Journd of Mathematica Research & BExposgtion
Vol.18, No.3, 366 - 372, August 1998

On Properly Divergent Sries

Mu Lehua
(Dept. of Math. , Shandong Univerdty , Jinan 250100)

Abstract In thispaper , the classca concept of properly divergent is generalized , thereby a theorem of power

seriesis extended into a very genera case, and its goplications in various series of conplex functions are dis
cussd.
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In [1,p215] thereisa known result as followd !
Let apower sriesof red variable 3o a,x" have a radius of convergence equal to 1. If a,is red

for dl valuesof nand > a,isproperly divergent ,i.e. S,= Ygax -+ o, thenfor its sum function
f(x),limy_1.0f (X) = + 0.

We shall give a generalization of this theorem.

Let D denote the domain - T[E +€ < argz <T[E -€ (€ = 0). The boundsof the terms' O” are

the abolute constants, the boundsof theterms O,” are the constants which are only dependent of z.

Definition Let o t, beacomplex seriesand { T} its partial sums. If thesequence { T} satisfies
Th - 0; Tp=0(n*?) (0<8 <1);
T. o (n2N),
then the series Y t,is said to be properly divergent with a parameter€ .
Based on this definition, we give the following theorem.

Theorem 1 Let a seriesof complex functions f (x) = SoW,(z) be convergent in a damain G and a
point st S C G. Again let apoint zoon boundary d G be alimit point of the set S. Suppose that the
functionsw, (z) satidy the following three conditions:

lim w,(z) =wy(z0),
ZO,Z S

z -

Wy (2 _ L
On(z) = @ 7S
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(Dn(Z) _ .(‘)n(z) (*)n+1(z) _ 1
@n(20)) = wa(20) " @pa(zg) = P (D + 0GR 2 S, ©
with the double limit
Inim Qn(z) =1 and P,(2) >0, z S, (6)

z2-2y,2 S

then if at thispoint zo, the series So'W,(z) isproperly divergent with a parameter€ >0, we have

Iirnz ~2,2 Sf(z) = 0.

Proof Write

zwk(zo) = Su(z0) =P, S 1(z0) = 0. (7)

Because the series 5o W, (z0) isproperly divergent with a parametere >0, from (1) , (2) we know
for agiven G>0, there exists Nj such that when n> N;> N,

Pr> GP=0(n*")(0<8 <1, |Qalsy-€ € >0,

Combining (7) ,(8) with (4) , we e eadly that
Wy (2) 1

Sn(ZO) wn(ZO) = Oz(n1+5) (n 2 le z S),

. o wy(2z) . . .
D the series ¢ Sn(zo)c0 (20) isconvergent on S. Udng Abe tranformation, we get
n

Zg

(D) = Y (52 - Seal2) 2o (9
_ - (*)n(z) (*)n+1(z)
= 252G (G T wa(z0))
~ ° W, (2) Nt W, (2)
- ZSH(ZO) (wn(zo)) + ZSH(ZO) ((*)n(ZO))' S, (10)

here N isa natura number to be determined later.
Let fn(2z) = Y NSn(20) ((%”%). From (5) , (7) and (8) it follows that

| fn(2) | =| XSn(ZO) Pn(2) Qu(2) |+ O()), z S. (11)

~24,2 S

Im(Qn(2)) =0, o thereexist N> = N;pandn such that when n= N,, | z- z| <n (z S),

However by the known condition (6) , we can get IimZ noe Re(Qn(z)) =1andlim_ n-w=
-2y, 2 z
Re(Qn(2) > 0; | Im(Qn(2) | < S5FRe(Qu(2))
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here€ is stated as above. From thisand (7) ,(8). It follows that

Re{ Sn(z0) Qn(2)} 2 pPn{cogpr} Re(Qn(2)) -] IM(Qn(2)) |}

> po{SrE Re(Qn(2)) - 15} Re(Qn(2)))
Zs';&GRe(Qn(z))>O(n2 N2,| z- 20| <N,z S).

Combining thiswith (6) , we get from (10) when N = N;

| fn(2) | = ZPn(Z)}Re{ Sn(2z0) Qn(2)} + O(1)

> TEGRl Y P2 Qu(D) + O() (1 z- 2 <n.z 9.

From thisand (5) ,

Sre o (Wi(2) 1
| fn(2) | = 5 G{ Re( Z (U)n(zo))) + O(Nz)} +0(1)} (N= Nz, | z- zo|l <N,z 9.
(12)
But by (4) - (5) ,
z (wn(z) Wy (2) lim w,(2)
2 wn(z0)) T wn(z0 " MMz
_ Wy(2)
S on(zg (209
Again by (3) ,
e Wa(2)
I =1
A2 Gnz)
Furthermore, by (11) we have
liminf | fu(2) | 2 2 g1+ o(5)} + o).
z2-24,2 S 2 N
If we choose afixed N(= Nj) = large that the expresson in the curly brackets >‘12‘ , we get finaly
Iiminfs| fn(2) | > S'Ef—G+ O(1) (Gisan arhitrarily large number) .
zazo,z
Thisimplies that
lim fy(z) = o, (13)
z2-24,2 S
On the other hand, for thisfixed N, by (3) , we d= have

Y So(20) (ﬁn“(‘;%) o) (z —2.2z 9.
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From thisand (12) ,(9) , we obtain that lim, 2.7 sf (z) = o. Theorem 1 isproved.
Next , we shall give the applicationsof Theorem 1 in various series below.
Let a power series of complex variable f (z) = Yo anz" have a radius of convergence equa to 1

and let zo= €0, S=:{z;z= re90,‘12‘ < r<1}. Weeadly prove that if at zo series S¢ anz"isprop-
erly divergent with a parameter€ >0, thenlim, _, , sf(2) = o.

Condder a counterexample: the point zg = o and the series
. : n Z\n _ . Zy -2
IZ(- 1) (n+l)(ZO) —|(1+ZO) (I zI <1,

we can see the condition€ >0 carf t be improved into€ =0.
For a trigpnometric series of complex variable:

3

Z(cnoos nz + d,§n nz) = Zf‘ne”‘z

(fo = Co,fn = 2 (cn- id) fp=3(co+id) n=12 ),
if limsupn, e ,"/| £, n=A A >0) , it isconvergent on the haf plane Imz >IA .
Now take zo = Xo + ilM\ , S=:{z,z= xo+ iy,y>IM} and write w,(z) = #,€™. Snce

“mx -2,z i{y‘)n(z) :wn(ZO) y

95 (2) ey 1
On(z0) = © =0z s
9.2 ey S (y- 1)
((On(Zo)) = e (1- e ) >0, z S

(correspondingly P.(z) =e "V "™ (1- e ™)y 1 Q.(2) =1) , we see the conditionsof Theorem
1 are satified. Hence if at the point zo the series Yo (cn, 0s nz + d,Sn nz) is properly divergent
with a parameter€ >0, then for its sum function f (z) , we have lim, nzpz sf (z) = .

For a Bessl eries

0

ZarJn(z) , (14)

1

njgoos(re-zsirﬁ)@,z c,n=0,1,2, . If

im(5  al) = R, (15)

it can be proved that the series (13) hasacircle of convergence | z| = R.
Theorem 2 Suppose that | z| =1 isthe circde of convergence of Bessel series (13) and f (z) =

where Bessdl function J,(z) =

Yo andn(2),| z| <1. If at apoint zp = o the series (13) isproperly divergent with aparametere >
0, then we have
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lim f(rfo) = o
r-1-0
and€ >0 can't beimproved into€ =0.
Proof Take G=:{z;| z| <1}, S=:{z;z= reBO,‘JZ‘S r <1} and writew,(z) = aJ,(2z) ,itis
clear that the condition (3) isvalid. Using the known formula of Bessel functions?! 3!

1 ,zn « (=11
W2 = D Y T ()™ (16)
and noticing that
« (D*1 zo, _ 1 <1 _23 _ e A4 _
le!(n+k)!(2) IS4(n+1) £ Kt = 2 (Z_re’ZS r<l,n=01, .,
we obtain
" i) T AL
n!2n+2sl\]n(re)|sn!2n-l (2 < rSl 0<e$2r[)!
w,(2) Jn(2)

lo. (20| =13.(2)) S 8" (2 9 .i.e, (4) isvdid
By (15) , we have

ng) o 290 e490
Jn(zo) ~ r{1+4(n+1)(1_ ) +32(n+1)(n+2)(1_ r)° +

o(Jn;)} (z0= 0,2 9.
A direct calculation gives

wy(2) _ Jn(2) Jn+1(2) _ 1 - f,
@n(20)) = 30(20) ~ Imer(zg) = Pr(D Q2 + 05 (20 = €0,z 9,

where

P.(z) = r"(1-71), z S,
20 40
_ e o 2 e o 2\ 2
Qn(Z)_l+4(n+1)(1_r)+32(n+1)(n+2)(1_r) *
r(1+ 1) e?®o . S
4(n+1)(n+2" ’
it isclearthatlimhn;;o sQ“(Z) =land P,(2) >0,z

S, o the condition (5) isvaid. Findly, by
0
Theorem 1, lim; _1.of ( re90) = o0,

Congder aBesH series:

i0'0(1) Jo(2) +2ikZO'k(1)Jk(Z) , (17)
where Oy (z) are the Neumann polynomial s 3!

X
2]

2K 2m ik - m- 1)1
Oo(2) = _12_ Ok(2) = mZ mlzk_Zmﬂ"l (k > 1).
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By the above formula we can get

-1

- Ok(D) =2k + D {1+

" o(-i;)} (k2 2. (18)

Heresfter the terms O(‘I:(I;) are real vdue. S by (14) thecirde of convergence of the series (16) is|
z| =1.
By Sn(z) denote the partiad sumsof the series (16) , ©

n

Sn(- 1) = i00(1) Jo(- 1) + 2i ZO'k(l)Jk(- 1. (19)
Againfrom (15) we have

ok 1

WD =Rt 4G

N O(T"(;)} (k> 1), (20)

Now combining (17) - (19) , we have

2m

iSom(-1) =- m- 2+ ZO(

1) - 0o (- 1) - 204D Ai(- D)

and

2m+1

iSenea(- D = m+ $O(Y) - Oo(Do(- I - 203D (- D,

D thereexists N such that S,(- 1) Do(n= N) and S,(- 1) = O(n). By the definition, at the
point zo= - 1 the series (16) is properly divergent with a parametere =0.
On the other hand, applying a known formula®! (3! ;

1—_3—2 = 0g(1) Jo(2) +2£Ok(l) k(z2) (z] <D

and the derivative formula of Bessdl functiond?! 1%
Jo(z) =- 31(2), 2T «(2) = I-1(2) - Jk1(2),
we can obtain that

-1

(1- 2)2 = - 0Op(1)J1(2) + Zok(l)(Jk-l(Z) - J+1(2)

0

= 01(1) Jo(2) + kZ(O|<+1(:|-) - Ok-1(1)) Ik(2).

From thisand O'¢(z) = - 01(2), 20 «(z) = Ok-1(2) - Ok+1(2) "1 we krnow that the
sum function of the series (16) is - i (1- z) ~%. Hencethepoint zo= - 1isits regular point.
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To sum up , we know that the condition€ >0 can't beimprovedinto€ =0. Theroem 2 isproved.
In this paper , if the above domain D is replaced by the domain:

B <ag(z- a <P, 0<P-B<m-¢,

where a iscomplex number andf 1 3, are real numbers, the above results still hold.
For a number of series, we can a9 give the correpoding theorem, here not say any longer.
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