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Inner A ssociative Rings
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Abstract Influenced by the pgper of Zhang, herew e define inner asciative ringsfor non-asociative
rings, study and obtain some properties about these rings
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Throughout this pagper R denotes a nonasociative ring, i e, R= KL, where K isa
commutative ring w ith unit or a field andL a loop.

Definition 1 L et R be a non-associative R. R is said to be inner associative if every proper
subring o R is associative but R is non-associative

In this notew e study the inner asciative nature of loop rings, i e , loopsover ring
For more about looprings please refer to [1].

Definition 2 LetR bearing R issaid to be quasi-inner associative if R hasat least oneprop-
er subring w hich is associative

Proposition 1 L et R be a inner associative ring. Then R is quasi-inner associative
Proposition 2  Every quasi-inner associative ring need not be inner associative
Proof By an exanple TakelL = {e a1, a2, ,aistbeaset Define’ - " onL asfollows
ai*a= eforalla L e, a*e= e*a= a foralla L,
aj*a = a wheret= {2*j- i} mod15

foralli#zj, i,j {1,2, ,15} andai,a L e} ClearlyL isa loop.

Consider Z2= {0, 1} theprime field of characteristic two and let Z4 be the loop ring of
L over Z2 DenoteR= Z4. ClearlyR hasS= {0,et a1+ + ais} to beaproper subringof R
w hich isas®ciative HenceR= Z4 isaquasi-inner asociative ring ButR isnot inner aso-
ciative for take the subloop M = {e, a1, as, a7, aw, aiz}, M is nonasciative Consider ZM
w hich is clearly aproper subringof Z4 = R. Now ZM isanon-asciative propersubring of
Z4 = R. Now ZM isanon-asociativepropersubringof R £ Z4 = R isnot a inner ascia-
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tive ring Hence the clam.

Theoran 3 LetL beafinitelogp. K any field Thelog ring KL isalw ays quasi-inner asso-

ciative

Proof LetL={m:/i=1,2 ,n}, ie,L isaloop of ordern TakeK any field; KL the
loop ring of the loop L over the field K.

Now S= {O,aZ?zlmi/a K} isasubring of KL which isaasociative ring Hence the
clam.

Theoren 4 L etL bea pawer associative (diassociative logp). K any field. The logp ring KL

is quasi-inner associative

Proof Obvious by the every definition of pow er asciative or diaasciative loop s

L etL bean infinite loop; obtain conditions under w hich the loop ring KL w ill be

(i) quasi-inner associative;

(ii)  inner aswociative

Does there existsfinite loop L and K any field; such that the loop ring KL is inner aso-
ciative? Theansver is yes for if we takeL to be aloop given by the follow ing table L etL
= {e, a1, az, as, as, as}.

* e a1 a as as as
e e air a2z a3 a4 as
air | a1 e as as a2 a4
a | az as e as air as
as | a3 as a e as az
a4 a4 as as az e ai
as as az a4 ai as e

Z2= {0, 1} be the prime field of characteristic wo. Zd the loop ring of the loop L over Z2
Z4 isinner asciative easily verified L isal pow er asociative but not diasociative

Proposition 5 LetL beany logp inw hich x’= efor at least onex L Ne}. K any field The
lop ring KL is quasi-inner associative
Proof TakeS={0,m (1+ x)/m K} S isan aswciative subring of KL. Hence the clam.

Problen Doesthereexist aloopL such that itsloop ring KL for any field K isnot quasi in-
ner asociative? Characterize those loopsL such that its loop ring KL is inner asociative
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