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Abstract In this paper we give a complete classification of finite groupsw hose proper a-
belian subgroup orders are consecutive integers
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In [1] the finite groups all of whose element orders are consecutive integers have been
classified ShiW ujie!? has detem ined all finite group sw hose proper subgroup orders are con-
secutive integers In [2], ShiW ujie posed the follow ing problen: To classify all groups in
w hich proper abelian subgroup orders are consecutive integers In thispaperwe anaver the
above question and obtain the follow ing conclusion:

Theorean LetG bea finite group and Ta(G) the set o praper abelian subgroup orders in G.
If T(G)=1{1,2,...,n}, then n< 6and oned thefollaving holds

(1) n=1land G= Z,, p prime

(2) n=2and G= Z2x Z2, or G= Z4

(3) n=3and G= Ss, or G= Zs

(4 n=4and G= A4, or G= S,

(5 n=5and GEAs

() n=6and G= Ss

A Il groups discussed w ill be assumed to be finite and all our notation is standard as can
be found in Gorenstein®. M oreover, A < G indicates thatA isaproper subgroup of G and P4
denotes a gq-Sylow subgroup of G, where g isaprime For convenience, we call a group G
w hose proper abelian subgroup orders are consecutive integers an OA » group, w here n is the
maximal integers in & (G).

Lenma 1 L etn bea positive integer and pithei-th prime d theprime series, px= max{p; |pj
= n}. If n= 5, then follav ing inequalities hold.
(1) 2px 1+ 1> pe (2) pi.1>n
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Proof W e can mmediately check (1) and (2) for n< 2Q For n> 20w e have p« 1> (p«-
1) /2 by [2, Lenma 1] and (1) follow s A gain by [2, L enma 1] we see that

px > n/2
and
pt 1> ((px- 1)/2)?> n’°/16- n/4= n
and (2) follow s

Lanma 2 LetG bea 2-group and |G |Z 16 Then G has an abelian subgroup o oder 8

Proof LetA be amaximal abelian nomal subgroup of G Then A = Cs(A) from [3, p.
185].
If Jo |= 4, then
Aut@)|= (2°- 1) (2*- 2 or2(2- 1)
and
le/A |= le/e@) [|Aut@) ],
w e have
lc|= I |or|c|= 2]a|= 4ors,
a ocontradiction

Lenma 3 LetG beanO Angroup. Then G issolvable if and only if n=4

Proof If n= 4, then G isobviously solvable

If an O A group G is olvable and n> 4, by Lenma 1we can suppose that |G |= 2%
3% .. pi2pw 1px because a group of order p?(p prine) isabelian SinceG is wlvable, there
exists a subgroup H of G such that |H |: px 1px By Sylow's theorem andLenmal, H is
cyclicand |H |= px 1p> pi i°> n Thisisa contradiction against the fact that G isanO A

group.

Theoren 1 LetG beanO Angroup wheren=4 Then oned follav ing holds
(1) n=1land G= Z,, p prime
(2) n=2and G= Z2:X Z2, or GE Za
(8 n=3and G= S3, or G= Zs
(4 n=4and GE A4 or GE S4

Proof The conclusions (1) and (2) areobvious For n= 3we have |G |= 6 and (3) holds
Forn= 4, Lenma 2 impliesthat |G |= 120r 24 First, we shall show s that Ps4 G.

A ssume that Ps<IG. SinceG isan O A s group, obviously Cs(P2)= Pz A's |A ut(Ps) |=
2, we see that |G/Ps|= Lor 2 and hence |G |= 3or 6 It isplainly mpossible

Considering theminimal nomal subgroup N of G, we have [N |= 2or4 I N |= 2,
then N Ps iscyclic and |N Ps|= 6, a contradiction Thus [N |= 4and N Ps|= 12 AsN P
can not have any element of order 6, we infer thatN P:z= A4

If |G |= 12, then it follow s that

G=NP:s=A.
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If |G |= 24, it isclear that |G:N Ps|= 2 and henceN Ps<t G. It follow s that G= Sa

Theorem 2 LetG beanO Angroup and n> 4 Then:
(1) Wehaven= 6
(20 n=5, thenG=Asand if n= 6, then G= Ss

Proof W e first deal with the casewhere n= 5 and 6 If G exists, then by Lenma 2 and
L enma 3we can suppose that |G |= 23+ 5(k< 4) and G is nonslvable

Let S be themaximal wlvable nomal subgroup of G and N /S aminimal nomal sub-
group of G/S. ThenN /S is a nonabelian smple group and

N /S) = {2, 3,5}

Therefore S is2-group and S= 02(G). From [4, p. 12]wehaveN /S=As AlD, G/S isin-
morphic to a subgroup of Aut(N /S). AndG/S= AsorSs
ByLenma 2 it isclear that

Is|= lo2@) |= 1or2
If J02(G) |= 2, then02(G)Ps isa cyclic group of order 10 Thus

0:0G) =s=1
and
G = As0rSs

(2) follow s
Let G beanO A group, wheren= 7,

|G|: 293% .. piipj+i.. pr, 2pj+1> n= 2pj,

w here pi is the ith primeof theprime series A s9 does not divide the order of SL (2,5), the
proof of [1, Lenma 7] mplies that G is neither Frobenius nor 2-Frobenius and a proof simi-
lar to [1, Lenma 8] yields that G hasa nomal seriesw hich contains a nonabelian simple fac-
tor group G such that pj+1, ..., px TT(Ga).

In the casewhere 7= n = 10, the above description mplies that G has a nonabelian
smple factor group Gi1= G1/S such that 5, 7 11(G1). A coording to the first part of the proof
of [1, Lenma 9], Gican only be isomorphic to Azor P (3,4). Since G isan O A group
where 7< n < 10, we can suppose that |G |= 2%3%* 5+ 7 and o m(S) {2, 3}. BecauseS
has a fixed-point-free automorphisn of order 7, S isa nilpotent {2, 3}-group.

A ssume that 3 divides the order of S. Considering the 3-Sylow subgroup Qs of S, we
have Qs<! Gi because S is nilpotent Obviously |z (Qs) |= 30or @ By Sylow's theorem Z
(Qs3) P+ is abelian and |Z Q3)P+ |Z 21w here P+ denotes the 7-Sylow subgroup of Gi, a con-
tradiction ThusS isa 2-group and S= 02(G1).

A 'sZ(02(G1)) isabelian, it isclear that |2 (02(G1)) |< 8 When |2(0:(G1)) |= 20r 4,
from Sylow's theoran w e can easily prove that Z (02(G1)) P+ is abelian and

|z ©:(G1)P7| = 14,
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a contradiction W hen |z (02(G1)) |= 8, we smilarly have Z (02(G1)) Ps is abelian and

|Z ©02(G1))Ps | = 40,
w here Ps denotes the 5-Sylow subgroup of G, a contradiction Thus |z (02(G1)) |= 1 and
02(G1)=S= 1 Therefore G: is a nonabelian nomal simple subgroup of G and G:= A7 or
P (3, 4).
A sGi1< G and Ce(G1) = 1we infer that

A7=<G=S;0rP (3,4 <G =< Aut(P (3,4)).
When A= G= S7, we conclude that
G =A70rS=

But both A7 and S7are not O A~ groups because A - contains an abelian subgroup of order 9
and does not contain any abelian subgroup of order 8 and Sz contains elenents of order 12
When P9 (3,4) < G= Aut(PL (3,4)), G isnot anO A group because P9 (3, 4) hasa
subgroup w hich isisomorphic to Z«x Za4 Therefore there doesnot exist any O A » group w ith
7= n= 1Q

For n= 11w e can also prove that there doesnot exist any O A » group using an argumn ent
similar to [1, L enma 10].
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