Ko2
rnal2W eibu ll queue model w ith the w ait ing buyers in J. Ko rnai (1980) , as w ell as Ko rnai2
W eibu ll queue model w ithou t w aiters ( see L iu X ingquan (1994) ). Secondly, strict ly p rove
that revised model has“no rm al state”, under mo re natu ral condit ions. W e advance theo ry of
Ko rnai2W eibu ll queue model, such that deep ly understand an abuse of the p lanned econo2
m y.

H ere, let us redescribe th is model. W e consider a m arket trading one good on ly. T he
p rice of the good is constan t. T h is good is being traded in indivisib le item s. Each buyer can
buy on ly one item. T here is on ly one seller and there are n buyers. T here is substitu te to be
so ld in ano ther m arket. It is assum ed that the substitu te is cheaper than the good and is
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availab le w ithou t queueing. A verage substitu te satisfaction tim e is sho rter than the good,
that is, the substitu te is inferio r to the good.

F irst of all, a buyer m ust decide w hether the p rice of the good is accep tab le fo r h im in
the p rocess of shopp ing. If he doesn’t accep t the p rice, he buys the substitue. If he accep t
the p rice, he considers the queueing tim e. If he accep t the queueing tim e, he jo ins the
queue. If he doesn’t accep t the queueing tim e, he considers either buys the substitu te, o r a2
gain considers w hether jo ins queue o r no t after w aits a period of t im e. If he buys the substi2
tu te, after substitu te satisfaction tim e, buyer again go in to new p rocess of shopp ing.
Q ueuer has bough t the good, after good satisfaction tim e, he also go in to new p rocess of
shopp ing.

So, at any tim e every buyer is either queueing, o r consum ing the good, o r consum ing
the substitu te, o r w ait ing. A t any tim e, w e deno te by y 1 ( t) the num ber of queueing buyers,
by y 2 ( t) the num ber of buyers consum ing the good, by y 3 ( t) the num ber of buyers consum 2
ing the substitu te, by y 4 ( t) the num ber of w ait ing buyers.

Constan t S is called the service capacity, it is the m ax im al num ber of buyers served per
t im e un it. W e deno te by R the service rate, it equal the num ber of buyers served per t im e u2
n it. F rom above relat ion the p rocess of shopp ing is described by the fo llow ing system of e2
quations.

d y 1

d t
= ΚΥ(y 1) (Χy 2 + x y 3) + ΩΥ(y 1) y 4 - R ,

d y 2

d t
= R - Χy 2,

d y 3

d t
= [1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (Χy 2 + x y 3) + Λ(1 - Υ(y 1) ) Ωy 4 - x y 3,

d y 4

d t
= Κ(1 - Λ) (1 - Υ(y 1) ) (Χy 2 + x y 3) + (1 - Λ) (1 - Υ(y 1) ) Ωy 4 - Ωy 4,

(1)

w here 0< ΚΦ 1 is the in it ia l buying p ropensity and depends on ly on the p rice of the good, 0

Φ Υ(y 1) Φ 1 is the queueing p ropensity and depends on the queue length y 1, 0< Λ< 1 is the

fo rced substitu te p ropensity, Χ> 0 is the need2renew al rate of the good, and x > 0 is the

need2renew al rate of the substitu te ( 1
Χ is average good sa t isfact ion t im e, and 1

x
is average

sub st itu te sa t isfact ion t im e) , Ω is the recon sider ra te of the w ait ing buyers ( 1
Ω is the average

w ait ing t im e of the buyer). J. Ko rna i regard.

R =
S , if　y 1 > 0,

0, if　y 1 = 0.

T h is view is un rea list ic. T he num ber of buyers served per t im e un it depends no t on ly on the

queue length y 1, bu t a lso on the num ber of buyers jo in ing the queue in the t im e un it

ΚΥ(y 1) (Χy 2+ xy 3) + ΩΥ(y 1) y 4. N o t ing tha t y 1+ y 2+ y 3+ y 4= n , w e have y 4= n - y 1- y 2- y 3.

W e deno te h (y 1, y 2, y 3) = y 1+ ΚΥ(y 1) (Χy 2+ xy 3) + ΩΥ(y 1) (n- y 1- y 2- y 3). T hu s

R = R (y 1, y 2, y 3) Χ
S , if　h (y 1, y 2, y 3) Ε S ;

h (y 1, y 2, y 3) , if　h (y 1, y 2, y 3) < S.
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　　T he revised queueing m odel w ith the w ait ing buyers is
d y 1

d t
= ΚΥ(y 1) (Χy 2 + x y 3) + ΩΥ(y 1) y 4 - R (y 1, y 2, y 3)

d y 2

d t
= R (y 1, y 2, y 3) - Χy 2,

d y 3

d t
= [1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (Χy 2 + x y 3) + Λ(1 - Υ(y 1) ) y 4 - x y 3,

d y 4

d t
= Κ(1 - Λ) (1 - Υ(y 1) ) (Χy 2 + x y 3) + (1 - Λ) Ω(1 - Υ(y 1) ) y 4 - Ωy 4,

A set Y = {y : y∈R
4, y j Ε 0 ( j = 1, 2, 3, 4) , y 1+ y 2+ y 3+ y 4= n} is ca lled a set of feasib le sta tes

of m arket. Pu t t ing y 4= n- y 1- y 2- y 3, w e have
d y
d t

= f (y ) , (3)

w here y =

y 1

y 2

y 3

,

f (y ) =

f 1 (y 1, y 2, y 3)

f 2 (y 1, y 2, y 3)

f 3 (y 1, y 2, y 3)

Χ

ΚΥ(y 1) (Χy 2 + x y 3) + ΩΥ(y 1) (n - y 1 - y 2 - y 3) - R (y 1, y 2, y 3)

R (y 1, y 2, y 3) - Χy 2,

[ 1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (Χy 2 + x y 3)

　 + ΛΩ(1 - Υ(y 1) ) (n - y 1 - y 2 - y 3) - x y 3

and a set of reduced feasib le sta tes Y = {y : y∈R
3, y j Ε 0 ( j = 1, 2, 3) , y 1+ y 2+ y 3Φ n}.

W e shall assum e tha t
( I)　Κ, Χ, x , Ω, Λ and S are con stan ts, and 0< ΚΦ 1, 0< Χ< x < Ω, 0< Λ< 1, S > 0;
( II)　T he funct ion Υ: [ 0,∞ ] [0, 1 ] is non increasing, of class C

1, w ith Υ(0) = 1, Υ(y 1)

< 1 (y 1> 0) , Υ(y 1) = 0 (y 1Ε n) ;

( III)　0< Χ< x < 1
2

;

( IV )　0Ε d Υ(y 1)
d t

Ε - 1- ΚΧ
ΚΧn

;

(V )　S < ΚΧn.

H ypo theses ( I) and ( II) are p ractical. H ypo thesis ( III) is easy to bring abou t so long

as w e select su itab le un it of t im e t. Fo r hypo thesis ( IV ) , w e nam e d Υ(y 1)
d t the m arginal

queueing p ropensity. d Υ(y 1)
dy 1

Φ 0 indicate clearly that queueing p ropensity is non increasing

w hen queue length y 1 increase. W e let the m arginal queueing p ropensity be larger

than o r equal to a specific num ber (- 1- ΚΧ
ΚΧn

). W hether has it som e argum en ts? T he answ er

is clear. It is a long2term sho rtage econom y that w e inspect. Buyers have been accustom ed

to queueing w hen shopp ing. T hey can’t ligh tly change their w ishes of jo in ing queue to w ait

fo r consum ing on ly since one buyer jo ins o r L eaves the above queue. Fo r hypo thesis (V ) ,

its in terp retat ion is very exp licit. T he direct o rigin of sho rtage is that the supp ly capacity is

lim ited.
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T he m ain resu lt of th is paper is the fo llow ing theo rem.

Theorem If hyp otheses ( I ) , ( I I ) , ( I I I ) , ( IV ) and (V ) hold , then sy stem (3) has on ly

un ique sta tionary p oin t yλ∈ In t Yϖ on the set Yϖ, and is g loba lly asymp totica lly stable on the set

Yϖ.

L et Zθ= (yθ1, yθ2, yθ3, n- yθ1- yθ2- yθ3)
T , then the set Y of feasib le states of system (2) is

32dim ensional stab le m an ifo ld of the stat ionary po in t Zθ , and yθ1> 0, yθ2> 0, yθ3> 0, n- yθ1- yθ2

- yθ3> 0. N ow , the stat ionary po in t Zθ is called the“no rm al state”of a m arket in sho rtage e2
conom y. A cco rding to the theo rem , if hypo theses ( I) , ( II) , ( III) , ( IV ) and (V ) ho ld,

then a m arket in sho rtage econom y have the“no rm al state”.

2. Proof of Theroem

By hypo theses ( I) and ( II) , w e have

5
5y 3

h (y 1, y 2, y 3) = - Υ(y 1) (Ω- Κς) Φ 0,

thu s

h (y 1, y 2, y 3) Ε h (y 1, y 2, n - y 1 - y 2) = y 1 + ΚΥ(y 1) (Χy 2 + x (n - y 1 - y 2) ) Χ H (y 1, y 2) ,

fo r any (y 1, y 2, y 3) T∈Yϖ. N o t ing tha t

5
5y 2

H (y 1, y 2) = - ΚΥ(y 1) (x - Χ) Φ 0,

w e know

H (y 1, y 2) Ε H (y 1, n - y 1) = y 1 + ΚΥ(y 1) Χ(n - y 1) Χ Η(y 1) ,

fo r any (y 1, y 2, n- y 1- y 2)∈Yϖ. F rom hypo thesis ( IV ) , w e ob ta in

d Η(y 1)
d y 1

= 1 - ΚΧΥ(y 1) + ΚΧ(n - y 1)
d Υ(y 1)

d y 1
Ε 1 - ΚΧ- ΚΧn

1 - ΚΧ
ΚΧn

= 0.

T hu s Η(y 1) Ε Η(0) = ΚΧn, fo r any 0Φ y 1 Φ n. In w o rds, fo r any (y 1, y 2, y 3) T∈Yϖ, f rom hy2
po thesis (V ) , w e ob ta in

h (y 1, y 2, y 3) Ε h (y 1, y 2, n - y 1 - y 2) Ε h (y 1, n - y 1, 0) Ε h (0, n , 0) = ΚΧn > S.

T h is show s, fo r any (y 1, y 2, y 3)∈Yϖ, w e have R (y 1, y 2, y 3)≡S.

T hu s righ t side of the system (3) becom e

f (y ) =

ΚΥ(y 1) (Χy 2 + x y 3) + ΩΥ(y 1) (n - y 1 - y 2 - y 3) - S

S - Χy 2

[1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (Χy 2 + x y 3)

　 + ΛΩ(1 - Υ(y 1) ) (n - y 1 - y 2 - y 3) - x y 3

(4)

Proposit ion 1　S y stem (3) has ex actly one sta tiona ry p oin t yθ∈ In t Yϖ on set Yϖ.
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Proof　 In o rder to find ou t the sta t ionary po in t of system (3) , w e m ay so lu te equat ion s.

ΚΥ(y 1) (Χy 2 + x y 3) + ΩΥ(y 1) (n - y 1 - y 2 - y 3) - S = 0,

S - Χy 2 = 0,

[1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (Χy 2 + x y 3)

　 + ΛΩ(1 - Υ(y 1) ) (n - y 1 - y 2 - y 3) - x y 3 = 0.

F rom second equat ion of system (5) , w e ob ta in y 2= S
Χ

(0< S
Χ < n ) , and to sub st itu te S

Χ fo r

y 2 in o ther tw o equat ion s of system (5) , w e ob ta in

ΚΥ(y 1) (S + x y 3) + ΩΥ(y 1) (n - y 1 -
S
Χ - y 3) - S = 0,

[ 1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (S + x y 3) + ΛΩ(1 - Υ(y 1) ) (n - y 1 -
S
Χ - y 3) - x y 3 = 0.

(6)

By now , in o rder to p rove p ropo sit ion 1, w e on ly need to dem on stra te tha t (6) has exact ly

one so lu t ion (yθ1, yθ3)∈ In t E on set E , w here

E = { (y 1, y 3) : y 1 Ε 0, y 3 Ε 0, y 1 + y 3 Φ n -
S
Χ}.

F rom hypo thesis ( II) , w e know tha t there ex ists y
3
1 ∈ (0, n ], such tha t Υ(y 1) > 0 (0Φ y 1<

y
3
1 ) and Υ(y 1) = 0 (y

3
1 Φ y 1Φ n). By first equa t ion of system (6) , w e know tha t po in t (y 1,

y 3)∈E is no t so lu t ion of system (6) fo r Υ(y 1) = 0. T hu s, y 1² [y
3
1 , n ]. L et y

3 3
1 = m in{y

3
1 , n

- S
Χ }, E

3 = { (y 1, y 3) : 0Φ y 3Φ n- S
Χ - y 1 (0Φ y 1< y

3 3
1 ) }.

U p to now , p roving p ropo sit ion 1 is equal to p roving tha t the system (6) has exact ly

one so lu t ion (yθ1, yθ3)∈ In tE 3 on E
3 . O n E

3 , f rom first equa t ion of system (6) , w e have

y 3 =
ΩΥ(y 1) (n - y 1 -

S
Χ) - S + ΚΥ(y 1)S

(Ω- Κς) Υ(y 1) .

To sub st itu te the righ t side of (7) fo r y 3 of second equat ion of system (6) , w e ob ta in

h (y 1) Χ [1 - Κ+ ΚΛ(1 - Υ(y 1) ) ]S + ΛΩ(1 - Υ(y 1) ) (n - y 1 -
S
Χ)

　 + [Κς + Λ(Ω- Κς) (1 - Υ(y 1) ) ]
(1 - ΚΥ(y 1) )S - ΩΥ(y 1) (n - y 1 -

S
Χ )

(Ω- Κς) Υ(y 1) = 0.

W e p rove tha t equat ion h (y 1) = 0 has so lu t ion yθ1∈ (0, y
3 3
1 ) on [0, y

3 3
1 ]. F irst of a ll,

h (0) = (1 - Κ)S + Κς
(1 - Κ)S - (n -

S
Χ )

Ω- Κς

=
Ω(1 - Κ+

Κς
Χ)S - ΚςΩn

Ω- Κς <
Ω(1 - Κ+

Κς
Χ) ΚΧn - ΚςΩn

Ω- Κς

< -
(1 - Κ) (ς - Χ) ΚΩn

Ω- Κς Φ 0,
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tha t is h (0) < 0. Secondly, w hen y
3
1 > n- S

Χ , tha t y
3 3
1 = n- S

Χ , w e have

h (y 3 3
1 ) = [1 - Κ+ ΚΛ(1 - Υ(n -

S
Χ) ) ]S

+ [Κς + Λ(Ω- Κς) (1 - Υ(n -
S
Χ) ) ]

(1 - ΚΥ(n -
S
Χ) )S

(Ω- Κς) Υ(n -
S
Χ)

> 0,

w hen y
3
1 Φ n- S

Χ , tha t is y
3 3
1 = y

3
1 , w e have lim y 1 y 3

1 - 0h (y 1) = ∞.

F rom h (y 1) is con t inuou s on [0, y
3 3
1 ) , w e know equat ion h (y 1) = 0 has so lu t ion yθ1∈ (0,

y
3 3
1 ) on [0, y

3 3
1 ]. To sub st itu te by yθ1 fo r y 1 of the righ t side of (7) , w e ob ta in yθ3. F rom h

(yθ1) = 0, w e can ob ta in tha t

[1 - Κ+ ΚΛ(1 - Υ(yθ1) ) ]S + ΛΩ(1 - Υ(yθ1) ) (n - yθ1 -
S
Χ)

　 = [Κς + Λ(Ω- Κς) (1 - Υ(yθ1) ) ]yθ3.

F rom [1- Κ+ ΚΛ(1- Υ(yθ1) ) ]S > 0, ΛΩ(1- Υ(yθ1) ) (n - yθ1- S
Χ

) > 0 and [ Κς+ Λ(Ω- Κς) (1- Υ

(yθ1) ) ]> 0, w e know yθ3> 0. To sub st itu te yθ1 and yθ3 fo r y 1 and y 3 of system (6) respect ively,

and first equa lity of system (6) added to second equality, w e ob ta in

Ω[Υ(yθ1) + Λ(1 - Υ(yθ1) ) ] (n - yθ1 -
S
Χ - yθ3) = Κ(1 - Λ) (1 - Υ(yθ1) ) (S + x yθ3).

F rom Κ(1- Λ) (1- Υ(yθ1) ) (S + x yθ3) > 0, Ω[Υ(yθ1) + Λ(1- Υ(yθ1) ) ]> 0, w e have

n - yθ1 -
S
Χ - yθ3 > 0.

T hu s 0 < yθ3 < n - S
Χ - yθ1, 0 < yθ1 < y

3 3 Φ n - S
Χ , th is m ean ( yθ1, yθ3 ) ∈ In t E

3 . In

o rder to p rove system (6) has exact ly one so lu t ion (yθ1, yθ3)∈ In tE on E , w e on ly need to

dem on stra te tha t the equat ion h (y 1) = 0 has exact ly one so lu t ion yθ1 on [ 0, y
3 3
1 ]. Fo r th is

pu rpo se, w e on ly need dem on stra te tha t fo r any yθ1∈ (0, y
3 3
1 ) , if h (yθ1) = 0, then

d
dy 1

h (yθ1) >

0. In fact,

d h (y )
d y 1 y 1= yθ1

= - ΚΛΥ
õ

(yθ1)S - ΛΩ(1 - Υ(yθ1) ) - ΛΩΥ
õ

(yθ1) (n - yθ1 -
S
Χ)

　 + Λ(Ω- Κς) Υ
õ

(yθ1)
ΩΥ(yθ1) (n - yθ1 -

S
Χ ) - (1 - ΚΥ(yθ1) )S

(Ω- Κς) Υ(yθ1)

　 - [Κς + Λ(Ω- Κς) (1 - Υ(yθ1) ) ]õ 1
(Ω- Κς) Υ2 (yθ1)

　õ {[ΩΥ
õ

(yθ1) (n - yθ1 -
S
Χ) - ΩΥ(yθ1) + ΚΥ

õ
(yθ1)S ]Υ(yθ1)

　 - [ΩΥ(yθ1) (n - yθ1 -
S
Χ) - (1 - ΚΥ(yθ1) )S ]Υ

õ
(yθ1) }
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N o ting tha t

yθ3 =
ΩΥ(yθ1) (n - yθ1 -

S
Χ) - (1 - ΚΥ(yθ1) )S

(Ω- Κς) Υ(yθ1) ,

w e have

d h (yθ1)
d y 1

= - ΚΛΥ
õ

(yθ1) (S + x yθ3) - ΛΩΥ
õ

(yθ1) (n - yθ1 -
S
Χ - yθ3)

　 - ΛΩ(1 - Υ(yθ1) ) - [Κς + Λ(Ω- Κς) (1 - Υ(yθ1) ) ]
- ΩΥ2 (yθ1) + Υ

õ
(yθ1)S

(Ω- Κς) Υ2 (yθ1)

　 Ε 1
(Ω- Κς) Υ2 (yθ1) {ΚςΩΥ2 (yθ1) - [Κς + Λ(Ω- Κς) (1 - Υ(yθ1) ) ]S Υ

õ
(yθ1) }

　 Ε ΚςΩ
Ω- Κς > 0.

Proposit ion 2　T he sta tiona ry p oin t yθ of sy stem (3) is asym p totica lly stable.

Proof　W e con sider

A Χ 5f (y )
5y y = yθ

=

a11 a12 a13　

a21 a22 a23　

a31 a32 a33　

,

w here

a11 =
5f 1

5y 1 y = yθ
= ΚΥ

õ
(yθ1) (Χyθ2 + x yθ3) + ΩΥ

õ
(yθ1) (n - yθ1 - yθ2 - yθ3) - ΩΥ(yθ1) ,

a12 =
5f 1

5y 2 y = yθ
= ΚΧΥ(yθ1) - ΩΥ(yθ1) ,

a13 =
5f 1

5y 3 y = yθ
= ΚςΥ(yθ1) - ΩΥ(yθ1) ,

a21 =
5f 2

5y 1 y = yθ
= 0,

a22 =
5f 2

5y 2 y = yθ
= - Χ,

a23 =
5f 2

5y 3 y = yθ
= 0,

a31 =
5f 3

5y 1 y = yθ
= - ΚΛ Υ

õ
(yθ1) (Χyθ2 + x yθ3) - ΛΩΥ

õ
(yθ1) (n - yθ1 - yθ2 - yθ3) - ΛΩ(1 - Υ(yθ1) ) ,

a32 =
5f 3

5y 2 y = yθ
= [1 - Κ+ ΚΛ(1 - Υ(yθ1) ) ]Χ- ΛΩ(1 - Υ(yθ1) ) ,

a33 =
5f 3

5y 3 y = yθ
= [1 - Κ+ ΚΛ(1 - Υ(yθ1) ) ]ς - ΛΩ(1 - Υ(yθ1) ) - ς.

T hu s, characterist ic po lynom ia l of A is

P (Κ) Χ det (ΚI - A ) = (Κ- a22) [Κ2 - (a11 + a33) Κ+ (a11a33 - a13a31) ].
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　　T h is show s, one characterist ic roo t of A is Κ1 = a22 = - Χ< 0, and o ther characterist ic

roo ts of A is roo ts of quadra t ic equat ion

Κ2 - (a11 + a33) Κ+ (a11a33 - a13a31) = 0.

Since a11Φ - ΩΥ(yθ1) < 0, a33= - Κ[ 1- Λ(1- Υ(yθ1) ) ]x - ΛΩ(1- Υ(yθ1) ) < 0, therefo re - (a11+

a33) > 0. N o ting tha t

a11a33 - a13a31

　 = [ - ΚΥ
õ

(yθ1) (S + x yθ3) - ΩΥ
õ

(yθ1) (n - yθ1 -
S
Χ - yθ3) + ΩΥ(yθ1) ]

　 õ [Κς + Λ(Ω- Κς) (1 - Υ(yθ1) ) ] + (Ω- Κς) Υ(yθ1)

　 õ [ - ΚΛΥ
õ

(yθ1) (S + x yθ3) - ΛΩΥ
õ

(yθ1) (n - yθ1 -
S
Χ - yθ3) - ΛΩ(1 - Υ(yθ1) ) ]

　 Ε Ω[Κς + Λ(Ω- Κς) (1 - Υ(yθ1) ) ]Υ(yθ1) - ΛΩ(Ω- Κς) (1 - Υ(yθ1) ) Υ(yθ1)

　 = ΚςΩΥ(yθ1) > 0,

w e know R eΚj < 0 ( j = 2, 3). In w o rds, the sta t ionary po in t yθ of system (3) is an asym p to t i2
ca lly stab le.

Proposit ion 3　 F or every y 0∈Yϖ there ex ists un ique solu tion y ( t; y 0) of sy stem (3) such tha t

y û t= 0= y 0 and y ( t; y 0) is d ef ined f or a ll tΕ 0 and y ( t; y 0)∈Yϖ f or a ll tΕ 0.

Proof　A cco rd ing hypo thesis ( I) , w e ex tend the range of defin it ion of Υ(y 1) to (- ∆, + ∞)

(∆> 0, enough sm all) , such tha t Υ(y 1) is m ono tone non2increasing and con t inuou sly d iffer2
en t iab le on (- ∆, + ∞). Con sequen t ly, the righ t side of system (3) is con t inuou s and sa t isfy

L ip schetz condit ion on the bounded dom ain

8 Χ {y : y ∈R 3, - ∆ < y 1, y 2, y 3 < n + ∆, y 1 + y 2 + y 3 < n + ∆}.

　　So, fo r every y 0∈8 , there ex ists exact ly one so lu t ion y ( t; y 0) of the system (3) on [0,

Β(y 0) ) , w here [0, Β(y 0) ) is a m ax im al in terva l to w h ich the so lu t ion ex tends righ t in the do2
m ain 8. U p to now , w e on ly need to p rove tha t fo r every y 0∈Yϖ, Β(y 0) = + ∞ and y ( t; y 0)∈

Yϖ ( tΕ 0). N o t ing tha t Yϖ is a bounded and clo sed set and Yϖ< 8 , on the basis of chap ter I of

H ale, Jack K. (1969) (T heo rem 2. 1) , w e on ly need p roving tha t fo r every y 0∈Yϖ, the so lu2
t ion y ( t; y 0)∈Yϖ (0Φ t< Β(y 0) ).

O n p lane L 1: y 1= 0 (0Φ y 2, 0Φ y 3, y 2+ y 3Φ n) ,

d y 1

d t
= Κ(Χy 2 + x y 3) + Ω(n - y 2 - y 3) - S Ε ΚΧ(y 2 + y 3) + ΚΧ(n - y 2 - y 3) - S

Ε ΚΧn - S > 0.

A cco rd ing to con t inu ity of funct ion f 1 ( y 1, y 2, y 3 ) , there ex ists the ∆( j )
1 > 0, such tha t

lim j ∞∆( j )
1 = 0 decreasing ly, and on p lane y 1= ∆( j )

1 (0Φ y 2, 0Φ y 3, y 2+ y 3Φ n- ∆( j )
1 ) , dy 1

d t
> 0 ( j

= 1, 2,⋯). O n p lane L 2: y 2= 0 (∆( j )
1 Φ y 1Φ n , 0Φ y 3Φ n - ∆( j )

1 , y 1+ y 3Φ n ) , dy 2

d t
= S > 0. A c2

co rd ing to con t inu ity of funct ion f 2 (y 1, y 2, y 3) , there ex ists ∆( j )
2 > 0, such tha t lim j ∞∆( j )

2 = 0
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decreasing ly, and on p lane y 2 = ∆( j )
2 (∆( j )

1 Φ y 1 Φ n - ∆( j )
2 , 0Φ y 3 Φ n - ∆( j )

1 - ∆( j )
2 , y 1 + y 2 Φ n -

∆( j )
2 ) , dy 2

d t
> 0 ( j = 1, 2,⋯). O n p lane L 3: y 3= 0 (∆( j )

1 Φ y 1Φ n- ∆( j )
2 , ∆( j )

2 Φ y 2Φ n- ∆( j )
1 , y 1+ y 2Φ

n) ,

d y 3

d t
= [1 - Κ+ ΚΛ(1 - Υ(y 1) ) ]Χy 2 + ΛΩ(1 - Υ(y 1) ) (n - y 1 - y 2)

Ε [1 - Κ+ ΚΛ(1 - Υ(∆( j )
1 ) ) ]Χ∆( j )

2 > 0.

A cco rd ing to con t inu ity of funct ion f 3 (y 1, y 2, y 3) , there ex ists ∆( j )
3 > 0, such tha t lim j ∞∆( j )

3 =

0 decreasing ly, and on p lane y 3= ∆( j )
3 (∆( j )

1 Φ y 1Φ n - ∆( j )
2 - ∆( j )

3 , ∆( j )
2 Φ y 2Φ n - ∆( j )

1 - ∆( j )
3 , y 1+ y 2

Φ n- ∆( j )
3 ) , dy 3

d t
> 0. L et

Yϖ1 = {y : y ∈R 3, ∆( j )
1 Φ y 1, ∆( j )

2 Φ y 2, ∆( j )
3 Φ y 3, y 1 + y 2 + y 3 Φ n},

then 5Yϖj = L
( j )
1 ∪ L

( j )
2 ∪ L

( j )
3 ∪ L

( j )
4 , w here

　L
( j)
1 : y 1 = ∆( j )

1 (∆( j)
2 Φ y 2 Φ n - ∆( j )

1 - ∆( j)
3 , ∆( j )

3 Φ y 3 Φ n - ∆( j )
1 - ∆( j )

2 , y 2 + y 3 Φ n - ∆( j )
1 ) ,

L
( j)
2 : y 2 = ∆( j )

2 (∆( j)
1 Φ y 1 Φ n - ∆( j )

2 - ∆( j)
3 , ∆( j )

3 Φ y 3 Φ n - ∆( j )
1 - ∆( j )

2 , y 1 + y 3 Φ n - ∆( j )
2 ) ,

L
( j)
3 : y 3 = ∆( j )

3 (∆( j)
1 Φ y 1 Φ n - ∆( j )

2 - ∆( j)
3 , ∆( j )

2 Φ y 2 Φ n - ∆( j )
1 - ∆( j )

3 , y 1 + y 2 Φ n - ∆( j )
3 ) ,

L
( j)
4 : y 3 = n - y 1 - y 2 (∆( j )

1 Φ y 1 Φ n - ∆( j )
2 - ∆( j)

3 , ∆( j )
2 Φ y 2 Φ n - ∆( j)

1 - ∆( j )
3 ,

　　　　　　　　　　y 1 + y 2 Φ n - ∆( j )
3 ).

W e know , there is dy 1

d t
> 0 on L

( j )
1 , there is dy 2

d t
> 0 on L

( j )
2 , and there is dy 3

d t
> 0 on L

( j )
3 . O n L

( j )
4 ,

the ou ter no rm al vecto r is (1, 1, 1) T , then w e have

(1, 1, 1) f (y ) û y∈L
(j )
4 = (1, 1, 1)

ΚΥ(y 1) (Χy 2 + x y 3) - S

S - Χy 2

[1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (Χy 2 + x y 3) - x y 3

　 = - Κ(1 - Λ) (1 - Υ(y 1) ) (Χy 2 + x y 3) Φ - Κ(1 - Λ) (1 - Υ(∆( j )
1 ) ) (Χ∆( j )

2 + x ∆( j )
3 ) < 0.

F rom th is, fo r every y 0∈Yϖj , so lu t ion y ( t; y 0)∈Yϖj (0Φ t< Β(y 0) ) , w here [ 0, Β (y 0) ) is a

m ax im al in terva l to w h ich the so lu t ion y ( t; y 0) ex tends righ t. F rom Yϖj < Yϖj+ 1 ( j = 1, 2,⋯) ,

∪∞j= 1Yϖj = In tYϖ and con t inuou s dependence of the so lu t ion y ( t; y 0) of system (3) on the in it ia l

va lue y 0, w e can dem on stra te tha t fo r every y 0∈Yϖ, a lso y ( t; y 0)∈Yϖ (0Φ t< Β(y 0) ).

Proposit ion 4　T he sta tiona ry p oin t yθ of sy stem (3) is g olba l asym p totica lly stable on Yϖ.

Befo re a ll, w e p rove tw o lemm a

L emma 1　 P lane triang le L : y 2= S
Χ

(0Φ y 1, 0Φ y 3, y 1+ y 3Φ n- S
Χ

) is stable m an if old of the

sta tiona ry p oin t yθ, tha t is f or every y 0∈L , w e have y ( t; y 0)∈L (0Φ t< ∞) , and lim t ∞y ( t;

y 0) = yθ.
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Proof　O bviou sly, y 2= S
Χ = yθ2 is con stan t so lu t ion of second equat ion of system (3) , there2

fo re L is o rb ita l m an ifo ld of system (3). Fo r every y 0∈L , w e have y 2 ( t; y 0) = S
Χ , and y 1 ( t;

y 0) , y 3 ( t; y 0) sa t isfy system
d y 1

d t = ΚΥ(y 1) (S + x y 3) + ΩΥ(y 1) (n - y 1 -
S
Χ - y 3 - S Χ f

δ
1 (y 1, y 3) ,

d y 3

d t = [1 - Κ+ ΚΛ(1 - Υ(y 1) ) ] (S + x y 3) + ΛΩ(1 - Υ(y 1) ) (n - y 1 -
S
Χ - y 3)

- x y 3 Χ fδ2 (y 1, y 3).

(8)

F rom P ropo sit ion 1, w e know
yθ1

yθ3
is un ique sta t ionary po in t of system (8) on L . F rom

P ropo sit ion 3, in o rder to p rove th is lemm a, w e on ly need to p rove tha t lim t ∞
y 1 ( t; y 0)

y 3 ( t; y 0)

=
yθ1

yθ3

. N o t ing tha t

　
5 fδ1

5y 1
= ΚΥ

õ
(y 1) (S + ςy 3) + ΩΥ

õ
(y 1) (n - y 1 -

S
Χ - y 3) - ΩΥ(y 1) ,

5 fδ2

5y 3
= [ 1 - Κ+ ΚΛ(1 - Υ(y 1) ) ]ς - ΛΩ(1 - Υ(y 1) ) - x = - Κx - Λ(Ω- Κς) (1 - Υ(y 1) ) ,

w e ob ta in

5 fδ1

5y 1
+

5 fδ2

5y 3
Φ - Κx < 0, fo r 0 Φ y 1, 0 Φ y 3, y 1 + y 3 Φ n -

S
Χ.

T hu s, acco rd ing to Bendix son discrim inan t (see G. San sone, and R. Con t i (1964) , Chap 4.

§2, T heo rem 21) , w e know tha t system (8) has no t clo sed o rb it on L . F rom P ropo sit ion 3,

w e know po sit ive sem i2o rb it of system (8)
y 1 ( t; y 0)

y 3 ( t; y 0)
∈L (0Φ t< ∞). N o t ing tha t L

is bounded and clo sed set, thu s Ξ2lim it set 8 of sem i2o rb it
y 1 ( t; y 0)

y 3 ( t; y 0)
( 0 Φ t < ∞) is

nonem p ty set and 8 < L . Since system (8) has no t any clo sed o rb it on L , therefo re un ique

sta t ionary po in t of system ( 8)
yθ1

yθ3

∈8 on L ( see P ioncare2Bendix son theo rem ). F rom

asym p to t ica lly stab ility of the sta t ionary po in t
yθ1

yθ3
and P ioncare2Bendix son theo rem , w e

dem on stra te tha t Ξ2lim it set 8 no t con ta in o rd inary po in t. T hu s 8 =
yθ1

yθ3

. O bviou sly, w e

have lim t ∞
y 1 ( t; y 0)

y 3 ( t; Y 0)
=

yθ1

yθ3

.

L emma 2　T here ex ists ∆> 0, such tha t f or every y 0∈D (L , ∆) , w e have lim t ∞y ( t; y 0) = yθ,

w here D (L , ∆) = Yϖ∩[∪y 3 ∈L {y : ûy - y
3 û< ∆} ].
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Proof　F rom asym p to t ica lly stab ility of the sta t ionary po in t yθ, w e know tha t there ex ists ∆0

> 0, such tha t fo r every y 0∈B (yθ, ∆0) Χ {y : û y - yθû < ∆0}, w e have lim t ∞y ( t; y 0) = yθ. Fo r

bounded and clo sed set Lδ= L öB (yθ, ∆0) , to app ly the con t inuou s dependence of the so lu t ion y

( t; y 0) on the in it ia l va lue y 0, w e dem on stra te tha t fo r every y
δ∈L

δ, there is ∆(y
δ) > 0 and T

(y
δ) > 0, such tha t fo r every y 0∈B (y

δ, ∆(y
δ) )∩Yϖ, w e have y (T (y

δ) ; y 0)∈B (yθ, ∆0) , therefo re

lim t ∞y ( t; y 0) = yθ. Set {B (yδ, ∆(yδ) ) }yδ∈Lδ∪{B (yδ, ∆0) } is one open covering of the bounded and

clo sed set L . T hu s, there ex ists ∆> 0 such tha t fo r every y 0∈L , w e have

B (y 0, ∆) < B (yθ, ∆0) ∪ [∪
yδ∈Lδ

B (yδ, ∆(yδ) ) ],

therefo re

D (L , ∆) < {B (yθ, ∆0) ∪ [∪
yδ∈Lδ

B (y
δ, ∆(y

δ) ) ]}∩ Yϖ.

O bviou sly, fo r every y 0∈D (L , ∆) , w e have lim t ∞y ( t; y 0) = yθ.

Proof of Proposit ion 4　F rom P ropo sit ion 2, w e know tha t the sta t ionary po in t yθ of system

(3) is asym p to t ica lly stab le. Fo r every y 0∈Yϖ, acco rd ing to P ropo sit ion 3, w e have y ( t; y 0)

∈Yϖ (0Φ t< ∞). If y 0∈D (L , ∆) , acco rd ing to L emm a 2, w e know lim t ∞y ( t; y 0) = yθ. If y 0

² D (L , ∆) , w e con sider

Ν(y ( t; y 0) ,L ) = inf
yδ∈L

{ûy ( t; y 0) - yδû}, fo r t Ε 0.

O bviou sly,

Ν(y ( t; y 0) ,L ) Φ 2 ûy 2 ( t; y 0) -
S
Χû.

F rom second equat ion of system (3) , w e know

y 2 ( t; y 0) = (y 20 -
S
Χ) e- Χt +

S
Χ,

w here (y 10, y 20, y 30) T = y 0, thu s

Ν(y ( t; y 0) ,L ) Φ 2 ûy 20 -
S
Χûe- Χt.

　　T herefo re, w e have T (y 0) > 0 such tha t Ν(y (T (y 0) ; y 0) , L ) < ∆, it m ean s y (T (y 0) ; y 0)

∈D (L , ∆). T h is show s lim t ∞y ( t; y 0) = yθ (see L emm a 2).

T he theo rem of Chap ter 1 fo llow s from P ropo sit ion 1, 2, 3 and 4.
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具有等待者的Korna i-W e ibull排队模型的修正与分析

刘 兴 权
(东北财经大学数量经济研究所, 大连 116023)

摘　要

这篇文章首先明确地指出,具有等待的买者的 Ko rnai2W eibu ll排队模型与没有等待者的

Ko rnai2W eibu ll排队模型具有相同的纰漏. 其次,本文在较自然的条件下严格地证明了修正后

的模型存在“正常状态”. 研究 Ko rnai2W eibu ll排队模型理论能够深刻地揭示计划经济的弊

端.
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