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Abstract　T he inequality of arithm etic m ean and harmon ic m ean is generalized to the po sit ive

defin ite m atrix. W ith th is inequality, w e get the op tim al p ropert ies of Bayes unb iased est i2
m ates.
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1. In troduction

If Ω is a po sit ive random variab le and the expecta t ion of Ωex ists, then the arithm et ic2har2
m on ic inequality im p lies

E ΩΕ (E Ω- 1) 　o r　E Ω- 1 Ε (E Ω) - 1. (1)

W e w ill genera lize th is inequality to m atrix. N ow if X is a po sit ive defin ite random m atrix,

and EX is f in ite, then

EX Ε (EX - 1) - 1 　o r　EX - 1 Ε (EX ) - 1. (2)

T h is is equ iva len t to saying tha t EX - (EX
- 1) - 1 and EX

- 1- (EX ) - 1 are nonegat ive defin ite

m atrices.

By the above inequality, the op t im al p ropert ices of Bayes unb iased est im ates m ay be

p roved. A s in the book [1 ], the fo llow ing resu lts a re know n.

L et Ηbe a param eter and t be a sta t ist ic w ith

E { tûΗ} = Η,　E {Ηû t} = t (3)

and E t
2 is f in ite. T hen

Η= t　 a. s, (4)

i. e. , the t is an idea l est im ate of Η. In the sam e book, it is po in ted ou t tha t the fin iteness of

E t
2 is no t necessary. In [2 ], the fo llow ing resu lts a re p roved.
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1. 　 If E û tû< ∞, then (4) fo llow s from (3).

2. 　 If tΕ 0 a. s. , then (4) fo llow s from (3).

In th is paper, w e ex tend the above resu lts to the case tha t Ηand t are m atrices.

2. An exten sion of the inequa l ity

Fo r a m atrix A , if it is non2negat ive, then it is deno ted by A Ε 0. So A Ε B m ean s tha t A

- B Ε 0.

L emma 2. 1 　 If X is a p × p rand om p ositive d ef in ite m a trix w ith f in ite EX and EX
- 1 ,

then

EX Ε (EX - 1) - 1 　o r　EX - 1 Ε (EX ) - 1. (5)

Proof　Since fo r any m atrix Y , Y
T
X Y Ε 0. N ow let Y = (EX ) - 1- X

- 1, then

0 Φ ( (EX ) - 1 - X - 1) TX ( (EX ) - 1 - X - 1) = (EX ) - 1X (EX ) - 1) + X - 1 - 2 (EX ) - 1.

T ake expecta t ion in bo th sides of the inequality w e get

0 Φ E (EX ) - 1X (EX ) - 1) + EX - 1 - 2 (EX ) - 1 = EX - 1 - (EX ) - 1,

0 Φ (EX ) - 1 + EX - 1 - 2 (EX ) - 1.

T he p roof has been com p leted.

F rom the above p roof w e have the fo llow ing co ro lla ries.

Corollary 2. 1　 (EX ) - 1= EX
- 1

if f X = EX a. s.

Corollary 2. 2　 T he d eterm inan ts of EX and EX
- 1

a re rela ted by det (EX
- 1) det (EX ) Ε 1.

Corollary 2. 3　E {X
- 1ûF }Ε (E {X ûF }) - 1

f or any Ρ2f ield F .

3. Bayes unb ia sed estima tor

N ow w e con sider the case w here Ηand t∈R
p.

Theorem 3. 1　 If E tt
T

is f in ite and

E { tûΗ} = A Η, E {Ηû t} = B t w ith B A = I p , (6)

then

Η= B t　a. s. (7)

Proof　By direct com pu ta t ion s w e have

B (E ttT )B = B E ( tE {ΗT û t}) = B E (E {ΗT û t}) = B E ( tΗT ) = E (B tΗT ).

O n the o ther hand,

B (E ttT )B = E (B tΗT ) T = E (ΗtTB T ) = E (ΗE { tT ûΗ}B T ) = E (ΗΗTA TB T ) = E ΗΗT.
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N ow com b in ing the above equat ion s w e conclude tha t

E (Η- B t) (Η- B t) T = E ΗΗT - EB tΗT - E ΗtTB T - EB ttTB T = 0. (8)

T h is resu lts in Η= B t a. s. T he p roof has been com p leted.

In the linear m odel, E {y ûΗ}= A Ηand the co rresponding least est im ato r of Η is

(A TA ) - 1A T = : B y ,

w here B sa t isf ies tha t B A = I. N ow if the second m om en ts of the com ponen ts of y are fin ite,

then from T heo rem 3. 1 w e drive tha t

Η= B y　a. s. (9)

N o te tha t w e m ay get a sim ila r conclu sion if Ηand t in the T heo rem 3. 1 are m atrices. T he

fo llow ing lemm a fo llow s direct ly from the arithm et ic2harm on ic inequality.

L emma 3. 1　If A ∈R
p×p

is a p ositive d ef in ite m a trix sa tif y ing tha t 1
p

t r (A ) = 1 and det (A )

= 1, then A = I.

Theorem 3. 2　If ( and T∈R
p×p

a re p ositive d ef in ite m a trices sa tisf y ing

E {( ûT } = T 　and　E {T û ( } = ( , (10)

then ( = T a. s. ,

Proof　F rom (10) , w e get

E (( - 1T ) = E (E {( - 1T û ( }) = I ,

and

E (T - 1
2 ( T - 1

2 ) = I.

N ow let X = T
- 1

2 ( T
- 1

2. It is clear tha t X
- 1= T

1
2 ( - 1

T
1
2 and EX = I. H ence w e have

1 =
1
p

t rE (( - 1T ) =
1
p

t rE (T
1
2 ( - 1T

1
2 ) =

1
p

t rEX - 1

Ε [det (EX - 1) ]
1
p Ε [det (EX ) ]- 1

p Ε [det ( I ) ]- 1
p = 1.

So w e have p roved tha t EX
- 1 = I = EX . By the Co ro lla ry 2. 1 w e ob ta in X = I a. s. . T he

p roof has been com p leted.
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