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Orders of Classica l Groups over F in ite R ings
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Abstract　 It is ob served tha t a classica l group over a fin ite ring R w ith iden t ity
can be reduced to tha t over fin ite f ields after the p rocedu res of tak ing“m odu lo
the rad ica l”,“direct sum”and“ten so r p roducts”. Basing on tha t fact, w e ca l2
cu la te the o rders of classica l group s over R and the num ber of k2dim en siona l
free subm odu les of an n2dim en siona l free m odu le over R.
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1. In troduction

L et R deno te a fin ite ring w ith iden t ity and J it s n ilpo ten t rad ica l. F rom the theo ry of
W edderbu rn2A rtin, w e have

R öJ µ Ý
t

i= 1
M m i

(F q i
) (1)

w here F qi is the fin ite field w ith q i elem en ts, and M m i
(F qi

) , m i×m i the to ta l m atrix ring over

F qi
. T he o rders of classica l group s over a fin ite field are w ell2know n, and a para llel resu lt has

been given in [6 ] fo r fin ite comm u ta t ive rings. In th is paper, w e genera lize these resu lts to
arb it ra ry fin ite rings. T he necessary concep ts and term ino log ies on fin ite rings are referred to
[3 ].

L et R be a fin ite ring as in (1) , GL n (R ) the group of un its in M n (R ) , and SL n (R ) the
subgroup of GL n (R ) genera ted by the m atrices T ij (Κ) = I n+ Κeij , i≠j , Κ∈ R. H ere I n is the n
× n iden t ity m atrix and eij is the m atrix w ho se on ly non2zero en try is a 1 in the ( i, j ) 2po si2
t ion. GL n (R ) and SL n (R ) a re ca lled thegenera l linear group and the specia l linear group , re2
spect ively. To define the un ita ry group s, w e suppo se tha t there is an an t i2isom o rph ism a-→

a in R such tha t a
=

= a fo r any a∈R. Tw o k inds of the un ita ry group s are defined as fo llow s:

U 2n (R , H 2) = T ∈ GL 2n (R ) ûT H 1 T′= H 1 ,w here H 1 =
0 I n

- I n 0
,
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U 2n (R , H 1) = T ∈ GL 2n (R ) ûT H 2 T′= H 2 ,w here H 2 =
0 I n

I n 0
,

H ere T′deno tes the tran spo se of T. T he m ain resu lts of th is paper are the fo llow ing fou r
theo rem s :

Theorem 1　 L et R be a f in ite ring as in (1). T hen

ûGL n (R ) û = ûJ û n2

7
t

i= 1
ûGL nm i

(F qi
) û.

Theorem 2　L et R be as in T heorem 1. T hen

ûSL n (R ) û = ûGL n (R ) ûû∃ûöûR 3 û ,

w here R
3

d enotes the g roup of un its in R , and ∃ , the subg roup of R
3

g enera ted by (abc+ a+
c) (cba+ a+ c) - 1, abc+ a+ c∈R

3 .

Theorem 3　 L et R be as in T heorem s 1 and 2, and supp ose tha t 2 is a un it of R. T hen

ûU 2n (R , H 1) û = ûJ û n (2n- 1) ûK û 2n7
t

i= 1
ûS p 2nm i

(F qi
) û ,

and

ûU 2n (R , H 2) û = ûJ û n (2n- 1) ûL û 2n7
t

i= 1
ûO 2nm i

(F qi
) û ,

w here K = {a∈ J ûa= a}, L = {a∈ J û a= - a}, and S p 2nm i
(F qi

) , O 2nm i
(F qi

) a re the sym p lectic

g roup , orthog ona l g roup over the f in ite f ield F qi resp ectively.

Since R is noetherian, it has IBN ( invarian t basis num ber) , nam ely, fo r every free R 2
m odu le A , every tw o bases of A have the sam e card ina l. M o reover, if A is an n2dim en siona l
free m odu le (w ith an n2elem en t basis) , then any genera t ing set w ith n elem en ts is a basis
(cf. [ 5 ], p. 111, T heo re m 4. 9).

L et
n
k R

deno te the num ber of a ll k2dim en siona l free subm odu les of an n2dim en siona l

free m odu le. If R = F q is the fin ite field w ith q elem en ts, then
n
k R

is ju st the w ell2know n

Gau ss b inom ia l coefficien t
n
k q

w ho se value is g iven by

n
k q

=
(qn - 1) (qn- 1 - 1) . . . (qn- k+ 1 - 1)

(qk - 1) (qk- 1 - 1) . . . (q - 1) .
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In genera l, w e have

Theorem 4　L et R be as in T heorem s 1, 2 and 3. T hen

n
k R

= ûJ û k (n- k ) 7
t

i= 1

nm i

km i qi

.

　　T he p roofs of these theo rem s w h ich w ill be g iven in the fo llow ing fou r sect ion s are based
on the ob serva t ion tha t a classica l group over a fin ite ring defined as above can be reduced to
tha t over fin ite f ields after the p rocedu res of tak ing“m odu lo the rad ica l”,“direct sum”and
“ten so r p roducts”.

2. Proof of Theorem 1

T he p roof is g iven in th ree step s.
( i)　 Since each elem en t of GL n (R ) co rresponds to a basis of the n - d im en siona l free

left R 2m odu le R
n= { (a1, a2, . . . , an ) û a i∈R }, and {Α1, Α2, . . . , Αn } is a basis of R

n if and
on ly if {Α1 (m od J ) ,　Α2 (m od J ) , . . . , Αn (m od J ) } is a basis of (R öJ ) n (see [3 ], p. 87) , A ∈
GL n (R ) if and on ly if A (m od J )∈GL n (R öJ ). So w e have a su rject ive group m o rph ism

Υ1: GL n (R ) - → GL n (R öJ ) ,
　　　　A - →A (m od J )

w ith the kernel, deno ted by GL n (J ) , con sist ing of m atrices of the fo rm

I n + (a ij ) n× n , a ij ∈ J .

O bviou sly, ûGL n (J ) û= ûJ û n2

.
( ii)　L et R = Ý t

i= 1R i. T hen M n (R ) µ Ý t
i= 1M n (R i). So w e have a group isom o rph ism

(see [3 ], p. 398)

Υ2:　GL n (R ) - → 7
t

i= 1

GL n (R i) ,

from w h ich it fo llow s tha t ûGL n (R ) û= 7
t

i= 1ûGL n (R i) û.
( iii)　L et R = M m (F q). F rom the structu re of“b lock”m atrices, w e m ay view any m a2

t rix in GL n (R ) as an invert ib le m atrix in M nm (F q) , and any m atrix in GL nm (F q) can a lso be
con sidered as an elem en t of GL n (R ). So w e have a group isom o rph ism

Υ3:　GL n (R ) - → GL nm (F q).

　　To sum up , w e have p roved the theo rem.

3. Proof of Theorem 2

Since a fin ite ring R is“stab le”, i. e. , R po ssesses the p roperty tha t fo r any left idea l N
of R and r∈ R , N + r con ta in s a un it of R if N + R r= R , ( see [ 3 ], p. 399). So the d iscu s2
sion s abou t the specia l linear group s over a d ivision ring (cf. [ 1 ]) can be cop ied fo r the case
over a fin ite ring. T he p rocesses are as fo llow s :
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　　 (a)　Each elem en t A in GL n (R ) can be decom po sed as A = B D (u ) , w here B ∈SL n

(R ) , D (u ) = d iag{1, . . . , 1, u} is a d iagonal m atrix, and u∈ R
3 . So it can be show n tha t

SL n (R ) is a no rm al subgroup of GL n (R ).
(b)　 GL n (R ) öSL n (R ) µ R

3 ö∃ ,
w here ∃ is the subgroup of R

3 genera ted by (abc+ a+ c) (cba+ a+ c) - 1, abc+ a+ c∈ R
3 .

L et Υ be the na tu ra l m o rph ism of R
3 on to R

3 ö∃n , w here ∃n = {u∈ R
3 ûD (u )∈ SL n

(R ) }. T hen
det:　GL n (R ) - →R 3 ö∃n　　

　　　　　　　　　A - → Υ(u ) if A = B D (u )
is a su rject ive m o rph ism w ith the kernel SL n (R ). So

GL n (R ) öSL n (R ) µ R 3 ö∃n.

　　 If n= 2, w e have ∃2= ∃ (see [4 ]).
If nΕ 3, ob serving tha t

SL n (R ) ∩ GL n- 1 (R ) = SL n- 1 [7 ],

w e have tha t ∃n= ∃.
T herefo re

GL n (R ) öSL n (R ) µ R 3 ö∃ ,
w h ich com p letes the p roof of the theo rem.

4. Proof of Theorem 3

T he p roof of T heo rem 3 can be com p leted as fo llow s.
( I)　 R estricted to U 2n (R , H 1) , Υ1 (as defined in §2) is a su rject ive m o rph ism of U 2n

(R , H 1) on to S p 2n (R öJ ) , w h ich w e deno te by Υ1ûU 2n
(R , H 1).

( II)　 L et U 2n (J ) deno te the kernel of Υ1ûU 2n
(R , H 1). T hen by a sim ila r argum en t in [ 1 ],

w e m ay show tha t ûU 2n (J ) û= ûJ û n (2n- 1) ûK û 2n.
( III)　 If R = © t

i= 1R i, then Υ2 ûU 2n
(R , H 1) , the rest rict ion on U 2n (R , H 1 ) of Υ2 defined in

§2, is an isom o rph ism of U 2n (R , H 1) to 7
t

i= 1U 2n (R i, H 1).
( IV )　 L et R = M m (F q). W e have M n (R ) µ M nm (F q). L et I n (R ) deno te an iden t ity m a2

t rix in M n (R ). By the isom o rph ism of M n (R ) µ M nm (F q) , w e con sider I n (R ) as the sam e as
I nm (F q) in M nm (F q). M o reover, w e iden t ify the m atrix

0 I n (R )
- I n (R ) 0

w ith
0 I nm (F q)

- I nm (F q) 0
.

So w e can get an isom o rph ism betw een U 2n (R , H 1) and S p 2nm (F q) , the sym p lect ic group over
the fin ite field F q. T herefo re,

ûU 2n (R , H 1) û = ûS p 2nm (F q) û.
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To sum up , w e have

ûU 2n (R , H 1) û = ûJ û n (2n- 1) ûK û 2n7
t

i= 1
ûS p 2nm i

f (F qi
) û

if R is as in (1).
Sim ila rly, w e can p rove

ûU 2n (R , H 2) û = ûJ û n (2n- 1) ûL û 2n7
t

i= 1
ûO 2nm i

(F qi
) û .

5. Proof of Theorem 4

1)　L et A be any n2dim en siona l free left R 2m odu le, (n , k ) R the set of a ll o rdered k2tup le
{v 1, v 2, . . . , v k } of R 2linear independen t vecto rs in A and [ n , k ]R the card ina l of (n , k ) R.
F rom the defin it ion w e know tha t every o rdered k2tup le in (n , k ) R genera tes a k2dim en siona l
free subm odu le of A , and every k2dim en siona l free subm odu le of A has [k , k ]R = ûGL k (R ) û

bases, thu s w e get tha t [n , k ]R =
n
k R

[k , k ]R.

2)　L et A be an n2dim en siona l free R 2m odu le. T hen A öJA is an n2dim en siona l free R ö
J 2m odu le. T he elem en ts of A and A öJA are w rit ten as v = (a1, a2, . . . an) and v = (a1+ J , a2

+ J , . . . , an+ J ) w ith a i∈R , respect ively. A s m en t ioned in §2, {v 1, v 2, . . . , v n} is a basis
of A if and on ly if {v 1, v 2, . . . , v n} is a basis of A öJA , so {u 1, u 2, . . . , u k }∈ (n , k ) R if and
on ly if {u 1, u 2, . . . , u k }∈ (n , k ) R öJ w h ich im p lies tha t [n , k ]R = ûJ û nk [n , k ]R öJ.

3)　L et R = S Ý W be a direct sum of tw o fin ite rings. It is easy to estab lish the b iject ion
from (n , k ) R to (n , k ) S× (n , k )W. T hu s w e have

n
k R

=
n
k S

n
k W

.

4)　L et R = M m (F q) , and A an n2dim en siona l free R 2m odu le. T hen each elem en t of (n ,
k ) R can be regarded as km× nm m atrix over F qof rank km . So, by the theo ry on Gau ss b ino2
m ial coefficien ts and 1) , w e ob ta in

n
k R

=
nm
km q

.

To sum up , w e have
n
k R

= ûJ û k (n- k ) 7
t

i= 1

nm i

km i qi

.

Acknowledgem en t　 T he au tho r w ou ld like to thank P rofesso r H. You fo r h is help fu l sug2
gest ion s.

—115—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



References

1　H ua L K and W an Z X. C lassica l G roup s. Shanghai Science and T echno logy P ress, Shanghai, 1963.
2　Jacobson N. B asic A lg ebra I, W. H. F reem an and Company, San F rancisco, 1974.
3　M cDonald B R. F in ite R ing s w ith Id en tity. M arcel D ekker, Inc. , N ew Yo rk, 1974.
4　M enal P &M oncasi J. K 1 of V on N eum ann reg u lar ring s. J. of Pu re and A pp l. A lgeb ra, 1984, 33 (3) :

295- 312
5　Ro tm an J J. A n In trod uction to H om olog ica l A lg ebra. A cadem ic P ress, 1979.
6　You H and Gao Y. Com p u ta tion of the ord ers of ca lssica l g roup s over f in ite comm u ta tive ring s. Ch inese

Science Bu llet in, 1994, 39 (14) : 1150- 1154
7　You H. S om e rem arks on d ecom p osition of S teinberg g roup. Ch inese Science Bu llet in, 1992, 37 (24) : 2032

- 2037

有限环上典型群的阶

冯　红
(大连理工大学应用数学系, 大连116024)

摘　　要

本文通过“取模”,“取值和”,“取积”等方法,将有单位元的有限环 R 上典型群阶的计算转
化为有限域上典型群阶的计算,并计算了 R 上 n2维自由模V n (R )中 k2维自由子模的个数.
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