
Jou rnal of M athem atical R esearch & Expo sit ion
V o l. 18, N o. 4, 4792486, N ovem ber 1998

Sem itopolog ica l System s
Ξ

Chen Y ix iang
(D ep t. of M ath. , ShanghaiN o rm al U n iversity, Shanghai 200234)

Abstract　T he aim of th is paper is to estab lish the theo ry of sem itopo logical system s,w h ich
has general topo logical spaces, fuzzy topo logical spaces, topo logical mo lecu lar la t t ices, and
topo logical system s as special cases.
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1. In troduction

N eighbou rhoods and open sub sets are the m o st basic concep ts in topo logy. T he dist inc2
t ion betw een them is tha t an open sub set m u st be neighbou rhoods of a ll po in ts w h ich it in2
cludes, how ever tha t neighbou rhoods don’t so. Indeed, these neighbou rhoods of a po in t can
arb it ra rily be defined w ithou t any rest rict ion. Sierp in sk i, in [1 ] , in t roduced the concep t of
neighbou rhood spaces , tha t is , F réchet (V ) spaces, ju st in th is w ay. T he neighbou rhood
space is very genera l in the case of spaces. P rof. W ang Guo jun , in [ 2, 3 ], researched tw o
k inds of such neighbou rhood spaces , ca lled O 2sem itopo log ica l space and ∆2sem itopo log ica l
space respect ively. In W ang’s sem itopo log ica l spaces , how ever, tho se neighbou rhoods are
no t open sub sets in genera l. H ear, w e in troduce a k ind of neighbou rhood spaces , ca lled S 2
spaces, in w h ich the neighbou rhood is neighbou rhoods of a ll po in ts w h ich it includes , tha t is
, the neighbou rhood is open. It a lso belongs a type of sem itopo log ica l spaces. C learly every
topo log ica l space is an S 2space. Certa in ly one can discu ss p ropert ies of S 2spaces, w h ich re2
m ain s in o ther art icles. H ear w ith a background of S 2spaces, w e in troduce the concep t of
sem itopo log ica l system s, and estab lish th is theo ry.

U p to now , the study of topo logy is d ivided in to tw o sects: having po in t and having no
po in t. T he fo rm er’s field includes genera l topo logy, fuzzy topo logy, and topo log ica l m o lecu2
la r la t t ice theo ry; and the la t ter’s f ield includes m ain ly loca le theo ry. Bu t , w hat w e need to
no te is tha t these po in ts in fuzzy topo logy and in topo log ica lm o lecu lar la t t ice theo ry fu lly d if2
fer from ones in genera l topo logy. T he rela t ion betw een po in t and set is log ica l rela t ion in2
stead of belongingness . Concretely, the rela t ion betw een po in t and open sub set depends on
the quasi2co incidence rela t ion [4 ], o r tha t betw een po in t and clo sed sub set (elem en t) depends
on rem o te2neighbou rhood rela t ion [ 5 ]. In loca le theo ry, one a lso in troduces the concep t of
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po in ts. the rela t ion betw een po in t and open elem en t d iffers from the cases above. A ll tha t
en ligh ten one to genera lize topo log ica l space so as to un ify ob jects w h ich the having po in t
topo logy dea ls w ith. V ickers , in [6 ], in t roduced the concep t of topo log ica l system s. W e , in
[ 7 ], show ed tha t topo log ica l system can un ite these ob jects: genera l topo log ica l space ,
fuzzy topo log ica l space, topo log ica lm o lecu lar la t t ice, and the spa t ia liza t ion of loca le. T here2
fo re the theo ry of topo log ica l system s shou ld be concerned.

In th is paper , the au tho r in troduces the concep t of sem itopo log ica l system s, w h ich has
S 2spaces and topo log ica l system s (certa in ly , genera l topo log ica l spaces , fuzzy topo log ica l
spaces, topo log ica l m o lecu lar la t t ices) as specia l cases. T he a im of th is paper is to estab lish
the ca tego rica l theo ry of sem itopo log ica l system s. T he au tho r , in [8 ], show ed an app lica t ion
of sem itopo log ica l system s in Dom ain T heo ry of deno ta t iona l sem an t ics of com pu ter p ro2
gramm ing languages, and m ain ly estab lished the Stone duality of L 2dom ain s w ith respect to
stab le funct ion s by u sing the sem itopo log ica l system s.

2. Sem itopolog ica l system ca tegory

D ef in it ion 2. 1　L et X be a nonem p ty set, P a P 2set , tha t is, P is a p oset w ith the least elem en t
0, and 4 a subset of the ca rtesian p rod uct X ×P. If (x , a)∈4 , the w e ca ll tha t x sa tisf ies
a , and d enote x 4 a. If 4 sa tisf ies the f ollow ing tw o sta tem en ts:

· Π x∈ X , a , b ∈ P , if x 4 a , and a Φ b, then x 4 b;

· Π x∈ X , x ∨= 0,

then w e ca ll (X , P , 4 ) as a sem itop olog ica l sy stem , elem en ts of X as p oin ts, and ones of P as
op en elem en ts. W e sha ll use nota tions N , M ,. . . to rep resen t sem itop olog ica l sy stem s , p t N
and 8N to d o the p oin t set and op en elem en ts set of N resp ectively.

Exam ple 1　 Every S 2space is a sem itopo log ica l system in w h ich one can sub st itu te 4 w ith
∈.

Exam ple 2　Suppo se tha t X is a set of a ll p rogramm es w rit ten in som e p rogramm ing lan2
guage ,w h ich pu t ou t f in ite st ream s con sist ing of 0 and 1. L et l ∈ X . sta rts l rep resen ts the
p red ica te w h ich has l as a p refix. D efine sta rts lΦ sta rts m if and on ly if l has m as a p refix.
H ence Φ is an o rder2rela t ion of the set P = {starts l: l ∈ X }, and sta rts Á is the least ele2
m en t, w here Á is the em p ty stream. So P is a P 2set.

Π x∈X , Π sta rts l∈P , define x 4 sta rts l if and on ly if x pu ts ou t st ream having l as
a p refix. T hen (X , P , 4 ) is a sem itopo log ica l system.

D ef in it ion 2. 2　 L et N be a sem itop olog ica l sy stem . If 8N is a inf 2sem ila ttice , and 4 sa tis2
f ies the f ollow ing sta tem en t:

· f or each nonem p ty f in ite subset A of 8N , x 4 ∧A if and on ly if x 4 a f or a ll a∈
A , then w e ca ll N as an M 2sem itop olog ica l sy stem .

D ef in it ion 2. 3　 L et N be an M 2sem itop olog ica l sy stem . If 8N is a f ram e, and 4 a lso
sa tisf ies :
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· f or each subset B of 8N , x 4 ∨B if and on ly if there ex ists a b∈B w ith x 4 b,

then w e ca ll N as a top olog ica l sy stem [ 6 ].
T he au tho r, in [7 ], show ed tha t bo th fuzzy topo log ica l spaces and topo log ica lm o lecu lar

la t t ices are topo log ica l system s, and fu rther sem itopo log ica l system s. R eferences [6, 7 ] dea l
w ith topo log ica l system theo ry and its app lica t ion in Dom ain T heo ry. W e also d iscu ss sem i2
topo log ica l system s’ app lica t ion in Stab leDom ain T heo ry [ 8 ]. T h is paper w ill m ain ly dea l
w ith the ca tego rica l theo ry of sem itopo log ica l system s.

D ef in it ion 2. 4　 S upp ose tha t N and M a re sem itop olog ica l sy stem s. T he con tinuous f unction f
f rom N to M is a p a ir of f unctions (p t f , 8 f ) , w here

· p tf : p t N  p t M is a m app ing ;

　　· 8 f : 8M  8N is a P 2hom orp h ism , tha t is, it is a m onotone m app ing p reserv ing the
least elem en t;

　　· Π x ∈ p tN , Π b ∈ 8M , p t f (x ) 4 b if and on ly if x 4 8 f (b).

F u rther, if p t f is a bijection , and 8 f is an isom orp h ism , then w e ca ll con tinuous f unc2
tion f as a hom eom orp h ism . If there ex ists a hom eom orp h ism f rom N to M , then w e say tha t
sem itop olog ica l sy stem s N and M a re hom eom orp h ic. T he id en tity on sem itop olog ica l sy stem N
is 1N = (1p tN , 18N ).

W e ca ll tw o con tinuous f unctions f and G id en tica l and d enote f = g , if p tf = p tg , 8 f =
8 g.

W e d ef ine the com p osition g . f of con tinuous f unctions f and g as

p t (g ü f ) = p t g ü p t f , 8 (g ü f ) = 8 f ü 8 g.

C lea rly g . f is con tinuous , and g . 1N = 3D 1M . g. S o sem itop olog ica l sy stem s and con tinu2
ous f unctions com bine a ca teg ory , ca lled as sem itop olog ica l sy stem ca teg ory , and d enoted as
STS.

Proposit ion 2. 5　 A ssum e tha t N , M a re S 2sp aces, and tha t f = (p tf , 8 f ) is a con tinuous
f unction f rom N to M und er the case of sem itop olog ica l sy stem s. H ence 8 f = (p t f ) - 1.

3. Spa tia l iza t ion of sem itopolog ica l system

D ef in it ion 3. 1　 L et N be a sem itop olog ica l sy stem . Π a∈8N , d ef ine

ex t (a) = {x ∈ p t N : x 4 a}.
A nd set

ex t (8 N ) = {ex t (a) : a ∈ 8 N }.

T hen (p t N , ex t (8 N ) ) is an S 2sp ace, ca lled the sp a tia liz a tion of sem itop olog ica l sy stem N ,
d enoted as S p a t N .
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　　By D efin it ion 2. 1 , w e know tha t ex t: 8N →ex t (8N ) is a P 2hom o rph ism , and tha t x 4
a if and on ly if x ∈ ex t (a). T hen w e get a na tu ra l con t inuou s funct ion e= (1p t N , ex t) f rom
S p a t N to N.

L emma 3. 2　 S upp ose tha t X is an S 2sp ace, and tha t N is a sem itop olog ica l sy stem , tha t f is
a con tinuous f unction f rom X to N . T hen there ex ists an un ique con tinuous f unction f

δ: X 
Spat N such tha t f = e . fδ.

Proof　A ssum e tha t such fδ ex ists. H ence f = e . fδ. A nd p tf = p te . p tfδ= p tfδ, 8 f = 8 fδ

. 8 e= 8 fδ . ex t. T herefo re the fδ cou ld on ly be defined as:

p tfδ = p tf , 8 = f
δ(ex t (a) ) = 8 f (a).

A s a resu lt , fδ is un ique. T he rem ain is to verify tha t fδ is con t inuou s.
A t first, 8 fδ is a P 2hom o rph ism. L et ex t (a) Α ex t (b) , and x ∈ 8 f (a). T hen p tf (x )

4 a fo llow s from the con t inu ity of f . A nd fu rther, p tf (x ) ∈ ex t (a) Α ex t (b). So p tf (x ) 4
b, and x∈ 8 f (b). A s a resu lt, 8 f (a) Α 8 (b). T hat is , 8 f

δp reserves the o rder. Since 8
f
δ(Á ) = 8 f

δ(ex t} (0) ) = 8 f (0) = 0ö, 8 f
δ is a P 2hom o rph ism.

In the end, tak ing x ∈ p tX , ex t (a) ∈ 8 SpatN , then

p tfδ (x ) ∈ ex t (a) Ζ p tf (x ) 4 aΖ x ∈ 8 f (a) Ζ x ∈ 8 fδ(ex t (a) ).

T h is has show ed tha t f
δ is a con t inuou s funct ion from SpatN to M .

N o ta t ion SPS deno tes the ca tego ry of S2spaces w h ich is a fu ll subca tego ry of STS.
Theorem 3. 3　 F uctor Spat : STS→SPS is a rig h t ad join t f unctor of the inclusion f unctor I ,
tha t is , I 2ûSpat.

Proof　C learly , by D efin it ion 3. 1, fo r each N ∈ obj ( STS) , w e have tha t SpatN ∈ obj (
SPS). O n the o ther hand, take N , M ∈obj ( STS) , and a con t inuou s funct ion f : N →M .
D efine Spatf : Spa t N →SpatM in the w ay:

p t Spatf = p tf ,　8 Spatf (ex t (a) ) = ex t (8 f (a) ).

T hen Spatf is a con t inuou s funct ion, and indeed a m o rph ism in the ca tego ry STS by P ropo si2
t ion 2. 5. Since

p tSpa t (f ü g ) = p tSpatf ü p tSpatg ,
8 Spa t (f ü g ) = 8 Sp atg ü 8 Sp atf ,

Spa t is a functo r from STS to SPS.
By L emm a 3. 2, w e get tha t Π N ∈ obj ( STS}) , Π X ∈ obj (SPS) , there ex ists a b ijec2

t ion betw een H om SPS (X , Spa tN ) and H om STS ( I (X ) , N ). T herefo re Spat is the righ t ad jo in t
of I.

D ef in it ion 3. 4　 If sem itop olog ica l sy stem N is hom eom orp h ic to som e S 2sp ace X , then w e ca ll
sem itop olog ica l sy stem N sp a tia l.

L emma 3. 5　 S em itop olog ica l sy stem N is sp a tia l if and on ly if the na tu ra l m app ing e:
Spa tN →N is a hom eom orp h ism .
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Proof　O n ly to show the necessity. Suppo se X is an S 2space and f : X →N is a hom eom o r2
ph ism. T hen by L emm a 3. 2, there ex ists an un ique con t inuou s funct ion fδ: X → SpatN such
tha t f = e . fδ. Since p te is the iden t ity m app ing, the rem ain is to show tha t 8 e is an isom o r2
ph ism. It is obviou s tha t 8 e is su rject ive and tha t 8 f = 8 fδ. 8 e, and tha t 8 f is an isom o r2
ph ism. So , 8 e is in ject ive, and fu rther 8 e is a b iject ion and p reserves the o rder. Since (8
e) - 1= (8 f ) - 1. 8 f

δ, (8 e) - 1 is the o rder2p reserving yet. A s a resu lt, 8 e is an isom o rph ism.

4. L oca l iza t ion of sem itopolog ica l system

D ef in it ion 4. 1　 L et A be a P 2set, ( = {0, 1}. P 2hom orp h ism s f rom A to ( a re ca lled p oin ts
of A . W e use the nota tion p t A to d enote the set of a ll p oin ts of A . T ak ing p ∈ p tA , a∈A ,
d ef ine p 4 a if and on ly if p (a) = 1. T hen (p tA , A , 4 ) is a sem itop olog ica l sy stem , ca lled
as the loca liz a tion of A , and d enoted as L ocA .

Proposit ion 4. 2　 (1). S upp ose tha t A ,B a re P 2sets, and tha t f : B →A is a P 2hom orp h ism .
T hen L ocf = (p tf , f ) is a con tinuous f unction f rom L ocA to L ocB , w here p tf (p ) = p . f .
Π p ∈ p tA ;

(2)　S upp ose tha t A , B , C a re P 2sets, and tha t f : C → B , g : B → A a re P 2hom or2
p h ism s. T hen L oc (g . f ) = L ocg . L ocf .

D ef in it ion 4. 3　L et N be a sem itop olog ica l sy stem . L oc8N is ca lled as the loca liz a tion of N ,
and d enoted as L ocN .

Fo r each sem itopo log ica l system N , there ex ists a na tu ra l m app ing P : N → L ocN ,
w here x ∈ p tN , p tP (x ) = 3D 1 if and on ly if x 4 b, and 8 P = 18N.

Proposit ion 4. 4　 S upp ose tha t N ,M a re sem itop olog ica l sy stem s, and tha t f : N →M is a con2
tinuous f unction. T hen L ocf = (p t8 f , 8 f ) is a con tinuous f unction f rom L ocN to L ocM , and
the f ollow ing g rap h is com m u ta tive:

N
PN

L ocN
　　f 　↓　　　↓　　L ocf

M
PM

L ocM
Proof　 It fo llow s tha t L ocf is a con t inuou s funct ion from P ropo sit ion 4. 2. Π x ∈ p tN , Π b
∈ 8N , w e get
　　　　　　　　　 (p tPM ü p tf ) (x ) (b) = 1 Ζ p tPM (p tf (x ) ) (b) = 1

Ζ p tf (x ) 4 b
Ζ x 4 8 f (b) ,

O n the o ther hand,
　　　　　　　　　 (p t8 f ü p tP N ) (x ) (b) = 1 Ζ p t8 f (p tP N f (x ) ) (b) = 1

Ζ p tP N (x ) 4 8 f (b)
Ζ x 4 8 P N (8 f (b) )
Ζ x 4 8 f (b)
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T herefo re p tPM . p tf = p t8 f . p tP N , and fu rther p t (PM . f ) = p t (L ocf . P N ). Since 8 (PM

. f ) = 8 f . 8 PM = 8 (L ocf . P N. W e ob ta in tha t PM . f = L ocf . P N.
W e u se the no ta t ion P⊥ to deno te the ca tego ry of P 2sets and P 2hom o rph ism s , and F to

deno te the fo rgetfu l functo r from the ca tego ry STS to one Pop
⊥. T hen

Theorem 4. 5　 F is the lef t ad join t of L oc: Pop
⊥2→ STS.

Proof　 It fo llow s tha t L oc is a functo r from Pop
⊥-→STS from P ropo sit ion 2. 4. T ake N ∈ obj

(STS) , A ∈ obj (Pop
⊥) , f is a con t inuou s funct ion from N to L ocA . T hen 8 f is the un ique P2

hom o rph ism from A to F (N ) w h ich m ake the fo llow ing graph comm u ta t ive:

F (N )　N 　
PN

　L oc ü F (N )　　　　　　
　　8 f 　　↓op　　　　γ 　　　　↓　　　L oc8 f = (p t8 f , 8 f )

A 　　　　　　　　　L ocA 　　　　　　

tha t is , the arrow P N : N → L oc . F (N ) is the un iversa l a rrow from N w ith respect to G.
So F is the left ad jo in t of L oc.

D ef in it ion 4. 6　 S em itop olog ica l sy stem N is ca lled as loca lic if it is hom eom orp h ic to the lo2
ca liz a tion L ocA of som e P 2set A .

L emma 4. 7　 S em itop olog ica l sy stem N is loca lic if and on ly if the na tu ra l m app ing P: N →
L ocN is a hom eom orp h ism .

Proof　O n ly do w e show the necessity. Suppo se tha t A is a P 2set, tha t N is hom eom o rph ic
to L ocA , and tha t f is such hom eom o rph ism. T hen p tf : p tN → p tA is a b iject ion, and 8 f :
A → 8N is an isom o rph ism. By T heo rem 4. 5, w e get f = L oc8 f . P. H ence

p tf = p t8 f ü p tP , 8 P = 18N.

Since 8 P = 18N is an isom o rph ism , the rem ain is to verify tha t p tP is a b iject ion.
Fo r p tf is b iject ive, p tP is in ject ive. Sim u ltaneou sly, Π x ∈ p t 8N , p t8 f (x )∈ p tA .

T here ex ists a y∈p tN such tha t p tf (y ) = p t8 f (x ). T akeing arb it ra rily b∈ 8N , by the rea2
son tha t 8 f is an isom o rph ism , w e get an a∈ A w ith 8 f (a) = b. T hu s

　　　　　　　　　　p tP (y ) 4 b　 Ζ 　y 4 8 P (b)
Ζ 　y 4 b
Ζ 　y 4 8 f (a)
Ζ 　p t8 f (x ) 4 a
Ζ 　x 4 8 f (a)
Ζ 　x 4 b,

tha t is, p tP (y ) 4 b Ζ x 4 b. H ence x = p tP (y ) from P ropo sit ion 4. 5. So p tP is a su rjec2
t ion. A s a resu lt, P is a hom eom o rph ism .

5. Spec ia l iza t ion and ca tegor ica l equ iva lence

D ef in it ion 5. 1　L et N be a sem itop olog ica l sy stem , and x , y∈ p tN . W e ca ll x Α y if f or each
a∈ 8 N , x 4 im p lies y 4 a. W e ca ll the ord er2rela tion Α as sp ecia liz a tion ord er.
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x Α y m ean s tha t y po ssesses a ll tho se p ropert ies w h ich x po ssesses. So y includes
m o re info rm at ion than x. T hu s the specia liza t ion o rder hasn’t the 0an t isymm etry: x Α y and
y Α x im p ly x = y.

D ef in it ion 5. 2　 S em itop olog ica l sy stem N is ca lled as T 0 if the sp ecia liz a tion ord er of N sa ti2
f ies the an tisym m etry , tha t is , x = y if and on ly if x Α y and y Α x.

C lea rly , if N is a T 0 sem itop olog ica l sy stem , then (p tN , Α ) is a po set.

Proposit ion 5. 3　 T 0 sep erability d osen’ t chang e und er hom eom orp h ism s.

Prposit ion 5. 4　 S upp ose tha t A is a P 2set. T hen L ocA is T 0, and f u rther, f or each sem itop o2
log ica l sy stem N , L ocN is T 0.

Proof　 T ake x , y∈ p tA . T hen
　　　　　　　　　　 x = y Ζ Π b ∈ A , x (b) = y (b)

Ζ Π b ∈ A , x 4 b Ζ y 4 b
Ζ x Α y , y Α x.

Proposit ion 5. 5　 S upp ose tha t N is a sem itop olog ica l sy stem , and tha t P : N → L ocN is the
na tu ra l m app ing. T hen p tP : p tN → p t8 N p reserves the sp ecia liz a tion ord er.

L emma 5. 6　 S upp ose tha t N is a loca lic sem itop olog ica l sy stem , and tha t P : N → L ocN is
the na tu ra l m app ing. T hen p tP : p tN → p t8 N is an isom orp h ism , w here p tN is w ith the sp e2
cia liz a tion ord er, and p t8N is w ith the p oin tw ise ord er Φ of m app ing s, w h ich a lso is the sp e2
cia liz a tion ord er Α of p t8 N .

Proof　 It fo llow s tha t p t P p reserves the o rder , and is a b iject ion from L emm a 4. 7. T here2
fo re w e on ly need to show tha t (p tP ) - 1p reserves.

T ake x , y ∈p t8 N , w ith x Φ y. T hen Π b∈8 N ,

　　　　　　　　　 (p tP ) - 1 (x ) 4 b ] (p tP ) - 1 (x ) 4 8 P (b)
] x 4 b
] y 4 b
] (p tP ) - 1 (y ) 4 8 P (b)
] (p tP ) - 1 (y ) 4 b.

So, (p tP ) - 1 (x ) Α (p tP ) - 1 (y ).

Theorem 5. 7　 T he f ollow ing ca teg ories a re d ua lly equ iva len t:

· loca lic sem itop olog ica l sy stem s + con tinuous f unctions;

· P 2sets + P 2hom orp h ism s, tha t is , P⊥.

Proof　 F rom L emm a 4. 7, fo r each loca lic sem itop log iacl system N , ΓN = 3D P : N → L oc .
F (N ) = L ocN is an isom o rph ism. So Γ is a na tu ra l isom o rph ism from the iden t it i functo r of
the first ca tego ry to functo r L oc . F. O n the o ther hand, ΠA ∈ obj ( Pop

⊥) ,

ΕA = 1A : F ü L ocA = A → A

is an isom o rph ism. So Ε: F . L oc → 1Pop
⊥ is a na tu ra l m app ing. A s a resu lt , (F , L oc, Γ , Ε)

is an isom orp h ism adjoin t.
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半 拓 扑 系 统

陈 仪 香
(上海师范大学数学系, 200234)

摘　要

本文旨在建立 S 系统理论,它具有相当的广泛性,以及应用背景性,同时又以拓扑空间、
模糊拓扑空间、拓扑分子格以及拓扑系统为特例.
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