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Abstract In thispaper, the author uses themonotone iterative technique and
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1 Introduction

The theory of mpulsive differential equations is a nev important branch of differential
equations ( see [1] ). Consider the existence of extrenal olutionsof wo point boundary
value problens (BV P ) for nonlinear second order impulsive integrodifferential equations of
m ixed type in Banach gpace E.

- u"= f(t u, Tu, Su), t£ t,
u|t:1k: e (u (o)), 1)
U'lr:tk: I (u(t)), k=1, 2, ..., m,
au(0) - bu'(0) = xo, cu(l) + du'(1) = xu,
wheref C[Jx Ex EX E, E], J= [0, 1], E isarealBanach gace, 0< ti<... < tn< 1,
I, I« C[E, E], a= 0, b= 0, ¢c= 0, d= O, ac+t ad+ bc> 0 are constant, xo, x1 E,
Uley= u(ti)- ut), whereu(t:) and u(t ) denote the right and left lmitsof u(t) at t=
t, regectively, k=1, 2, ... , m u' |t: i hasa smilarmeaning for u' (t), and the opera-

torsT, S are given by

Tu(®) :I;k(t, Ju(9ds,  Su(t) =I:k1(t, 9u(9)ds, )
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withk C[D,R"], ki C[Do, R"],D={(t, 9 R’|0= s= t< 1}, Do={(t, 5 R*|0
<t s< 1}, R"= [0, + © ] In the Pecial casewhere T= S= 6, [2] discussed the exis
tence of vlutionsof BV P(1) by meansof the fixed point theory. In thispaper, we shall ob-
tain a comparion result for theBV P(1) and prove an existence theoren of minimal and m axi-
mal olutionsof BV P(1) by meansof themonotone iterative technique and cone theory.

2 Several L ammas

Let PC'[J, E]= {u:u isamap from J into E such that u(t) is continuously differen-

tiable at t# t, left continuousat t= tcand u(tc ), u' (&), u' (&) exist, k=1, 2,... , m}
Evidently, PC'[J, E] isaBanach pacew ith nom |lu[pei= max{ |ulpe, |ju" [fc} where ||
ulbe= sup u@ [, flu'fbe= sup u' () || Notice that PC[3, E]= {u: uisamap from J into

E such that u(t) iscontinuousat tZ t, left continuousat t= t, and u(t ) exists, k= 1, 2,
, m} isals aBanach gpacew ith nom ||u "Pc: sup ||u (1) ||L et theBanach space E be par-

tially ordered by aconeP of E; i e , u= vifandonlyifv- u P. P issaid to be nomal
if there exists a positive constantN such that 8 < u=< v implies ufl= N ||| Let k= {u
PC[J, E]: u(t)= Oforallt J}. Then K isaconein pace PC[J, E], and £ PC[J, E]
ispartially ordered by K: u< viffv- u K; i e , u(t)< v(t) forallt J. Evidently, if P
isnomal, then K isalso nomal The propertiesof the cone and the partial order may be
found in [3] Letd'=Jt, t2,... , =} Amapu PC'[J, E]n C’[J', E] iscalled a ©-
lution of BV P (1) if it satisfies (1).
Consider theBV P

u"+ M2u= g(t), t# t,

Uley = e (u (t)),

u’lt:tk: e (u(t)), k=1, 2,...,m,
au(0) - bu'(0) = xo, cu(1l) + du'(1) = xu,

3

whereM > O isaconstant, g PC[J, E] For convenience, we denote 1= I« (u(t)), k= I«

(u (tk)).

Lenmal u PC'J, E]n C’[J', E] isa solution o BVP (3) if and only if u PC[J, E]
is a solution o the follov ing impulsive integral equation

u(t) = Ho(t)xo+ Hl(t)xl+I(l)G(t, s)g(s)ds+ Zm_',[G(t, t) (- Tk) + H (t, t)l«],

(4
w here
_ Ho(t) Hi(s), 0=< s< t=< 1,
Gt 9= Ml Ho(d Ha(), 0= t<s< 1 )
B Ho(t) H'1(s), 0= s< t= 1,
H(t s) = M[H' () Hi(t), 0= t=< s< 1, (6)
Ho = H((@v + 9"+ (v - ge ), (7)
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Hi) = S+ a)é'+ (- a)e), ®)

P=¢&@M + c)(M + a)- (v - c)(m - a)e" > Q (9)
Proof First supposethatu PC'[J, E]n C?[J’, E] isa wlutionof BV P (3), and letD =

d/dt Then
O-M)YD+M)u=g), t# &

Lety()= O+M)u(t). Then

du@®)'=¢éy@®, ©-M)y®=- g, t# (10)

It is easy to see by integration of (10) that
u(t) = e'M‘[u(O) +I;y(s)é”5ds+ Zé"‘li, t J, (11)
y(t) = é’“[u'(O)+Mu(O)-I;g(s)e’MSds+ Ze’M‘k(Tk+MIk)J, t J. (12

Substituting (12) into (11), bymeansof au(0)- bu' (0)= xo, cu(1)+ du' (1) = x1, and some

computations, w e can obtain (4).
PC[J, E] isa olution of Equation (4). Direct differentia-

Conversely, assume that u
PC'[J, E]n C?’[3', E] isa olution of Equation (3).

tion on (4) mplies, u(t)
Consider the linear BV P
u"+ Mu=- NTu- NsSu+ h(t), tz t,
Ufley = Le(Mt)),
'|t t * (13)
u |1:1k= (M), k=1,2,...,m,
au(0) - bu'(0) = xo, cu(l) + du' (1) = xu,

whereM > 0, N = 0, N:= Oareconstant, h,7T PC[J, E] In the follow ing denote

k"= max |k(t, 9|, k"= max |k(t 9 |
D (t,9 Dy

(t 9

Lenma 2 |If

Nk™ + Niki < M? (14)
then the linear BV P (13) has exactly one solution u PC'[J, E]n C?*[J', E] given by
* * 1 *
u(t) = Ho (xo+ Hl(t)xl+Ioe (t, Sh(s)ds+
DG (L W) (- 1)+ H (L )] (15)
k=1
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W here

Ho (t) = Ho(t) +J' Q(t, NHo(r)dr, Hi1 (1) = H (1) +J' Q(t, r)H 1(r)dr, (16)
G (t 9 = tsIQtrrs)rH(ts tsIQtr (r, 9dr, (17)
Zkz(n) (t, 9,

kz(n)( J. I kz(t rl) kz(l‘l, 2). . (rn. 1, s)er .. drn- 1,

ka(t, s) = - NISG(I rk(r, shdr - NI G(t, r) ku(r, 9)dr

M oreover the f ollov ing iequlities hold:

|k2(t, S)|§M2(Nk + Niki) = ka2, (t, 9) Do, |Q(t, S)lS (1- kz*),t,S J.

The proof is similar to that of the lenma in [4] W eomit it
Lenma 3 If
Nk™ + Nk < min{ly, I2}, (18)

w here

|
Iy = m(- p+ 4 P+ 16(bdM )?), Io= MZ‘[ @- D+4 @- D%+ M7,

is satid ied, then (14) is satid ied and
Ho() =20, H:(t) =2 0,G (t,s) =0, V(t, 9 Doy,

whereH o (1), H1 (t) and G™ (t, s) aregiven by (16) and (17).
The proof is analogous to that of the Corollary 1 in [4].

Corollary 1 ( Comparison Result) Let (18) be satisf ied, suppose thatu PC'[J, E]n C?
[J', E] satid ies

u"+ Mu=- NTu- NiSu, t# t,

Ult:tk: 9,

U'|t:tk§9, k=1, 2, ..., m,
au(0) - bu'(0) =6 «cu(l)+ du' (1) = 6

thenu(t)=06for t J.
LetJo= [0, t1], J1= (t1, tz], ..., Jm- 1= (tm-1, ], Jn= (tn, 1] ForB C PC[J,E],
we denoteB (t)= {u(t):u B}C E (&t J).

Lenma 4™ If B isbounded and the elenents o B are equicontinuous on each J« (k= 0, 1,
., m), thenx(®)= sup: ;@B (1)), w here o denotes the K uratav ski measure d noncanp act-
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ness
3 Existence theorem
In the follow ing, we shall use the ordered interval [p, q] in pace PC[J,E], i e,
[p, a]= {u PC[J,E]l:p=u=nq,
p(t) < u(t) < q(t) forallt J}

L et us list some assumptions
(Hy) therearep, q PC'[J,E]n C’[3', E], p(t) =< q(t) fort J such that

p"< f(t, p, Tp, Sp), t# t,

pley= 1k(p (1),

P’ ey = (p(8)), k=1,2 ..., m,
ap(0) - bp'(0) < xo, ¢p(1) + dp' (1) = xg

q'> f(t g Tg, Sq), t# t,

q|t=tk: |£(q(lk)),

q'|1:1kS |k(q(tk)), k=1, 2,..., m,
aq(0) - ba' (0) = xo, cq(l) + dq' (1) = xu

(H2) thereexistM >0, N = OandN 1= O such that

F(tu v,w)- f(Luv,w)>-M2Uu- u) - NW- v)- Ni@w - w),

w henever

t J,p@®<u=<u<q®, Tp®) =v=v=Tq®,Sp@® =w <w = Sq(t).

(Hs)_ 1e(u)= x0%, whenever p (t) <u=<q(t), where xo® is a fixed elanent of E, I«
(u) = 1(u) whenever p (i) < u< u=< q(t), k=1, 2, ..., m
(Hs) Nk +N ki <min{li, I2}, where l1, |2 are given by L enma 3

Theoren LetPC E bea regular cone, (H1), (H2), (Hs)and (H ) besatisf ied, then there
exist sequences {pn ()}, {gn()}CPC'[J,E]n C?*[I',E] such that

p(t) = po(t) < ps(®) =... <pa(®) =... gu(®)... = () < () = qt). (19

and pn(t) - u- (1), gu(t) > u” (t) asn—o unifomly int, u-, u” PC'[J,E]n C’[I',E]
M oreover, u- and u~ areminimal and maximal solutions & BV P (1) on the ordered interval

[p,q] repectively.
Proof Forany 1 [p,q] (i e , T PC[J,E]andp (1) =(t) < q(t) fort J). Consider
linear BV P(13) w here
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h(t) = f(t, ), TN, SN@) + M) + NTN() + NS (1) (20)

By lenma 2, (13) hasexactly one olutionu PC'[J,E]n C?[J', E] given by (15). Define
ATE u, thenA isanoperator from [p,q] into PC'[J,E]n C’[J',E]C PC[J,E] and Nisa
olution of BV P(1) if and only if T=AT.

By Corollary 1, we can show

p <Ap, Ag=<q (21)
and
All<AN, if p<NI<nh<aq (22)

Now, let po=p, o= q, pn=Apn 1, gh=Agm1(n=1, 2,... ). Itfollowsfrom (21) and
(22) that (19) holds By definition of A, we have

pn(t) = Ho (xo + HI(t)xl+I;G*(t, s)hn 1(s)ds + i[e*(t, ) (- 1

(pr- 2(t)) + H " (t, ) le(pn 2(t)) ], (23)
w here
ho- 1(t) = F (t, pn 2(t), Tpn 2(t), Spn 2(1)) +
M %pn 1(t) + N Tpn2(t) + N Spn 1(1).

Finally, we shall show that pa(t) > u+ (1), gn(t) > u” () (n-o) unifomly in t,u-,
u’ PC'[J,E]n C*[3',E] areminimal andmaximal ®lutionsof BV P(1) on theordered in-
terval [p, q] regectively.

LetB= {pn}C[p,ql.B ()= {pa()}C E, t J. In thefollowing, we shall show B isa
relatively compact By virtueof the regularity of P and (19), wefirst haveB (t) isa relative-
ly compact, i e ,

cB(({®)=0, t J (24)

and then, we obtain that K isanomal cone in PC[J,E] Therefore, [p,q] isbounded set
in PC[J,E] By the nomality of K ,w e can prove {p.’ (t) |n N } isabounded set in PC[J,
E] Applying themean value theorem, w e obtain that the elenentsof B = {pn} are equicon-
tinuouson each Jx, k=1, 2,..., m. ByLeanma4 and (24), we have x(B)= supt Jo (B
(1))=Q Hence, {pn} isa relatively compact set in PC[J,E] In view of the nomality of K
and (19), {pn} in PC[J,E] convergesto u- [p,ql, i e , {pn(t)} convergesto u- (t) u-
nifomly onJ. Taking limitsin (23) asn—-o , we get that u- isa lution of BV P(1).

Similarly, we can show that {g} in PC[J,E] convergestou” PC[J,E] and thatu’ is
a wlution of BV P (1). It follow s by using standard arguments in [3] that u-, u” aremini-
mal and maximal lutionsBV P (1) on the ordered interval [p, q] regpectively.

Remark By the theoran 2 2 in [6], if E isweakly complete and P is nomal, then P is
regular Hence, themain result in our paper for the case that E isweakly completeand P is
nomal still holds
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