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Abstract　 Influenced by the paper of Zhang, here w e define inner associative rings fo r non2associative

rings, study and obtain som e p roperties about these rings.
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T h roughou t th is paper R deno tes a nonassocia t ive ring, i. e. , R = KL , w here K is a

comm u ta t ive ring w ith un it o r a field and L a loop.

D ef in it ion 1　L et R be a non2associa tive R. R is sa id to be inner associa tive if every p rop er

subring of R is associa tive bu t R is non2associa tive.

In th is no te w e study the inner associa t ive na tu re of loop rings, i. e. , loop s over ring.

Fo r m o re abou t loop rings p lease refer to [1 ].

D ef in it ion 2　L et R be a ring. R is sa id to be quasi2inner associa tive if R has a t least one p rop 2
er subring w h ich is associa tive.

Proposit ion 1　L et R be a inner associa tive ring. T hen R is quasi2inner associa tive.

Proposit ion 2　 E very quasi2inner associa tive ring need not be inner associa tive.

Proof　By an exam p le. T ake L = {e, a1, a2, ⋯, a15}be a set. D efine“·”on L as fo llow s:

a i õ a i = e fo r a ll a i ∈L ø{e}, 　a i õ e = eõ a i = a i fo r a ll a i ∈L ,

a j õ a j = a t w here t = {2õ j - i} mod 15

fo r a ll i≠j , i, j∈{1, 2, ⋯, 15} and a i, a j∈L ø{e}. C learly L is a loop.

Con sider Z 2= {0, 1} the p rim e field of characterist ic tw o and let Z 2L be the loop ring of

L over Z 2. D eno te R = Z 2L . C learly R has S = {0, e+ a1+ ⋯+ a15} to be a p roper sub ring of R

w h ich is associa t ive. H ence R = Z 2L is a quasi2inner associa t ive ring. Bu t R is no t inner asso2
cia t ive fo r take the sub loop M = {e, a1, a4, a7, a10, a13 }, M is nonassocia t ive. Con sider Z 2M

w h ich is clearly a p roper sub ring of Z 2L = R. N ow Z 2M is a non2associa t ive p ropersub ring of

Z 2L = R. N ow Z 2M is a non2associa t ive p ropersub ring of R so Z 2L = R is no t a inner associa2
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t ive ring. H ence the cla im.

Theorem 3　L et L be a f in ite loop. K any f ield. T he loop ring KL is a lw ay s quasi2inner asso2
cia tive.

Proof　L et L = {m iöi= 1, 2, ⋯, n}, i. e. , L is a loop of o rder n. T ake K any field; KL the

loop ring of the loop L over the field K.

N ow S = {0, a 6
n

i= 1m iöa∈K } is a sub ring of KL w h ich is a associa t ive ring. H ence the

cla im.

Theorem 4　L et L be a p ow er associa tive (d iassocia tive loop ). K any f ield. T he loop ring KL

is quasi2inner associa tive.

Proof　O bviou s by the every defin it ion of pow er associa t ive o r d iaassocia t ive loop s.

L et L be an infin ite loop; ob ta in condit ion s under w h ich the loop ring KL w ill be:

( i)　quasi2inner associa t ive;

( ii)　inner associa t ive.

Does there ex ists f in ite loop L and K any field; such tha t the loop ring KL is inner asso2
cia t ive? T he an sw er is‘yes’fo r if w e take L to be a loop given by the fo llow ing tab le: L et L

= {e, a1, a2, a3, a4, a5}.

3 e a1 a2 a3 a4 a5

e e a1 a2 a3 a4 a5

a1 a1 e a3 a5 a2 a4

a2 a2 a5 e a4 a1 a3

a3 a3 a4 a1 e a5 a2

a4 a4 a3 a5 a2 e a1

a5 a5 a2 a4 a1 a3 e

Z 2= {0, 1} be the p rim e field of characterist ic tw o. Z 2L the loop ring of the loop L over Z 2.

Z 2L is inner associa t ive easily verif ied. L is a lso pow er associa t ive bu t no t d iassocia t ive.

Proposit ion 5　L et L be any loop in w h ich x
2= e f or a t least one x ∈L ø{e}. K any f ield. T he

loop ring KL is quasi2inner associa tive.

Proof　T ake S = {0,m (1+ x ) öm ∈K }. S is an associa t ive sub ring of KL . H ence the cla im.

Problem　Does there ex ist a loop L such tha t its loop ring KL fo r any field K is no t quasi in2
ner associa t ive? Characterize tho se loop s L such tha t its loop ring KL is inner associa t ive.
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