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Abstract  Thispaper devises the theory of universal resdua intersection. The mainresult is
that in an extendon of Rof theform S= R(X) = R[ X]mR[ X], thereisan s- resdual
intersection URI(s; 1) of 1S, it hasthe propertiesthat given any s- resdua intersection J
of 1in R, URI(s; 1) isesentidly a deformation of J, and isthe locdization RI(s; 1) nR
[ X] of the generic s- resdua intersection RI(s; 1) of I.
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1. Introduction

In 1972, Artin and Nagata [ 1] introduced the concept of resdual intersection of an ided , they
did not explicitly define thisconcept but roughly speaking if X isan algebraic variety and Y isaclosed
subscheme in X contained in aclosed scheme Z, then a resdua intersectionof Yin Zisaclosed sub-
sheme W suchthat W Y = Z.Let X and Y betwo irreducible closed subschemesof a Noetherian
shemes Z with CodimzX <CodimzY =sandY & X, then Y iscdled a resdud intersection of X if
the number of equations needed to define X Y asa subscheme of Zisthe smallest posible, namey
s. However , inorder to include the case where X and Y are reducible with X possbly containing sosme
component of Y, in 1988, Huneke and Ulrich [6] gave the following more genera definition.

Definition 1!®  Let R be a Noetherian ring and let | beanideal of R, s = ht(1) and A =(a;, |,
a) Cl, withAZ 1, setJ=A:1l,if ht(J) =s, thenJissaidtobeans- residual intersection of |
(with respect to A) . If furthermore |, = Apforallp V(I) ={p Sec(R):1 CP} withht(p)
<s, then wesayJ is a geometric s- residual intersection of I.

Propertiesof resdua intersection and in particular their Cohen - Macaulayness have been studied
in[1],[3],[4], [6]. Further more, Huneke and Ulrich defined the generic resdua intersection
and studied their properties. Usng generic resdud intersection, they obtained some beautif ul results
(See [6], [8]).
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In section two , we devise the theory of universa resdud intersection and give some properties and gpplications. Our
main theorem is that in an extenson of R of theform S= R(X) = R[ X]mr(x; , thereisa s- resdua intersection URI
(s; 1) of 1S, it hasthepropertiesthat given any s- resdua intersection Jof Iin R, URI(s; I)isesentidly a dforma
tionof J, andisthelocaztion RI(s; 1) mgpx) Of the generic s- resdud intersection RI(s; 1) of I, thus mativating the
study of universal resdua intersection.

2. Universal residual inter section

In this section, we will briefly develop the theory of universd resdua intersection and give ome
properties and application.
Before we proceed , more definitions are needed.

Definition 2. 11 An ideal I in a Noetherian local ring R is called Strongly Cohen - Macaulay
(abbr. SCM) if all Koszul homology modules of some ( and hence every) generating set of | are Co
hen - Macaulay (abbr. CM) modules.

Examples (1) Inalocd CM ring, dmost complete intersection CMideds are SCM (see [5] 1.13).
(2) Let | beanided of aloca Gorengeinring R and satisfy
(@ M) =ht(1)+2,
(b) lisCM,
then Avramov and Herzog'? proved that 1 is SCM.

Definition 2.2'"7  Let (R, 1) and (S,J) be pairs where R, S are Noetherian rings, and | CR, J
CSareidealsor | = RorJ=S.

() (R,1) and (S,J) areisomorphic (Write =) if there is an isomorphism of rings @: R
S with a(1) =J.

(b (R,1) and (S,J) areequivalent (Write =) if there are finite sets of variables X and
Z such that (R[ X], IR[ X]) =(S[ z],3S[ Z]).

(c) Let R, Shbhelocd, then (R,I) and (SJ) are genericaly equivdent (Write =) if there are
finite stsof variables X and Z, such that (R(X) ,IR(X)) =(S(2) JS(2).

Definition 2.3 In addition to the assumption in 2.2,let R, S belocal,

(1) (S,J) isadeformationof (R, 1) if thereisasequencea= a;, ,anin S which is regu-
lar on S and S/ Jsuch that (S/ (a) ,(J,a)/(a)) =(R,1).

(2) (S,J) isesentially a deformation of (R, 1) if thereis a sequence of pairs (S;,J;) ,1<i
< n, suchthat (S;,J1) = (R, 1), (Sn,Jdn) =(S,J) and for any 1< i< n, oneof the following
conditions is satisfied :

(a)  (Si+1,3i+1) =((S),(Ji)p) forsomep Sec(S),

(b (Si+1,Jdi+1) isadeformation of (S;i,J;),

(00 (Si+1,3i+1)= (Si,J).

The main focusin this section is universal and generic reddual intersection, whose definitions we
now define and recdl.

Definition 2.4 Let R be a Noetherian ring, let | = Rwiths>1, orlet | #0 be an R- ideal satis
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fying Gs+1wheres=max{1, ht(1)}, Further let L: fi, ,fnbeageneratingset of | and let X be
a genericsx n matrix and set (a) "= X(fy, ,fn) 'wherethe' t” stands for the transpose.

(a) RI(s;f) =(a) R[ X]:IR[ X] CR[ X]iscalled the generic s - residual intersection of |
with respect to the generatingset . ([6] 3.1) .

(b)) Let (R, m) belocal, R(X) = R[ X]mRr[x]

URI(s; f) =(a) R(X) :IR(X) CR(X) iscalled the universal s- residual intersection of |

with respect to f .

Remark 2.5 Generic and universa resdua intersection can be viewed as the naturd generdization of
generic and universd linkage. From their definitions, we know that if Risalocal CM ring, | isan R
- ideal , the generic ht( 1) - resdual intersection coincides with thefirst generic linkage; the universa
ht (1) - reddua intersection coincides with thefirst universa linkage.

Proposition 2.6 Let R, |, sheasin definition 2. 4, choose two generating sequences f_: fi, ,fn
and kl: hi, ,hnof I, let X bea genericsXx n matrix and Z be a genericsx m matrix, Then
(a) (R[ X],RI(s; f)) = (R[ Z], RI(s; E)) , Moreover the isomorphism defining this equiv-

alence is R- linear (See [8].2.2);
(b)  (R(X),URI(s;f))= (R(2),URI(s;h)).

Proof Weonly prove (b). Snce f and hare generatorsof |, we may supposethat f Ch, and by in-
duction ,it even suffices to show the result forh=1f , h, Write
h= 3% rifj,for r; R and definean R- isomorphism;
9:R[ X,Z] - R[ X, Z] with
o(Xij) =Zj+1jZin+1 ,for 1<i<s,1<j<n,
0(Z;) =X;j,for1<i<s,1<j<n,
0(Zin+1) =Zn+y ,for 1<i<s.
Obvioudy @ can be extended to an autonmormphisn) onS= R( X, 2). Observe that for dl 1<i<s,

P ( Xiifj) = (Zj + 11Zinsp) fj = Ziff; + Zi(n+p rif
J_Z_ it jz ij i%i(n i jZIJI i(n ZJI

= Z Zijfj + Zi(n+1) h.
]
Thus if we write
(a)' = (a1, ,a)' = X(f1, ,fa),

()" = (b, .b)"'= Z(f1, ,fa, ",
thenY (&) = bforl<i<s, snceWP (IS) =1S, it follows that
Y (URI(s;fr, ,fn)S) =W ((a)sS:1S)

= (llJ(g) S) . IS = (E)S:IS = URI(s;f1, ,fa,h)S.
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Therefore, we have proved that

(R(X),URI(s;D) = (R(2),URI(s;h). #

This propostion shows that up to equivaence of pairsin the sence of 2.2 (b) , the definition of
(R[ X],RI(s;f)) only dependson | and s, but not on the choice of f. Hence we write RI(s; 1)

ingead of RI(s;f). Wecdl RI(s; 1) the generic s- resdud intersectionof I. Likewise up to gener-
ic equivalence of pairsin the senceof 2.2 (c) , (R(X) , URI(s; f))only dependson | and s, but not
onthe choice of f. Hence we write URI (s; 1) forURI(s; f) and cdl URI(s; 1) the universa s -

resdua intersection of I.
Next we lis some elementary propertiesof universa resdua intersection.

Proposition 2.7 Let Rbe alocal CM ring, and | be a CM R - ideal satisfying Gs+1 wheres =
grade(1) >0, let RI(s; 1) CR[ X] be any generic s- residual intersection and let URI(s; 1) CR
(2) beany universal s- residual intersection of I. Then

(a) (R(X),RI(s;1) R(X)) = (R(2),URI(s;1)),

(b)  (Rol X, RI(s; 1) Ro[ XI) = (Ro[ X],RI(s; 1p)) for p Spec(R),

(9 (Ry(2),URI(s; 1) Ry(2)= (Ry(2) ,URI(s; 1)) forp Spec(R),

(d) RI(s; 1) isageometrics- residual intersection of IR[ X],

(e) URI(s; 1) isas- residual intersection of IR(Z).

Proof From the definition, we have the following facts:

(R(X) ,RI(s; 1) R(X)) = (R[ XImr; x1, RI(S; I) mrr x)) isauniversdl s- resdud intersection of 1 ;

(Ro[ X1, RI(s; 1) Ry[ X]) =(R[ X] ®R,, RI(s; 1) ®Ry)isageneric s- reddud intersction of 1,;

(Rp(2) ,URI(s; 1) Rp(2)) =(R(2) pR(Z) ,URI(s; 1) pR(2Z))isauniversa s- reddud in
tersection of 1.

Then claims (a) , (b) , (c) followsfrom the above because generic (anduniversal) resdua inter-
sections are unique up to (generic) equivaence.

(d) Snce | satifies Gs+1,Lemma3.2in [6] showsthat RI(s; I) isactualy a geometric s -
resdud intersection of IR[ X].

(e istrivd. #

The following observation will play an important role in our later discusson. It clarifies the rea
tions between generic and arbitrary resdud intersection, between universal and arbitrary resdua in
tersection, thus motivating the study of universa resdua intersection.

Theorem 2.8 Let R be a local Gorenstein ring and | be a SCM ideal satisfying Gs+1, where s>
grade(1) =1, let RI(s; 1) beagenerics- residual intersection of | in R[ X] and let URI(s; 1) be
a universal s- residual intersection of | in R( X) , andJ be an arbitrary s- residual intersection of
I in R. Then

(a) Thereexistsq Spec( R[ X]) suchthat (R[ X]q4, RI(s; 1)g) isadeformationof (R,J)
([8] 1.5).

(b) (R(X),URI(s; 1)) isesentially a deformation of (R,J).

Proof  Weonly to prove (b). Part (b) followsfrom (a) , Snce (R(X) ,URI(s;1))= (R(X),RI
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(s; 1) R(X)) , by propodtion 2.7(a) and snce R( X) isalocdization of R[ X]qwith repect to the
primeidea mR[ X]g. #

To provide further motavation we are now going to list some rather natura classes of exanmples
which al turn out to be the locdization of generic resdual intersections.

Example 2.9 Let (R, m) bealoca CM ring,letl = (fy, ,f,) beaSCM ided of grade g=1 sat-
idyingGe , thenin T=R[ X3, ,Xn,V],

RI(n,(I,V)) = (an|X|an|f| = O,in - fi:i = 1, ,n)

and T/ RI(n;(1,V)) =R[It,t" '] (See[4]). therefore
URI(n; (1,V)) = RI(n; (1,V)) mrrx,, . x,.V]

= (ijiXi:ijifi =0,VXi - fizi =1, ) mrix, .x.v]-
Example 2.10 Let (R, m) bealoca CM ring, let Z be ageneric (r- 1) x r matrix (r =2) with
maximal minors 1, , .,let Y beageneric (s- r+1) x r matrix (s> r) , and let X be the
generic s X r matrix (‘5) , Huneke and Ulrich [8] studied the generic (s- r +1) - resdual intersec
tion RI(s- r+1; 1, , ) CR[ X] of the generic perfect grade 2 ided 1,.,:(2) CRJ[ Z],

Ri(s- r+1;1,.1(2) = RI(s- r+1;( 1, , 1)) = 1.(X),
therefore URI(s- r+1;1,-1(2)) = 1:(X) mr[x]-

Example 2.11 Let (R, m) bealocal CM ring, lety,, ,yqgbearegular sequencein R, let X bea
generic sx g matrix (s> g) , let

(a1, ,a)' ' = Z(y1, .y9".
Thenin R[ X1,

RI(s;y1, .Y = (a1, ,a,lg(X)) (See[6]),
URI(s;y1, ,Yg = (a1, ,a,1g(X)) R(X) = (a1, ,a,I1g(X)) mrix]-
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