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On Absol ute Convergence of Bernstein Polynomials

Li Zhongkai
(Dept. of Math. , Capita Normad University , Beijing 100037)

Abstract This note is devoted to the study of the ablute convergence of Bernstein polynomids. It isproved
that for eech x [0,1], the sequence of the Bernstein polynomiadsof afunction of bounded variation is abso>
lutdy summable by | C,1| method. Moreover , the estimate of the remaindersof the| C,1| sum of the s=
guence of the Berngtein polynomidsis obtained.
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The Bernstein polynomias B, (f; x) of afunction f definedon [0,1] are

Bn(fix) 3 _Zf(‘rjl‘) Py i (), pai(X) =[J-n X(1- )"0

A classcdl result isthat if f isof bounded variation on [0,1] , thenfor each x in (0,1) , lim, . Bh

(f;x) :‘12‘(f (x+0) +f(x-0)). A quantitative eastimate was proved by Cheng'"! and refined by

Chen and Guo'?!. Meanwhile, it iswell known that the sequence { B,,(f; x)} of Bernstein polynomi-
asis monotonic with repect to n whenever f isaoconvex function, that means B,(f; x) £ Bn.1(f;
X) , © that {Bn(f; x)} isablutdy convergent , namely

hZ| Bn.1(f;x) - Bp(f;x) | < o (1)
holdsat x where B,(f; x) converges. In addition, we have the following s mple conclusion.

Proposition If f Cl[O,l] and n"w(f ,n 1) < oo, then {B,(f;x)} is absolutely conver-
gent for each x [0,1].

Proof An eementary computation shows that

Boa(fi%) - Balfi) = STHICETD - 105 + (1= D 1GFDIpas(0
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n-1
<2nlw(f:nY an,,—(x) <2nlw(f:nY
j,

which proves (1) under the condition that 5 n~ Wwf:nh<swn, O

It isimpossble to convince that (1) holdsfor generad functions, even for that of bounded varia
tion. However , it is meaningful to consder the absolute summability of Bernstein polynomiasin some
weaker snse, for example, the| C,1] summability. Infact , we shal give an estimatefor the remain-
dersof the| C,1| sumsof the Bernstein polynomiasof functionsof bounded variation.

Theorem Let f be of bounded variation on [0,1]. Then for each x [0,1], {B,(f; x)} is abso
lutely summable by the Cesaro method | C,1| of order 1. Moreover, for x (0,1)

1« x+(1-x)//T< n
Ra(f,x) < MOO{7T 5 VIgd ||~ 1 log(2 + )
+!f(x+0)-f(x)!j_r!]f(x-o)-f(x)!}, )

where
Ra(f;x) = ”Zlo-m-l(f;x) -0n(f;x) |,

Om(f;x) = #kZBk(f;X)y

f(t) - f(x+0),t> x;
gx(t) =90, t = x;
f(t) - f(x-0,1t< x,
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zvs tnpan(X) ,0< t <1;
0, t=0

Kn(x,t) =
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Proof of the Theorem If x=0or 1, (2) isobvioussnce B,(f;0) =f (0) and B,(f;1) =f(1). For
afixed x (0,1) , writting
F() - F(x) = g(t) + (F(x+0) - F(x))(t- x)%+ (F(x-0 - f(x))(x- 1,
where (u)% =1if u>0and (u)% =0if u< 0, we have
Ra(f:Xx) < Ra(ge,x) +| F(x+0) - f(x) ] Ra((-- x)%;x%)
+] F(x-0) - F(x) ] Ra((x--)%;x).
It followsfrom (3) and (4) that

o

Ro((x - )% %) = Z_J—' mB((x =25 - Y B((x-)%% |

m(m - 1)
= WZ“—J—m(m- I m Y pnc() - 5 %R k)]
= Y mm D! MG o) - 5 s 00 )

= Ox("zm-3/2) = Ox(n-llz),

and by the same way , Rn((- - x)% ;%) = O,(n Y?).

Writting
1
Ra(gxi 0 = [ ge(1) dika(x, 1), (5)
if follows that
Ra(gx; x) = mZm_(mJ—l)l mMBm (gx; X) - ZB/(gx;X)l
°° 1
Al ICACE RSN

With a gecial understand to the integration of the Lebesgue- Stieltjes’ type’ and ater integration by
parts, we find that

o

) s Y —— Lo LAn(xD ]
Ra(gai) = % T |‘[OAm(x,t)dgx(t)|sjonZ (m -1 | de(1. (6

Making use of the lemma, we have

o

Ap(x, t

<2 m [ Am(x,%) |+ An(x,1) - An(x,x) |]
2 mm-1 <2 3
+2 m-2| Am(xlt)l
m>|><Zt|'2
2 12 32 - 4
= Oy m(m’'*+ m¥%| x- t]) + }
" ms|><-t|_2 m>|x-t|'2 m2| X - t|2
= Ox(1), wuniformlyfort [0,1],t # X,
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Z% = 0 ym 7% = 0u(n'"?)

and

m(m - 1) 4 m’| x- t]?
Qg‘n X - I|2+‘2)
= X ’ i L] ’ ¢ .
Ox{ nl x- 12 uniformly fort [0,1],t # X

Substituting these into (6) and integrating by parts, it follows that

Sy “Tlog(n(x - 1%+2)
Rn(gx.x) = OX{_I.O o X - t)2+ d(- V(gx)

X ><+'1—_X
) +I 2P dge(b) |
t * In

n(
1 024 t
V (g«
+'[X+Jﬁl°g"““—")—2ln(t_ 07 d(v(e| )
'y 2 X+J_Tx
1 X XE»/l-w _ + X n
= 0V (00| +Af, mgm_x_o_an(t_ 07 V(ed| dirvigd|
Jn
1 1 1 Iog(n(t- }{)2_,_2) t
+ \Y X + \Y X dt}.
n (g) X I><+‘1zX n(t- X)2 (g) X }
Taking the substitutions t = x - — and t = x + =X intheintegras [ & x40 and [Yia-gi/nre
/n /n
ectively , we get
><+J-Tx X + f
1 u n u
Ra(gi0) = O4TV(g) | + V(g -, V(90 0g(2 + ) du)
0 - nj1 .. =< u
Ju Ju
n X+ -k
= 07 Y V(g log(2 + )}
k& X_T/_X-
k

This completes the proof of the theorem. O

Now we give an explanation to the L ebesgue - Stieltjesintegral in (5) , which makes the compu-

tationsin proving the theorem reaonable. For u (0,1) ,

[ 00 ka0 =00 8o, ) = 0:(0) (Kalx,) - Kalx,-))
1 0+
[ 90 dKa 0D = 6D pr 00 | 0(D) dKalx,0) = 6(0) pr,0(x)
[, K0 do) = Ko=) (gew) - gu(u-)).

0+
Jo Kol 0 dgx() = a0 (90 +) - gx(0)).
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Remark It isinteresting to compare the nature of the absolute summability of Bernstein polynomias
with that of Fourier series. The classcd resultson the abslute summability of Fourier series are the
following three conclusons (cf. [4, pp. 240 - 242], [5] and [6, p.273]) :

(i) (Berngein) If f Lipa fora >1/2, thenits Fourier seriesis absolutely convergent ;

(ii) (Zygmund) If f isof bounded varationand f Lipd fora >0, thenits Fourier seriesis al-
lutely convergent ;

(iii) (Bosanquet) If f isof bounded variation, then its Fourier seriesis absolutely summable by
Cesaro methods of any postive order.

The conclugon of the theorem of thispaper isonly partly the anaogue of Bosanquet' sresult. It is
interesting to condder the complete analoguesof the previous (i) , (ii) and (iii) to Bernstein polynomi-
as. Itisconjectured that the best concluson correponding to Bosanquet' sresult (iii) would be that* if
f is of bounded variation on [0,1], then the sequence of its Bernstein polynomias is absolutely
summable by Cesaro methods| C,0| for anya >1/2".
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