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1 Introduction

N eighbourhoods and open subsets are themost basic concepts in topology. T he distinc-
tion betw een than is that an open subset must be neighbourhoods of all pointsw hich it in-
cludes, how ever that neighbourhoods don’t so. Indeed, these neighbourhoodsof apoint can
arbitrarily be defined w ithout any restriction Sierpinski, in [1] , introduced the concept of
neighbourhood aces, that is, Fréchet(V ) saces, just in thisway. The neighbourhood
gace is very general in the case of paces Prof. W ang Guojun , in [2, 3], researched two
kinds of such neighbourhood gpaces, called O-sam itopological pace and & sam itopological
gace regectively. InW ang’'s samitopological spaces, how ever, those neighbourhoods are
not open subsets in general Hear, we introduce a kind of neighbourhood gaces, called S-
gaces, inw hich the neighbourhood is neighbourhoodsof all pointsw hich it includes, that is
, the neighbourhood isopen It also belongs a type of samitopological spaces Clearly every
topological pace isan S-gpace Certainly one can discuss properties of S-gaces, w hich re-
mains in other articles Hear with a background of S-gaces, we introduce the concept of
sam itopological systems, and establish this theory.

Up to now, the study of topology isdivided into two sects having point and having no
point The former’sfield includes general topology, fuzzy topology, and topological molecu-
lar lattice theory; and the latter’ sfield includesmainly locale theory. But, whatwe need to
note is that these pointsin fuzzy topology and in topological molecular lattice theory fully dif-
fer from ones in general topology. The relation betw een point and set is logical relation in-
stead of belongingness. Concretely, the relation betw een point and open subset dependson
the quasi-coincidence relation [4], or that betw een point and closed subset (elenent) depends
on remote-neighbourhood relation [5] In locale theory, one also introduces the concept of
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points the relation betw een point and open elenent differsfrom the cases above A Il that
enlighten one to generalize topological pace 0 as to unify objectsw hich the having point
topology dealsw ith V ickers, in [6], introduced the concept of topological systens W e, in
[7], showed that topological system can unite these objects general topological ace ,
fuzzy topological pace, topologicalmolecular lattice, and the gatialization of locale T here-
fore the theory of topological systemn s should be concerned

In thispaper , the author introduces the concept of samitopological systans, which has
S-gaces and topological systam s(certainly , general topological spaces, fuzzy topological
paces, topological molecular lattices) as gecial cases The aim of thispaper is to establish
the categorical theory of samitopological systens The author , in [8], show ed an application
of samitopological systans in Domain Theory of denotational samantics of computer pro-
granm ing languages, and mainly established the Stone duality of L -domainsw ith respect to
stable functions by using the samitopological systams

2 Samitopological systan category

Definition 2 1 LetX beanonempty set, P a P-set, that is, P isa posetw ith the least elem ent
0, and E asubset o the cartesian productX X P. If (x,a) F , thewecall that x satisf ies
a, and denote xF a If F satid ies the follov ing tw o statenents

Vx X, a b P, if x E a, and a < b, thenx k£ b
Vx X, x =0,

thenwecall (X,P,F ) asasanitgological systan, elanentsd X aspoints, and onesd P as
gen elanents W e shall use notationsN ,M ,... to represent samitgological systens, pt N
and CN to do the point set and goen elanents set & N respectively.

Example1l Every S-gace isa samitopological system inw hich one can substitute E w ith

Example 2 Suppose that X is a set of all progranmesw ritten in some progranm ing lan-
guage ,w hich put out finite streemn soonsistingof Oand 1 Let| X. starts| representsthe
predicatew hich has| asaprefix Define starts|= startsm if and only if | hasm asaprefix
Hence < isan order-relation of the set P= {startsI: | X}, and starts @ is the least ele-
ment, where @ is the anpty stream. So P isaP-set

Vx X, V starts| P, definex E starts| if and only if x putsout stream having | as
aprefix. Then (X,P, E ) isa sanitopological system.

Definition 2 2 LetN beasanitgpological systen. If ON isa inf -samilattice, and F satis
f ies the f ollow ing statement:

for each nonempty finitesubsetA o N, x E A if andonly if x F afor all a
A, thenwecallN asanM -sanitgological system.

Definition 2 3 LetN be an M -sanitgpological systan. If (N is a frane, and F also
satif ies:
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for each subsetB of N, x F B if and only if thereexistsab B withx F b,

thenwecall N asa tgpological systen [6].

The author, in [7], show ed that both fuzzy topological paces and topological molecular
lattices are topological systams, and further samitopological systens References [6, 7] deal
w ith topological systen theory and its gpplication in Domain Theory. W e alo discuss sami-
topological systans application in StableDomain Theory [8] This paper will mainly deal
w ith the categorical theory of samitopological systam s

Definition 2 4 Suppose thatN andM are samitgpological systans T he continuous f unction f
fran N toM isa pair o functions (ptf, Qf), where

ptf : ptN >ptM isamapping;

Qf: M > N isa P-hanorphisn, that is, it is a monotone mapping preserving the
least element;

Vx piN, Vb  Q, ptf(x) E bif and only if x £ QF (b).

Further, if ptf isa bijection, and Qf isan isatmorphisn, thenw e call continuous f unc-
tion f asa haneanorphisn. If there exists a haneanorphisn fran N toM , thenw e say that
sanitgpological systensN and M are haneanorphic The identity on sanitgpological systen N
isIn= (1pw, 1on).

W e call w o continuous f unctionsf and G identical and denotef = g, if ptf = ptg, Qf =
Qg.

W e dé ine the canposition g° f o continuous f unctions f and g as

pt (g °f) = ptg optf, Q(g °f) = Qf °Qg.
Clearly g ° f iscontinuous, and g ° In= D W ° g Sosanitgpological systansand continu-
ous f unctions canbine a category, called as samitgpological systen category, and denoted as

STS

Proposition 2 5 A ssume thatN , M are S-spaces, and that f = (ptf , Qf ) is a continuous
function fran N toM under the case  samitgpological systans H ence {f = (pt £) *

3 Spatialization of sam itopological systam

Definition 3 1 LetN bea sanitgpological systan. Va N, ddine
ext(a) = {x ptN: x E a}.

A nd set
ext(QN) = {ext(a): a QN}

Then (ptN, ext(QN)) isan S-pace, called the patialization o sanitopological systen N ,
denoted as SpatN.
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By Definition 2 1, weknow that ext QN —ext(EN) isaP-homorphisn, and that x F
aif andonly if x  ext(a). Thenwe get a natural continuous function e= (Lo, ext) fran
SpatN toN.

Lenma 3 2 Suppose that X isan S-gpace, and thatN isa sanitgological systen, thatf is
a continuous function fran. X toN. Then there exists an unique continuous f unction f: X —
SpatN such thatf=e° f.

Proof A ssume that such f exists Hencef=e° f. Andptf=pte® ptf=ptf, Qf = Qf
° Qe= Qf ° ext Therefore thef could only be defined as

otf = ptf, Q= f (ext(a)) = Qf (a).

A ~

Asareault ,f isuniqgue The ramain isto verify that f isocontinuous

At first, Qf isaP-homorphign. Let ext(a) Sext(b), andx Qf (a). Thenptf (x)
F afollow sfrom the continuity of f. A nd further, ptf (x)  ext(a) S ext(b). Soptf (x)E
h, andx Qf (b). Asaresult, Qf (a) S Q (b). Thatis, Qf preservestheorder. Since Q
f (D)= Qf (ext} (0))= Qf (0) = ¢, Qf isaP-homorphisn.

In the end, taking x  ptX, ext (a) QSpaiN, then

ptf (x) ext(a) ©ptf (x) E ae=x Qf (a) ©x Qf (ext(a)).
Thishas showed that f isa continuous function from SpatN toM.
Notation SPS denotes the category of S-acesw hich is a full subcategory of STS
Theorem 3 3 Fuctor Spat: STS— SPSisa right adjoint f unctor o the inclusion f unctor 1 ,
that is, | -|Spat

Proof Clearly , by Definition 3 1, for eachN  obj ( STS), we have that SpaiN obj (
SPS). On the other hand, takeN , M  obj ( STS), and a continuous function f :N -M .
Define Spatf : SpatN - SpatM in thew ay:

pt Spatf = ptf, QFatf (ext(a)) = ext(Qf (a)).

Then Spatf isa continuousfunction, and indeed amorphisn in the category STS by Proposi-
tion 2 5 Since

ptSpat(f ©g) = ptSpatf °ptSpatg,

Q%pat (f °g) = Qpatg ©Qpatf

Spat isa functor from STS to SPS

ByLenma3 2, weget that V N obj (STS}), V X obj (SPY), there exists a bijec-
tion between H anses(X, SpatN ) andH ansrs(1 (X), N ). Therefore Spat is the right adjoint
of I

Definition 3 4 If sanitgological systean N ishaneanorphic to sitmeS-gpace X, thenw e call
sanitgpological systean N satial.

Lenma 3 5 Senitgological systen N is gatial if and only if the natural mapping €
SpatN —»N isa haneanorphisn.
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Proof Only to show the necessity. Suppose X isan S-gaceand f: X —N, isahomeomor-
phisn. Then hyL enma3 2, thereexistsan unique continuousfunctionf: X - SpatN such
that f = e ° f. Sincepte is the identity mapping, the remaip isto show that Qe isan isomor-
phisn. It isobvious that Qe is surjective and that Qf = Of ° Qe, and that Of isan isomor-
phisn. So, Qe isinjective, and further Qe is a bijection and preserves the order.  Since (Q
e = () Qf, (Qe) 'istheorderpreserving yet A saresult, Qe isan ismorphisn.

4 L ocalization of sam itopological system

Definition 4 1 LetA beaP-set, ®= {0,1}. P-hanorphisnsfran A to ® are called points
d A. W e use the notation pt A to denote the set o all pointsd A. Taking p ptA, a A,
deinepk aif and only if p(a)=1 Then (ptA, A, E ) isa sanitopological systan, called
as the localization & A , and denoted asL OA.

Proposition 4 2 (1). Suppose thatA ,B are P-sets, and thatf:B — A isa P-hanorphisn.
Then Locf = (ptf,f) isa continuous function f ran LoA toLod, whereptf (p)=1p ° f.
Vp ptA;

(2) Suppose thatA ,B,C are P-sets, and thatf : C - B, g: B - A are P-hanor-
phisns ThenLoc(g ® f)= Locg ° Locf.

Definition 4 3 LetN bea sanitgological systan. LocCN iscalled as the localization o N ,
and denoted asL odN.

For each sanitopological systam N, there exists a natural mgpping P: N - Lod\ ,
wherex  ptN, ptP(x)= D 1if andonly if x £ b, and QP = la.

Proposition 4 4 Suppose thatN ,M aresanitgpological systans, and thatf:N — M isa con-
tinuous f unction ThenLocf = (ptQf , Qf ) isa continuous f unction f ran LodN toL oM , and
the follav ing graph is canmutative

Pn
N — LoN
fol 1 L ocf
Pwm
M — Lo

Proof It follow s thatL ocf isa continuous function from Proposition4 2 Vx piN, Vb
N, we get
(ptPw optf) (x) (b) = 1 <ptPw (ptf (x)) (b) = 1
sptf (X)E Db
ox B O (b)),
On the other hand,
(Pt optPn) (x) (b) = 1 <ptd (ptPuf (x)) (b) = 1
<ptPy (x) E O (b)
Sx E QP (X (b))
x E QOf (b)
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ThereforeptPu ® ptf = ptQf ° ptPn, and further pt(Pu® f)=ptLocf ° Pn). Since Q(Pw
° f)= & ° QPw= Q(Locf ° Pn. Weobtain that Pu® f = Locf ° Pu.

W e use the notation P to denote the category of P-setsand P-homorphisns, and F to
denote the forgetful functor from the category STS to one P*. Then

Theoren 4 5 F is the lé t adjoint o Loc P®= STS

Proof It follow s that L oc is a functor from P*- - STSfrom Proposition 2 4 TakeN  obj
(ST9,A  obj (P*),f isa continuous function from N to LoAA. Then Qf is the unique P-
homorphisn from A to F (N ) which make the follow ing graph commutative

Pn
FN) N —— Loc °F(N)
QF o N l LocQf = (ptQf, <)
A LocA

that is, thearrow Pn:N - Loc® F(N) isthe universal arrow from N w ith regect to G.
So F is the left adjoint of Loc

Definition 4 6 Samitgological systan N iscalled as localic if it is haneanorphic to the lo-
calization LOCA o some P-setA.

Lemma 4 7 Semitgpological systen N is localic if and only if the natural mapping P:N -
L od\ isa haneanorphisn.

Proof Only dowe show the necessity. Suppose thatA isaP-set, thatN ishomeomorphic
toLocA, and that f issuch homeomorphisn. Thenptf:ptN - ptA isabijection, and Qf:
A - N isan isomorphisn. By Theoren 4 5 weget f= Locf ° P. Hence

ptf = ptQf OptP, QP = 1aq.

Since QP = la isan isomorphisn, the ranain is to verify that ptP is a bijection

For ptf isbijective, ptP isinjective Simultaneously, V x pt N, ptQf (x) ptA.
There existsay ptN such thatptf (y)= ptQf (x). Takeing arbitrarilyb N, by the rea-
N that F isan iomorphisn, wegetana A with Qf (a)=b Thus

yE QP (b)
YE b

yE O (a)
ptQf (x)E a
xE & (a)
XE b,

ptP (y)E b

080000

that is, ptP (y)E b ©xE b Hence x= ptP (y) from Proposition 4 5 So ptP isa surjec-
tion A saresult, P isahomeomorphisn.

9 Specialization and categor ical equivalence

Definition 5 1 L etN beasanitgpological systan, and x,y ptN. Wecall xSy if for each
a QON, xE impliesyE a W ecall the order-relation S as ecialization order.
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x €y means that y possesses all those propertiesw hich x possesses <o y includes
more information than x. Thus the Pecialization order hasn’t the Oantisymmetry: xSy and

yEx mply x=v.

Definition & 2 Senitgpological systan N iscalled asToif the gecialization order d N sati-
f ies the antisymmetry, that is,x=vy if and only if xSy and y< x.
Clearly , if N isa Tosanitgological systan, then (ptN, &) isaposet

Proposition 5 3  To sgperability dosen’t change under haneanorphisns

Prposition 5 4 Suppose thatA isa P-set ThenLoOG isTo, and further, f or each samitgpo-
logical systean N, LodN isTa

Proof Takex ,y PptA. Then
x=y<Vb A, x(()=y(
=SVb A, xE beyE Db
SX S Y,y E X
Proposition & 5 Suppose thatN is a samitgpological systan, and that P:N - Lod\ is the
natural mapping. Then ptP:ptN - ptQON preserves the pecialization order.

Lenma 5 6 Suppose thatN is a localic samitgpological systen, and that P:N - Lo is
the natural mapping. Then ptP:ptN — ptQN isan isanorphisn, whereptN isw ith the pe
cialization order, and ptCN isw ith the pointw ise order = o mappings, w hich also is the pe-
cialization order & o ptQN.

Proof It follow s that pt P preserves theorder , and isa bijection from Lenma4 7 There
foreweonly need to show that (ptP) ‘preserves
Takex,y ptON, withx =vy. Then Vb QN,

(PtP) '(x)Eb = (ptP) '(x)E QP (b)
=> XE b
=>VyE b
= (ptP) *(y) E QP (b)
= (ptP) '(y)Ehb
So, (ptP) *(x) = (ptP) " *(y).

Theorem 5 7 Thefollav ing categories are dually equivalent:
localic samitgpological systans + continuous f unctions,
P-sets + P-hamorphisns, thatis, P .

Proof From Lenma4 7, for each localic samitoplogiacl systen N, = D P:N - Loc°
F(N)= LodN isan isomorphisn. So "isa natural issmorphisn from the identiti functor of
the first category to functorLoc © F. On theother hand, YA  obj ( P”),

6= 1a: F °LOA = A - A
isan isomorphisn. So € F°® Loc — 1e» isanaturalmapping Asaresult, (F, Loc, 1,6
isan isanorphisn adjoint
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