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Abstract The inequality of arithmetic mean and harmonic mean is generalized to the positive
definite matrix. W ith this inequality, we get the optimal properties of Bayes unbiased esti-
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1 Introduction

If ¥isapositive random variable and the expectation of ¥ exists, then the arithm etic-har-
monic inequality mplies

EVY= E¥YYH or EV'= EVY (1)

W ew ill generalize this inequality to matrix Now if X is apositive definite random matrix,
and EX isfinite, then

EX = (EX ' ')"' or EX '= (EX) * (2)
This is equivalent to saying that EX- (EX ') *and EX '- (EX)  *are nonegative definite
matrices
By the above inequality, the optimal propertices of Bayes unbiased estimates may be
proved A sin the book [1], the follow ing results are know n
L et ©be aparameter and t be a statisticw ith
E{t|6s = 6 E{O]} =t (3)
and Et’ isfinite Then
0=t as (4)
i e, thetisan ideal estinateof 6 In the same book, it ispointed out that the finiteness of
Et’ isnot necessary. In [2], the follow ing results are proved
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1 KE|t|< e, then (4 followsfrom (3).
2 Ift=0a s, then (4) followsfrom (3).
In thispaper, we extend the above results to the case that Oand t arematrices

2 An extension of the inequality

For amatrix A, if it isnon-negative, then it isdenoted byA =0 SoA =B meansthatA
-B=Q

Lenma 2 1 If X isap X p randan positive def initematrix with finite EX and EX " ',
then

EX = (EX )" or EX '= (EX) * (5)
Proof Since for any matrix Y,Y'XY=Q Now let Y= (EX) *- X %, then
0=< ((EX) '- X' H'™X((EX) - X = (EX) X(EX) )+ x ' 2(Ex)
T ake expectation in both sides of the inequality w e get
0<E(EX) X(EX) )+ EX '- 2(EX) '= EX - (EX) 1}

0=< (EX) '+ EX '- 2(EX) *
T he proof has been completed
From the above proof w e have the follow ing corollaries

Corollary 2 1 (EX) '= EX 'iff X=EX a's
Corollary 2 2 Thedeterminants  EX and EX " are related by det(EX ") det(EX )= 1

Corollary 2 3 E{X '|F}= (E{X |F}) ‘for any cfield F.
3 Bayesunbiased estimator

Now w e consider the casewhere Oand t R".
Theorem 3 1 If Ett' isfinite and
E{t|6f = A6 E{B|t} = BtwithBA = I,, (6)
then
6= Bt as (7)

Proof By direct computationsw e have
B (Ett')B = BE(tE{6 |}) = BE(E{O |[§}) = BE (1) = E® D).
On the other hand,
B(Et')B = E@tH) = E('B") = E(OE{t' |BB") = E(66A™B") = EOH.
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Now combining the above equationsw e conclude that
E(6- Bt)(B- Bt)'= EOF - EBtB - E®K'BT- EBtt'B' = Q (8)

Thisresultsin &=Bta s Theproof has been completed
In the linear model, E{y |8= A Band the correpponding least estimator of 8 is

A'A) AT =:By,
whereB satisfiesthatBA = I. Now if the seoond momentsof the componentsof y are finite,
then from Theoren 3 1w e drive that
6= By as (9

Note thatwemay get a smilar conclusion if and t in the Theoram 3 1 arematrices The
follow ing lenma follow s directly from the arithm etic-charmonic inequality.

Lenma3 1 If A R""isapositivede initematrix satifying that -;'; tr(A)= 1and det(A)
=1, thenA=1
Theoren 3 2 If ®and T R"*" are positive def initem atrices satisying

E{@|T}=T and E{T |6} = O (10)
then ® T a s,
Proof From (10), we get

E(@'T)= E(E{®@'T|6}) = 1,

and
E(T 20T 2) = |
L L . Sl 1 g1
Now letX=T 20T 2 ItisclearthatX =T20 'T2and EX=1. Hencewe have
1= ‘;‘trE(@’ T) = ';‘trE(T%@’lTJZL) = ';‘trEX' !

> [det(EX" )17 = [det(EX)] ? = [det(1)] » = 1

So we have proved that EX ‘= |= EX. By the Corollary 2 1weobtain X=1a s. The
proof has been completed

References

[1] D.Blackwell andM. A. Girshick, Theory o gamesand statistical decisions, JohnW iley, 1954
[2] P J Brickel and C L. M allows, A note on unbiased B ayes estimates, Statistical Rs Reports, AT &T,
Bell L aboratory, 49(1987).

— 227 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



