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Abstract First of all, thispaper show sclearly carelessm istake of Kornai"W eibull queuemod-
elw ith thew aiting buyers in J Kornai'”, aswell as Kornai'w eibull queuemodel w ithout w ait-
ers”. Secondly, strictly prove that revised model has ‘nomal state’, under more natural con-
ditions W e advance theory of Kornai"W eibull queue model such that deeply understand an

abuse of the planned economy.
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1 KornaiiW eibull QueueM odel with theW aiting Buyers

J Kornai and J W. W eibull (1977), (1978), J Kornai(1980) and H. Socnow ska(1988)
establish and research queueing model w ithout w aiters in shortage economy and try to give
the existence proof of“ nomal state”. L iu Xingquan (1994) have showed clearly careless
mistake of Kornai'W eibull queuemodel, corrected thismodel and gave bifurcated value S~
by strict logical reasoning, and prove that S< S~ is a necessary and sufficient condition un-
der w hich revised model has' nomal state”.

J Kornai(1980) only gave KornaiW eibull queuemodel w ith thew aiting buyers Up to
now, | did not see thatw ho gave existence proof of* nomal state” of Kornai‘W eibull queue
model w ith thew aiting buyers First of all, thispaper show sclearly carelessmistake of Ko-
rnal‘W eibull queue model w ith the w aiting buyers in J Kornai (1980), aswell as Kornai-
W eibull queue model w ithout waiters (seelL iu Xingquan (1994)). Secondly, strictly prove
that revissdmodel has' nomal state”, under more natural conditions W e advance theory of
Kornai‘W eibull qgueue model, such that deeply understand an abuse of the planned econo-
my.

Here, let us redescribe thismodel W e consider amarket trading one good only. The
price of the good is constant This good is being traded in indivisible items Each buyer can
buy only one item. There isonly one seller and there are n buyers T here is substitute to be
old in another market It is assumed that the substitute is chegper than the good and is
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available w ithout queueing A verage substitute satisfaction time is shorter than the good,
that is, the substitute is inferior to the good

First of all, a buyer must decidew hether the price of the good is acceptable for him in
the process of shopping If he doesn’'t accept the price, he buys the substitue If he accept
the price, he considers the queueing time If he accept the queueing time, he joins the
queue If he doesn’t accept the queueing time, he considers either buys the substitute, or a
gain considersw hether joins queueor not after w aits aperiod of tine If he buys the substi-
tute, after substitute satisfaction time, buyer again go into new process of shopping
Queuer has bought the good, after good satisfaction time, he also go into new process of
shopping

So, at any time every buyer is either queueing, or consuming the good, or consuming
the substitute, orwaiting A t any timne, we denote by y:(t) the number of queueing buyers,
by y2(t) the number of buyers consuming the good, by y:(t) the number of buyers consum-
ing the substitute, by y.(t) the number of waiting buyers

Constant S iscalled the service cgpacity, it is themaximal number of buyers served per
time unit W e denote by R the service rate, it equal the number of buyers served per time u-
nit From above relation the process of shopping is described by the follow ing system of e
guations

ddltl: Myi) (¥2+ xys) + Wy)y.- R,

dy: _ o .
at - R ¥,

dﬁf: [1- A+ (- Ry)) 1%+ xya) + u(l- Ry))Wye- xys,

(1)

Wiz A - Ry OF:+ xyd + (1~ W) (1= Ry Wa- W,

w here 0< A< 1 is the initial buying propensity and dependsonly on the price of the good, O
= @Ay,) =1 is the queueing propensity and dependson the queue length yi:, 0< u< 1 is the
forced substitute propensity, ¥> O is the need-renew al rate of the good, and x> O is the
need-renew al rate of the substitute ('? is average good satisfaction time, and -)J(‘ is average

substitute satisfaction time), ¥ is the reconsider rate of thew aiting buyers (‘(Jlj is the average
w aiting time of the buyer). J Kornai regard

S, if yi1> 0,
R = .
0, if yi1= Q
Thisviev isunrealistic The number of buyers served per time unit depends not only on the
gqueue length yi1, but al®o on the number of buyers joining the queue in the time unit
My1) (X2+ xys) + Wyl)yzl Noting that yi+ y2+ ys+ ys= n, we have ys= n- yi- yz- ys3
W e denote h(y1, yz,ys) = yi+ AHy1) (¥2+ xys) + ‘lmyl) (n- yi- y2- ys). Thus

s, it h(ysyzys) = S;
R= R(yisyzys) & i
sy v {h(yl,yz,ys), it h(ysyzys) < s
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The revised queueing model w ith thew aiting buyers is

dthl: My1) (B2 + xys) + l[»qf(yl)y4_ R (y1,y2,y3)

daltz: R(y1,yzys) - ¥e,

%Bf: [1- A+ Au(l- Ry))]10§2+ xys) + (- Rys))ya- xys,
T= A W@ RyD) (Fat xy) + (1- WL RyD)ya- W,

A stY={y:y R%yi=0(j=1,234), yi+ yo+ ys+ ys= n} iscalled a set of feasible states
of market Putting ys= n- yi- y2- ys3, we have

W=ty 3
Y1
wherey= |y,
E

f1(y1,y2,y3)
f(y) =|falys,yzys)
| f a(y1,y2,y3)
Mys) (Wz+ xys) + YRy) (n- yi- yz- ys) - Rysyzysa)
R (yl,yz,yg) - )S/z,
[1- A+ Aa(l- Ryd))]1(2+ xya)
+ u¥(1- Ry))(n- yi- ya- ys) - xys
and a set of reduced feasible states Y= {y:y R’ y;=0(j= 1,2,3), yi+ y2+ ys<n}.
W e shall assume that
(D AY,x,¥ pandS are constants, and 0< A<1, 0< < x< ¥, 0< u< 1, S> O
(11) The function ®[0, » ]- [0, 1] is nonincreasing, of classC', with 0)= 1, Hy1)
<1 (y1> 0), (Ryl): O(ylz n);
(1) 0< ¥ x< 7
(v) ozl 1Ak

=" TR
V) s<h
Hypotheses (1) and (1I) arepractical Hypothesis (I11) is easy to bring about s long

aswe select suitable unit of tme t For hypothesis (M), we nane dﬂdf’l the marginal

gueueing propensity. d(—s(;fl = 0 indicate clearly that queueing propensity is nonincreasing

>

when queue length y: increase We let the marginal queueing propensity be larger
than or equal to a gecific number (- l;\—}hw). W hether has it some arguments? The ansver

isclear. It isa long-tem shortage economy thatwe ingect Buyers have been accustom ed
to queueingw hen shopping They can’t lightly change their w ishes of joining queue to w ait
for consuming only since one buyer joinsor L eaves the above queue For hypothesis (V ),
its interpretation is very explicit The direct origin of shortage is that the supply capacity is
Iimited
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Themain result of thispaper is the follow ing theoram.

Theorem If hypotheses (1), (11), (111), (Iv) and (V) hold, then systan (3) has only
unique stationary pointy IntY on the set Y, and is globally asymptotically stable on the set
Y.

Let Z= (y1,yz ys n- yi- yz- ys)', then the set Y of feasible statesof systen (2) is
3-dimensional stablemanifold of the stationary point Z, andy:> 0,y2> 0, ys> 0, n- yi- y:
- y=> Q Now, the stationary point Z iscalled the' nomal state” of amarket in shortage e-
conomy. A coording to the theorem, if hypotheses (1), (1), (1), (M) and (V) hold,
then amarket in shortage economy have the® nomal state”.

2 Proof of Theroan

By hypotheses (1) and (II), we have
Enbnyayd) = - Ry) - WY =0

thus
h(ys,y2,ys) = h(yn,yz,n- yi- y2) = yi+ Myi) 2+ x(n- yi- y2)) 2H (y1,y2),
for any (y1,y2,ys)' Y. Noting that

@%H (yiys) = - My (x- N =0,

w e know
H (yny2) = H (yan- y1) = ya+ ARy) Y(n- yi) 2 6(y1),
for any (y1,y2n- yi- y2) Y. From hypothesis (M), we obtain

dBlvi) _ gy + -y B g sy ap Al g
dy: dy: Adh

Thus B(y1) = 6(0) = Adh, for any 0<yi1<n Inwords, for any (ys,yz ys)' Y, from hy-
pothesis (V ), we obtain
h(yi,y2,y3) = h(ys,yz,n- yi- y2) = h(yy,n- yi3,0) = h(0,n,0) = Ah> S

This shows, for any (y1,y2,ys) Y, we haveR (y1,y2,ys)=S.
Thus right side of the systan (3) become

Mys) (Wa2+ xys) + YRy (n- yi- yz- ya)- S
S- Xo
f = 4
=1 A M@ Ry 108+ xya) “
+ u¥(1- Ry))(n- yi- y2- ya) - xys
Proposition 1 Systen (3) has exactly one stationary pointy IntY on set Y.
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Proof Inorder to find out the stationary point of system (3), wemay lute equations
My1) (¥2+ xys) + WRy) (n- yi- y2- ys) - S= 0,
S- ¥2= 0,
[1- A+ aw(l- Hyd)) ] (¥2+ xys)
+ u¥(1- Ays)) (n- yi- y2- ys) - xys= Q
From second equation of systam (5), we obtain y2= -%;(0< -?Y-< n), and to substitute-?; for

y2 in other wo equationsof systen (5), we obtain

My:) (s + xys) + WRy) (n- yi- 5- ys)- S= 0, ©
6
[1- A+ M(1- Hy))]S+ xys) + w¥(1- Hy)) (- yi- F- ya) - xya= Q

By now, inorder to prove proposition 1, we only need to demonstrate that (6) has exactly
one olution (y1,ys) Int E on set E, where

E= {(y,ys):y1=0,y3=0, y1+ ys< n- %‘,}.

From hypothesis (11), we know that there existsy: (0, n], such that Hy:)> 0 (0=y:i<
y1 ) and Hy1)= 0 (y: <y:=n). By first equation of systen (6), we know that point (y1,
ys) E isnot lution of systen (6) for Ay1)= Q Thus, yi€ [yi,n]l Lety:r =min{yi,n
- 5} E'={(yn,y3a): 0=ya=n- 5- yi(0=yi<yi )}

Up to now, proving proposition 1 is equal to proving that the system (6) has exactly
one olution (y1,ys) IntE " onE’. OnE ", from first equation of systam (6), we have

Wy) (n- yi- ) - S+ MHy)s
a (V- ARy

To substitute the right side of (7) for ysof second equation of system (6), w e obtain

hy) 2 [1- A+ M- RyD)Is+ w¥(1- Ry)) (- yi- )

(1- My))S- Wy) (n- yi- )
PN R W (@ Ay)] Ry =0

W e prove that equation h(y1)= 0 has olutiony:  (0,y: ") on [0,y1 "] First of all,
(1- ¥s- (- )

h(0) = (1- NS+ X TR
Y- a+ %)s- Mho Y- A+ %)A}h- AXh
= Vo AX < Yo X
.. - A()p(_X-AXM Allhﬁo’
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that ish(0)< @ Secondly, wheny: > n- 5, thaty: "= n- <, we have

hyi ) =[1- A+ w(1- Rn- F)Is

s - M- s
£ I+ (- W@ Hn- )] < >0
- WHn- )
S

wheny: =n- 5, thatisy: "= yi, we have limy,y; - oh(y1) = .

From h(y:1) iscontinuouson [0,y: *), weknow equation h(y1)= 0 has solutiony: (0,
yi ) on[0,yi ] To substitute by y:for yiof the right sideof (7), weobtain ys From h
(y1)= 0, we can obtain that

[1- A+ M(1- )]s+ whd- D) (- yi- )

= [+ u(¥- M2 Ay))lys
From [1- A (- ®yD) ]S> 0, wl(1- HyD) (n- yi- )> Oand [N+ w(¥: ) (1- @

(y1)) 1> 0, weknow ys> Q To substitutey:and ysfor y:and ysof systan (6) regpectively,
and first equality of systan (6) added to second equality, w e obtain

VR + 1n(@- Ry 1= vi- 5o v = M- 0 @- Hy)) S+ xya).
From AL #) (1- ®y) (S+ xy9)> 0, V[Hy)+ u(1- Hy:))]> 0, we have
n- yi- 53; ys> Q
Thus 0< ya< n- 5- y5, 0< yi<y "~ =n- 5, thismean (y1,ys) ItE". In

order to prove systan (6) has exactly one olution (y1,ys) IntE on E, we only need to
demonstrate that the equation h (y:) = 0 has exactly one lution y1on [0,y1 ] For this

purpose, w e only need demonstrate that forany y:  (0,y: '), if h(y1)= 0, then ad‘h(ﬁ)>

Y1
Q In fact,
W wPEDs- - Ry - wPE) (- vie )
L Wy (- yi- ) - (- MRy))s
F W PG i

.1
I - WA D] G e
C{IWPG) (- yi- ) - WHY) + PGS IHY)

S ) (- yi- ) (- M)S1PG)
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Noting that
WD) (- yi- ) - (1 M)

¥s= T~ WHy)
w e have
Wl NP S+ ) - WPE) (- v S v
M ) - N R W (- )] Rl
N T—— T
= TG (PG - [+ k- W @ Ry)) ISP}

Proposition 2 The stationary pointy o systan (3) is asymptotically stable

Proof W e consider

aiu arz as
A é m = d21 A2z a3
@/ y=y
as. asz ass
w here

s = %1 = () OFz + xys) + WP (- yi- vz y9) - YRy,
a2 = -glj y=f: )\}(R)Z) - Wﬁ)a
an= 0| = 0 - W),
far = %ﬁ y=7: 0
82 = %ﬁ y=7: Y
az = %ﬁ y:?: 0,
aﬂ:%j = MRy OFz + xys) - PG (0- yi- ya- ye) - a1 Ry),
a32:%2 i [1- A+ Au(1l- Hy)) Y- w¥P(1- Hyw)),
a33:%§ = I A M- Ry IX- w¥a- RyD) - X

Thus, characteristic polynomial of A is
PN 2det(Al - A) = (A- axn) [¥- (au+ am)A+ (auass- asas) ]
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This show s, one characteristic root of A is &A= a== - ¥< 0, and other characteristic
rootsof A isrootsof quadratic equation

N - (a1 + ass) A+ (anass- amaxn) = Q

Sinceau<- YHy1)< 0, axn= - A[1- u(1l- Hy1))Ix- pu¥(1- Hy1))< O, therefore - (au+
aszs)> Q Noting that

aiiass - aisasi
= [ @)+ xy) - WE) (- vi- - ve) + YRyD)]
S+ - A (L AWy)) ]+ (Y- W Ry)
s [- Py S+ xys) - WG (n- yi- - ve) - wlA- HyD)]
= A+ u(W- A (L- Ay) 1Ry - w@- ) (L- Ay:) Ry
= XWMy.) > 0,

weknow ReA< 0 (j= 2,3). Inwords, the stationary point y of systam (3) isan asymptoti-
cally stable

Proposition 3  For every yo Y there exists unique solution y (t; yo) o systen (3) such that
y |=0= yoand y (t yo) isde ined for all t=0and y(t yo) Y forall t=0Q

Proof A coording hypothesis (1), we extend the range of definition of Hy1) to (- &, + )
(6> 0, enough snall), such that Hyi) ismonotone non-increasing and continuously differ-
entiableon (- &, + o). Consequently, the right sideof systam (3) iscontinuousand satisfy
L ipschetz condition on the bounded domain

QA {y:y R% - 8<yiys, ys< n+ & yi+ y2+ ys< n+ O

S0, for every yo Q, there exists exactly one olution y (t; yo) of the system (3) on [0,
B(yo)), where [0, B(yo)) isamaximal interval tow hich the solution extends right in the do-
main Q Up to now, weonly need to prove that for every yo Y, Blyo)= + o andy (t yo)
Y (t=0). Noting that Y isabounded and closed set and Y C Q, on the basisof chapter | of
Hale, Jack K. (1969) (Theorem 2 1), weonly need proving that for every yo Y, the olu-
tiony (tyo) Y (0=t< B(yo)).

OnplaneL 1 yi= 0 (o= y2, 0=<ys, yot y3= n),

dyy
dt

= A2+ xys) + Y(n- yo- ys) - S= Ay2+ ys) + AY(n- y2- ys) - S
=Ah- S>Q

A coording to continuity of function f: (yi, y2, ys), there exists the &’ > 0, such that
lim;-= &= 0 decreasingly, and on planey:= &’ (0<yz, 0<ys, yz+ ya=n- &), %> 0 (]
= 1,2, ). OnplaneLz yz= 0 (' <yi=n, 0=ys=n- &, yi+ ys=n), ¥=s>0 Ac
cording to continuity of function f 2(y1, yz,ys), there exists &> 0, such that limj-»&’= 0
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decreasingly, and on planey2= & (& <y:i<n- &, 0<ys<n- &- &, yi+ y.<n-
&), %> 0 (j= 1,2, ). OnplaneLs ys= 0 (&' <yi=n- &, & <y2=<n- &, yi+ yo<

n),
M:[l- A+ w(l- Ry))1¥2+ u¥(1- Ryd))(n- yi- y2)

>[1- A+ a(l- R))1YY > a
A coording to continuity of function f s(y1, y2,ys), there exists &> 0, such that Imj.. &=
0 decreasingly, and on planeys= & (&’ <y:i<n- & - &, & <y.<n- - &, yi+ y2
=n- &), %> Let
Yi= {y:y R: & <y, & <vys & <vys yi+ y2+ ys < n},
then &v;i=L{ LY LY L, where
L%tyiz (& <y,<n- &- &, F<ys<n- &- &, yo+ ys=<n- &),
LO:yoz (& <yisn- &- &, & <ys<n- &- &, yi+ ys<n- &),
LYtys= (@@ <yi<n- &- & & <y.<n- &- &, yi+ y2<n- &),
L9 yo= n- yi- ya(@ <yi<n- &- & & <yo<n- &- &,
yit y2<n- &).

IA

IA

W e know , thereis%‘tl> OonL &, thereis%‘tz> OonL ¢, and there isgd’f> OonL §. onL ¥,

the outer nomal vector is (1,1, 1)", thenwe have
My:) (¥2+ xys) - S
(LLDf ) |y 9= (L, L,D][S- X
[1- A+ Mm(l- Ays)) ]2+ xys) - xys
=- A1- W (1- Ry)) B2+ xys) =- AML- w) (1- HA)) (0 + x&) < Q

From this, for every yo Yj, solutiony (t yo) Y;(0=<t< B(yo)), where [0, B(yo)) isa
maximal interval tow hich the solution y (t; yo) extends right From Y;C Yi+1(j= 1,2, ),

iZ1Y;= IntY and continuous dependence of the solution y (t; yo) of systen (3) on the initial
value yo, we can danonstrate that for every yo Y, al® y (yo) VY (0=t< B(yo)).

Proposition 4 The stationary pointy o systen (3) is golbal asymptotically stable on Y.
Before all, we prove two lanma

Lenma 1 Plane trianglel : y2= '%;(Oﬁyl, 0=<vys, yi+ y3<n- '§;) is stablemanif old o the

stationary pointy, thatisfor every yo L, wehavey (tyo) L (0=<t< ®), and Imc=y (t

yo) = y.
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Proof Obviously, y2= '?7: y2 is constant @lution of second equation of systen (3), there-

foreL isorbital manifold of systen (3). For every yo L, we haveyz(t yo)= '§7, and y1 (t;
yo), ys(t yo) satisfy system

S ,\
d(f: My1) (S + xys) + UWRy1) (n- yi- y - Ysa- Séfl(yl,ys),

oo 1 A+ a(1- Fy)) ]S+ xys) + wbA- Ry)) (- yi- S- ys) (8
- Xys 2 fa(y,ya).

- yy o . . .
From Proposition 1, we know [:J is unique stationary point of systan (8) onL. From
y

yi (& y@J

Proposition 3, in order to prove this lenma, weonly need to prove that I'mw{ (t vo)
ys ;Yo

y1 .
= [:J . Noting that
y

A

%11: Py1) (S + Xys) + YP(ys) (n- y:- %,— ys) - WRy),

%f:= [1- A+ M(l- RAy))IX- w¥(1- Ry)) - x=- &x- p- X (1- Ayl)),

w e obtain
%ll+ %:S- X< 0 forO=<yi, 0=<ys yi1+ ya=<n- 'S)_,
Thus, according to Bendixson discriminant (see G Sansone, and R. Conti (1964), Chap 4
8 2, Theorem 21), we know that systen (8) hasnot closed orbitonL. From Proposition 3,
y1 (tyo)

L (0=<t< o). Noting that L
ys  (tyo)

w e know positive sami-orbit of system (8)

yi1 (tyo) - ,
ys (¢ yo)J (0=t< =) is

nonanpty set and QCL. Since systan (8) has not any closed orbit on L, therefore unique

isbounded and closed set, thus wlmit set Q of sami-orbit {

. . Y1 . .
stationary point of system (8) v QonL (see PioncareBendixson theorem). From
3

asymptotically stability of the stationary point {y_ﬂ and PioncareBendixoon theoren, we
3

demonstrate that wrlimit set Q not contain ordinary point Thus Q= {{y_ﬂ} Obviously, we
3

B y
. yr  (tyo) y1
have Ime« = .
y3 (t Yo) y3
Lenma 2 There exists & 0, such that for every yo D (L, ), we have Imuoy (t yo) =y,

whereD L,0)=Yn [ v {y: |y- y |< o]
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Proof From asymptotically stability of the stationary pointy, we know that there exists &
> 0, such that for every yo B (y, & 2{y: |y- y|< &}, we have Imewy (t yo)=y. For
bounded and closed setL =L /B (y, %), to apply the continuous dependence of the olution y
(t, yo) on the initial value yo, we demonstrate that for everyy L, thereisd(y)> Oand T
(y)> 0, such that for every yo B (y,d(y))nY, wehavey (T (y); yo) B (y, &), therefore
Ime=y(tyo)=y. Set{B(y,o(y))}, © {B(y, %)} isoneopen covering of the bounded and
closed setL. Thus, there exists & 0 such that for every yo L, we have

B (o ® CB .8 [ B(y,8()],

therefore

DL.OCBEE [ BN

Obviously, for everyyo D (L, ), we have Imewy (£ yo)=y.

Proof of Proposition 4 From Proposition 2, we know that the stationary point y of system
(3) isasymptotically stable For every yo Y, according to Proposition 3, we havey (t; yo)

Y (0<t<®). Ifyo D(L,?), according toLenma 2, we know Iimcey (tyo)=y. If yo
€D (L, 9, we consider

E(y (tyo),L) = inf{ |y (t yo) - y [} fort=a

Obviously,

E(y(tyo),L) < ‘/_Zl}/z(t; yo) - _S)_/|'

From second equation of systan (3), we know

y2(t yo) = (yz- S)})E' Ty S)}

w here (ylo,yzo,yso)T: yo, thus
yty),L) ={ 2lyo- Sle

Therefore, we have T (yo) > 0 such that E(y (T (yo); yo),L)< 6, itmeansy (T (yo); yo)
DL,d. Thisshowslimewy(tyo)=y (seeL enma 2).
The theoren of Chapter 1 follow s from Proposition 1, 2, 3 and 4
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