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Inverses of Regular Strong Endom orph ism s of Graphs
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Abstract　 In th is paper w e exp licit ly describe all the comm uting p seudo2inverses of a com 2
p letely regu lar strong endomo rph ism of a graph from a view po in t of com binato rics. T he
num ber of them is also given. In addit ion, a strong endomo rph ism of a graph, w ho se com 2
m uting p seudo2inverse set co incides w ith its p seudo2inverse set, is iden tified.
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T h is paper is a con t inua t ion of [1 ], in w h ich p seudo2inverses of a st rong endom o rph ism
of a graph w ere invest iga ted, in part icu la r, the characteriza t ion and the enum era t ion of them
w ere exp licit ly described. T he m ain pu rpo se of th is paper is to characterize and to enum era te
comm u ting p seudo2inverses of a com p letely regu lar st rong endom o rph ism of a graph. It
tu rn s ou t tha t p seudo2inverses and comm u ting p seudo2inverses of a st rong graph endom o r2
ph ism indeed po ssess d ist inct ly com parab le fea tu res from the view po in t of com b ina to rics. In
addit ion, a st rong endom o rph ism of a graph, w ho se comm u ting p seudo2inverse set co incides
w ith its p seudo2inverse set is iden t if ied. T hese resu lts revea l the in terconnect ion betw een the
com b ina to ria l st ructu re of a graph and the a lgeb ra ic st ructu re of its co rresponding m ono id.
R eaders are referred to [2 ] and [3 ] fo r m o re background info rm at ion in th is line.

L et a be an elem en t of a sem igroup S. If there ex ists x ∈ S such tha t ax a= a , then a is
sa id to be regu lar and x is ca lled a p seudo2inverse of a; m o reover, if there ex ists x ∈ S such
tha t ax a= a and ax = x a , then a is sa id to be com p letely regu lar and x is ca lled a comm u ting
p seudo2inverse of a (cf. [ 4 ] o r [ 5 ]). A sem igroup is sa id to be regu lar (o r com p letely
regu lar) if a ll it s elem en ts are regu lar (o r com p letely regu lar). In [ 2 ] and [ 6 ], it is p roved
tha t the m ono id of st rong endom o rph ism s of a graph is a lw ays regu lar. In [ 7 ], com p letely
regu lar endom o rph ism s of a graph are characterized.

O n ly fin ite undirected graph s w ithou t loop s and m u lt ip le edges are con sidered in th is pa2
per. W e deno te by V (G ) (o r ju st G ) and E (G ) the vertex set and edge set of a graph G re2
spec t ively. Fo r defin it ion s of endom o rph ism , st rong endom o rph ism and au tom o rph ism of a
graph, readers are referred to [1 ] o r [2 ]. By End (G ) , sEnd (G ) and A u t (G ) w e deno te the
set of endom o rph ism s, st rong endom o rph ism s and au tom o rph ism s of graph G respect ively.
A pparen t ly, A u t (G ) Α sEnd (G ) Α End (G ). It is w ell2know n tha t End (G ) and sEnd (G ) a re
m ono ids and tha t A u t (G ) is a group w ith respect to the com po sit ion of m app ings.
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L et f ∈s End (G ). W e deno te by S f the induced subgraph of G w ith V (S f ) = f (V
(G ) ) , by Θf the equu iva lence rela t ion on V (G ) induced by f , i. e. , fo r any a , b∈V (G ) , (a ,
b)∈ Θf if and on ly if f (a) = f (b). Fo r x ∈ G and A Α V (G ) , f

- 1 (x ) : = {a∈Gû f (a) = x } and
f

- 1 (A ) : = ∪x∈A f
- 1 (x ). Fo r a vertex a∈G , w e pu t N (a ) = {b∈G û {a , b}∈ E (G ) } ( the

neighbou rhood of a in G ). T he rela t ion Σon V (G ) is defined by the ru le tha t (a , b)∈ Σ if and
on ly if N (a) = N (b). C learly, the rela t ion Σ is an equ iva lence rela t ion on V (G ). By [a ]Σw e
deno te the equ iva lence class of the vertex a of graph G w ith respect to the rela t ion Σ. Funda2
m en ta l defin it ion s and no ta t ion s no t defined in th is paper shou ld be referred to [8 ] and [9 ].
CP I(f ) and P I (f ) deno te the sets of comm u ting p seudo2inverses and p seudo2inverses of f

respect ively, i. e. , P I(f ) = {g ∈sEnd (G ) û f gf = f }; CP I(f ) = {g ∈sEnd (G ) û f gf = f ; gf =
f g }. Eviden t ly, CP I(f) Α P I(f).

Theorem 1 [ 7, T heo rem 2. 7 ]　L et G be a g rap h and let f ∈sEnd (G ). T hen f is com p letely
reg u la r if and on ly if f or any x ∈G , û [x ]Θf

∩ S f û= 1.

L emma 2　L et G be a g rap h and let f ∈ s End (G ). If f is com p letely reg u la r, then f or any x
∈S f , û f

- 1 (x )∩ S f û= 1.

Proof　Since x ∈ S f , there ex ists x
′∈ G such tha t f (x

′) = x. A s f is com p letely regu lar,
u sing T heo rem 1 w e have û [x

′]Θf
∩ S f û = 1. It is rou t ine to check tha t f

- 1 (f (x
′) ) = [x

′]Θf

and so f
- 1 (x ) = [x

′]Θf
. H ence, û f

- 1 (x )∩ S f û= 1. □

D ef in it ion 3　L et G be a g rap h and let f ∈sEnd (G ) such tha t f is com p letely reg u la r. D ef ine
a m app ing g : V (G )→ V (G ) by the f ollow ing ru le:

(3. 1)　　g (x ) ∈
f - 1 (x ) ∩ S f 　if x ∈ S f ;
f - 1 ( [x ]Θf

∩ S f )　if x ∈V (G )S ø f.
(Ju st as in [ 1 ], by, e. g. g (x ) ∈ f

- 1 (x ) ∩ S f , w e m ean tha t“select a vertex y ∈f
- 1

(x )∩ S f and set g (x ) = y”. )

Remark 4　U nd er the hyp othesis of D ef in ition 3,
(1)　the m app ing g d ef ined by (3. 1) is w ell d ef ined ;
(2)　f or any x ∈G , [x ]Θf

∩ S f = {gf (x ) }.

Proof　 (1) By L emm a 2, fo r any x ∈S f , f
- 1 (x ) ∩S f ≠ö0 and so g (x ) is co rrect ly defined.

Since f is com p letely regu lar, so by T heo rem 1 fo r any x ∈ G , [x ]Θf
∩ S f ≠ö0. Eviden t ly,

[ x ]Θf
∩ S f Α V (S f ) , so f

- 1 ( [x ]Θf
∩ S f )≠ö0. H ence, fo r x ∈V (G ) øS f , g (x ) is a lso co rrect ly

defined. T h is ju st if ies the conclu sion.
(2)　L et x ∈ G. Since f (x )∈ S f , by (3. 1) gf (x ) = g (f (x ) )∈f

- 1 (f (x ) ) ∩ S f. Since
f

- 1 (f (x ) ) = [x ]Θf
, gf (x )∈ [x ]Θf

∩ S f. A s f is com p letely regu lar, by T heo rem 1 û [x ]Θf
∩

S f û= 1 and so [x ]Θf
∩ S f = {gf (x ) }. □

L emma 5 [3, L emm a 6 ]　L et G be a g rap h and let f ∈sEnd (G ). T hen , f or any x , y∈G , N
(f (x ) ) = N (f (y ) ) if and on ly if N (x ) = N (y ).

L emma 6　L et G be a g rap h and let f ∈sEnd (G ). T hen , f or any x ∈G , [x ]Θf
Α [x ]Σ.
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Proof 　L et a∈[x ]Θf
. T hen f (a) = f (x ) and so N (f (a ) ) = N (f (x ) ). T hu s, by L emm a

5, N (a) = N (x ) , w h ich m ean s tha t a∈[x ]Σ. □

L emma 7 [ 1, T heo rem 2. 8 ]　L et G be a g rap h and let f ∈sEnd (G ). L et g be a m app ing
f rom V (G ) to itself . T hen g∈P I(f ) if and on ly if f or any x ∈S f , g (x ) ∈f

- 1 (x ) and f or
any x ∈V (G ) øS f , g (x )∈ f

- 1 ( [x ]Σ∩ S f ).

L emma 8　U nd er the hyp othesis of D ef in ition 3, g∈P I(f ).

Proof　By R em ark 4, g is w ell defined. Fo r any x ∈ S f , by (3. 1) , g (x ) ∈ f
- 1 (x ) ∩ S f Α

f
- 1 (x ). U sing L emm a 6, w e have [x ]Θf

∩ S f Α [x ]Σ∩ S f fo r any x ∈G. T hu s, f
- 1 ( [x ]Θf

∩
S f ) Α f

- 1 ( [x ]Σ∩ S f ). H ence, fo r any x ∈ V (G ) øS f , g (x ) ∈ f
- 1 ( [ x ]Σ∩ S f ). So, from

L emm a 7 it fo llow s tha t g∈P I(f ). □

Proposit ion 9　U nd er the hyp othesis of D ef in ition 3, g∈CP I(f ).

Proof　 By L emm a 8, it rem ain s to p rove tha t f g = gf . L et x ∈S f. Since f is com p letely
regu lar, by L emm a 2 f

- 1 (x )∩ S f = {y } fo r som e y∈G. So by (3. 1) , w e have g (x )∈{y },
i. e. g (x ) = y. Since y ∈f

- 1 (x ) , f (y ) = x. H ence, f g (x ) = f (g (x ) ) = f (y ) = x. O n the
o ther hand, since x ∈ S f , x ∈ [ x ]Θf

∩ S f. T hen, u sing R em ark 4 (2) w e have x = gf (x ).

T h is verif ies tha t f g (x ) = gf (x ) fo r any x ∈ S f.
N ow , let x ∈V (G ) øS f. T hen acco rd ing to (3. 1) , g (x )∈f

- 1 ( [x ]Θf
∩ S f ) and so f g (x )

∈[x ]Θf
∩ S f. H ence, by R em ark 4 (2) w e also have f g (x ) = gf (x ) fo r any x ∈V (G ) øS f.

Con sequen t ly, f g = gf . T h is com p letes the p roof. □

Proposit ion 10　L et G be a g rap h and let f ∈sEnd (G ) such tha t f is com p letely reg u la r. If g
∈CP I(f ) , then f or any x ∈S f , g (x ) ∈f

- 1 (x ) ∩ S f ; f or any x ∈V (G ) øS f , g (x ) ∈f
- 1

( [x ]Θf
∩ S f ).

Proof　L et x ∈S f. Since g∈CP I(f ) , g∈P I(f ). T hen by L emm a 7, g (x )∈f
- 1 (x ). Since

f is com p letely regu lar, by L emm a 2 f
- 1 (x )∩ S f = {y } fo r som e y∈G. T hu s f (y ) = x and

so gf (y ) = g (x ). Since g∈CP I(f ) , f g = gf . So , it fo llow s tha t f g (y ) = g (x ). Eviden t ly,
f g (y )∈S f and so g (x )∈S f. H ence, w e have tha tg (x )∈f

- 1 (x )∩ S f fo r any x ∈S f.
N ow , let x ∈V (G ) øS f. Since g∈ CP I(f ) , w e have f gf (x ) = f (x ) and f g (x ) = gf (x ).

So, f f g (x ) = f (x ) , w h ich m ean s tha t f g (x ) ∈f
- 1 (f (x ) ). N o t ice tha t f

- 1 (f (x ) ) = [x ]Θf

and tha t f g (x ) ∈S f. H ence, f g (x ) ∈[x ]Θf
∩ S f so tha t g (x ) ∈f

- 1 ( [x ]Θf
∩ S f ). T h is com 2

p letes the p roof. □
N ow , com b in ing P ropo sit ion s 9 and 10, w e ob ta in the characteriza t ion of the comm u ting

p seudo2inverses of a com p letely regu lar st rong endom o rph ism f of a graph G as fo llow s:

Theorem 11　L et G be a g rap h and let f ∈sEnd (G ) such tha t f is com p letely reg u la r. T hen
the f ollow ing tw o sta tem en ts a re equ iva len t:

(1)　g∈CP I(f ) ;
(2)　 g is a m app ing f rom V (G ) to itself such tha t (3. 1) is sa tisf ied.
R eca lling the characteriza t ion of p seudo2inverses of a regu lar st rong endom o rph ism of a

graph (cf. [ 1, T heo rem 2. 8 ]) , w e have
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g ∈ P I(f ) Ζ g (x ) ∈
f - 1 (x ) if x ∈ S f ;
f - 1 ( [x ]Σ ∩ S f ) if x ∈ V (G ) øS f.

g ∈CP I(f ) Ζ g (x ) ∈
f - 1 (x ) ∩ S f if x ∈ S f ;
f - 1 ( [x ]Θf

∩ S f ) if x ∈V (G ) øS f.

F rom the above fo rm u la t ion s w e can see tha t the tw o pu rely a lgeb ra ic concep ts, nam ely,
p seudo2inverses and comm u ting p seudo2inverses of a st rong endom o rph ism , indeed po ssess
d ist inct ly com parab le com b ina to ria l fea tu res.

Corollary 12　L et G be a g rap h and let f ∈sEnd (G ) such tha t f is com p letely reg u la r. T hen

ûCP I(f ) û =
1 if f ∈A u t (G ) ;

∏x∈V (G ) øS f
û f - 1 ( [x ]Θf

∩ S f ) û otherw ise.

Proof　By L emm a 2, û f
- 1 (x ) ∩ S f û = 1 fo r any x ∈S f. It is w ell know n tha t A u t (G ) is a

group and so each f ∈A u t (G ) is com p letely regu lar. A lso no t ice tha t f ∈A u t (G ) if and on ly
if V (G ) øS f = ö0. H ence, the conclu sion fo llow s direct ly from T heo rem 11. □

Remark 13　In g enera l, if f ∈sEnd (G ) such tha t ûCP I(f ) û= 1, it is not necessia rily tha t f ∈

A u t (G ). F or ex am p le, observe the g rap h G in F ig. 1 and f =
1 2 3 4 5
4 3 1 2 2

∈sEnd (G ) (cf . [1,

E x am p le 4. 4 ]).
N o t ice tha t S f = {1234} and V (G ) øS f = {5}. By T heo rem 11, it is rou t ine to check tha t

g =
1 2 3 4 5
3 4 2 1 1

is the un ique comm u tingp seudo2inverse of f . How ever, it is clear tha t f ö∈

A u t (G ).

Exam ple 14　 H ere w e st ill take the graph and the strong endom o rph ism f in [ 1, Exam p le
2. 10 ] as an exam p le.

F ig. 1

It is know n tha t f =
1 2 3 4 5
2 2 5 3 3

∈s End (G ). U sing T heo rem 1, w e can easily check

tha t f is com p letely regu lar.
S f = {235}, f

- 1 (2)∩ S f = {12}∩ {235}= {2}, f
- 1 (3) ∩ S f = {45}∩ {235}= {5}, f

- 1

(5)∩ S f = {3}∩ {235}= {3};
V (G ) øS f = {14}, f

- 1 ( [1 ]Θf
∩ S f ) = f

- 1 ({12}∩ {235}) = f
- 1 ({2}) = {12}, f

- 1 ( [ 4 ]Θf
∩

S f ) = f
- 1 ({45}∩{235}) = f

- 1 ({5}) = {3}.
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　　So, by T heo rem 11 and Co ro lla ry 12 w e see tha t CP I(f ) exact ly con ta in s the fo llow ing
tw o elem en ts, i. e.

CP I(f) = {f,
1 2 3 4 5
1 2 5 3 3

}.

In [1, Exam p le 2. 10 ], w e deduced ûP I(f ) û= 24, and now ûCP I(f ) û= 2.
N ow , a t the end of th is paper, w e tu rn to a na tu ra l quest ion: fo r w h ich f ∈sEnd (G ) ,

P I(f ) = CP I(f ). W e w ill see tha t such strong endom o rph ism s are none o ther than au tom o r2
ph ism s. W e first list know n sta tem en ts as lemm as:

L emma 15. [ 1. R em ark 2. 11 ]　L et G be a g rap h and let f ∈sEnd (G ). T hen f ∈A u t (G ) if
and on ly if ûP I(f ) û= 1.

L emma 16 [ 6. L emm a 2. 2 ]　L et G be a g rap h and let f ∈sEnd (G ). T hen f or any x ∈G ,
[x ]Σ∩S f ≠ö0.

Theorem 17　L et G be a g rap h and let f ∈sEnd (G ). T hen P I(f ) = CP I(f ) if and on ly if f
∈A u t (G ).

Proof　Sufficiency. L et f ∈A u t (G ). N o t ice tha t CP I(f ) Α P I(f ). T hen from Co ro lla ry 12
and L emm a 15, it fo llow s direct ly tha t P I(f ) = CP I(f ).

N ecessity. N ow , w e assum e tha t f ö∈ A u t (G ) and w e w an t to p rove tha t P I(f ) ≠CP I
( f ). If f is no t com p letely regu lar, then CP I(f ) = ö0 and so P I(f ) ≠CP I(f ) becau se P I(f )
≠ö0. So , w e suppo se f is com p letely regu lar.

Since f ö∈A u t (G ) , there ex ists a vertex a∈G w ith aö∈ S f. D efine a m app ing g : V (G )→
V (G ) by the fo llow ing ru le:

g (f (a) ) = a;
g (x ) ∈ f - 1 (x ) if x ∈ S f ø{f (a) };
g (x ) ∈ f - 1 ( [x ]Σ ∩ S f ) if x ∈V (G ) øS f.

Con sidering tha t fo r any x ∈G , [x ]Σ∩ S f ≠ö0 by L emm a 16 and tha t [x ]Σ∩ S f Α S f , w e
have f

- 1 ( [x ]Σ∩ S f ) ≠ö0. Fo r x ∈S f ø{f (a ) }, obviou sly f
- 1 (x ) ≠ö0. H ence, the m app ing g

is w ell defined. W e fu rther p rove tha t g∈P I(f ) bu t g ö∈ CP I (f ).
N o t ice tha t f (a)∈S f and g (f (a) ) = a∈f

- 1 (f (a) ). So, fo r any x ∈S f , g (x )∈f
- 1 (x ).

T hu s, by L emm a 7, g∈P I(f ). How ever, since aö∈S f , aö∈f
- 1 (f (a) ) ∩ S f , i. e. g (f (a ) ) ö∈

f
- 1 (f (a) ) ∩ S f. So, pu t y = f (a ) and w e see tha t y ∈S f bu t g (y ) ö∈f

- 1 (y ) ∩ S f. R eca ll
tha t w e have suppo sed tha t f is com p letely regu lar. T hu s, from T heo rem 11 it fo llow s im 2
m edia tely tha t g ö∈CP I(f ). Con sequen t ly, P I(f )≠ CP I(f ). T h is com p letes the p roof. □
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图的正则强自态的逆

李 为 民
(上海交通大学数学系, 200240)

摘　　要

本文从组合角度明确刻画了图的完全正则强自同态的交换伪逆, 同时给出它们的计数公
式.
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