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Abstract In this paper, a variant of Ciarlet-Raviart mixed finite element scheme for
solving the biharmonic equation is introduced, in which linear and quadratic elements
are used for approximating the vorticity —A¢ and the stream function ¢, respectively.
Under the conditions that triangulation is quasi-uniform, it is proved that the scheme
has the same order of accuracy as the standard Ciarlet-Raviart scheme using quadratic
finite elements.
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Consider the biharmonic problem

A’ = g, G,

9¢
where G is a convex polygonal domain in R%. We denote by || % ||, and | % |, the norm and
seminorm of Sobolev space H*(G), respectively. H°(G) = L%(G). It is well know that if g

€ H7}(G) , then there is a unique solution ¢ in H3(G). And the solution ¢ also satisfies

l#lls < Cligll-1- (2)
For the two-dimensional steady-state flows problem, ¢ and —A¢ denote the stream func-
tion and the vorticity, respectively. Let u = —A¢, we obtain the variational formulation

of (1): find (u,¢) € H(G) x H}(G) satisfying

/uvd:c - /VquSd:v -0, Yoe HY(G),
G G

/ VuVede = / gvdz, V9 € HYG), (3)
G

G
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Let T}, be a quasi-uniform triangulation of G by triangles e of diameter less than or equal
to h, ‘

Xp ={v e C(G):v|. € P,Ye € T},

M, = X, N H(}(G)
Ciarlet-Raviart scheme for approximating the solution (3) is defined by the determining
of a pair (up,dn) € Xn X My, such that

/uhvd:c - /VvV¢hd:c =0, Vve Xy,
G G

/ VupVipdz — / gyde = 0, Vo € My. (4)
G G

It is well-known (see [1], [2]) that the error estimates

¢ = énll < Ch”—1||¢||a,
“u - Uh“g,‘ < Cha_z*b“‘ﬁ”-ﬁ 6=0,1

hold whenever 1 < s < min(k + 1,7),¢ € H"(G).

The same space X} is used by Ciarlet and Raviart for the approximation of both spaces
H'(G) and H}(G). We note that the above error estimates dependent of degree k of the
finite element space and regularity of the weak solution, and the weak solution (u,¢) €
HY(G) x H3(G) only. In view of the fact, we are naturally to choose that the X} and M,
are the linear and the quadratic finite element space, respectively, in the (4).

Condition 1 Assume that V; C H(G) is the finite element space of degree i on a
quasi-uniform partition T;, with mesh size ih, I, : C(G™) — V;, (i=1,2), and

LI =1L, L1, = Il,l.[gv — Ilvll < a[Il'v!l, Yv € C(G_), (5)

where 0 < a < 1.

Let T} bi obtained from T3, by dividing each element into four congruent triangles.
Gao,J.B. and the authors of the paperl® prove that the condition 1 holds and a = %

Let X}, = V1, M), = V21 H}(G). This choice leads to a variant of Ciarlet-Raviart scheme.
Our goal in this paper is to prove the efficiency of the variant.
Falk-Osbon’s following results (see [2]) are fundamental to the analysis of this paper.
Let H, M and X be real Banach spaces with norms |||z, ||*||ar and ||*|| x, respectively.
Let X C H with a continuous injection . Let a(#,%) and b(x,*) be continuous bilinear
forms on H x H and X x M, respectively.
la(u,v)| < Cllullallolla, Vu,ve H, (6)
1b(u, )| < Cllullx ollas, Yu € X,v € M. (7)

Consider abstract problem: Given f € X',g € M', find (u,9) € X x M such that

a(u,v) — b(v,9) = (f,v), YveX,
b(u,¥) = (9,%), VP € M. (8)
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where (%, %) denotes duality between X (or M) and its topological dual X’ (or M’). The
weak form of (8) is as follows: Find (up, #r) € X X Mp, such that

a(up,v) — b(v, ¢n) = (f,v), Vv € Xp,
b(uh7¢) = (g’ ¢'>7 V’l/) € th (9)

where X, C X, M, C M are both the finite dimensional space. Falk, R.S. proved (see
[2])-

Lemma 1 Assume that the following conditions are satisfied:
H1) Y(f,g) € D, the (8) has a unique solution, where D is subspace of X' x M'.
H2) Let E be Banach space, M C E with a continuous injection, then ¥d € E’, the
dual problem: find a (yg,24) € X X M such that

a(v,yq) — b(v,z4) = 0, Vve X,
b(yda¢) - <d7¢> = 0, Vpe M (10)

has one and only one solution.
H3) There is a constant r > 0, independent of h such that

a(v,v) > r|lvl|E, Vv € Xi.
H4) There is constant s(h) satisfying
lvllx < s(R)llvlle, Vv € Xn.
H5) There is an operator P .Y — X}, satisfying
by — Py, ) =0, Yy eY, e M,
where Y = span({yq}acr’, u), (u,¢) is a solution of the (8), and (ya4, z4) is a solution of

the (10).
Then the (9) has a unique solution (up, ¢1) satisfying the following error estimates

lu- s < Cllu— Pulls + s(b)¢— $llar) Vb€ My, (11)
16— dulle < sup——(bya— Pyard - $) +
P Tl

a(u - uhaPyd - yd) + b(u — Uh, 24 — ’U)), V¢,v € Mp. (12)

We are now ready to apply Lemma 1 to analyze the error of the variant.

Theorem 1 Assume that the Condition 1 is satisfied. Then the (4) has a unique solution
(un, ¢1) satisfying the following error estimates

llu — upllo < Ch, (13)
¢ — énlls < CR?, 6=0,1. (14)
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Proof Choose X = HY(G),M = H)G),H = L*G), a(u,v) = [uvdz, b(v,¢) =
G

[VuVedz, D = O x H"YG),E = H}(G),E' = H™*(G). The (3) and (4) thus have

G

forms of the (8) and (9), respectively. It is obvious that the (6), (7), and H1)-H3) hold.
Using the inverse assumption we have that H4 holds and S(h) = Ch™!. In order to prove
Theorem 1 we must check still condition H5) and estimate ||u — Pullo, ||yg — Py4llo and
lyqg — Pya|1. For given v € H'(G), consider an auxiliary problem: find w € V; to satisfy

/ VuVgde = / VoVide, Vi € Vs, (15)
G G
/wd:c = /vd:c. (16)
G G

Using Condition 1 , we know that (15) equivalent to

/VwVI'_ﬂ/)d:c - /vvv12¢d:c, Ve € Vi (17)
G G

Consider the quotient space H'(G)/Py, where Py is the space of polynomials of degree 0.
This space is a Banach space, when it is equipped with the quotient norm

'l = inf o+,

where v* € H!(G)/P, denotes the equivalence class of the element v € H Y(@G). Given
v € v" we have

v = vl, (18)
2%l < CR°h. (19)

Define on the H'(G)/ P,
(w0, 0%)g = /Vqu, v, v € HY(G)/Po. (20)

G
Since

(uU,vU)U - (vuauU)U) (21)
(u’ + w’, vy = (uu,vo)o + (wo,UO)O» (22)
(W u) = Juff 2> Clu’llf. (23)

, 1
Therefore the (u°,v")g is an inner product on H(G)/Py. (u®,u"); = |ul1. Using definition
of the [[v"|]1, we deduce

v = inf o+ ol < inf [fo+ = [l (24
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L
From (19), (18) and (24), we know that (u’,u’)Z equivalent to ||u"]|;. Therefore the
H'(G)/Py is also a Hilbert space with inner product (u°,v°)o. Define the quotient space
V1/ Py, it is clear that the Vi /Py is a subspace of the H}(G)/P,. Let

I(w°,%°) = [ VwV(Iv)de. (25)
/

From (5), Yw € V}

/V’LUV(Igw)dZ = /VwV(Izw - Lw+ Lw)de
G G

il

/Ilezd:z: - /VwV(Ilw — Lw)dz
G G
> Jwli - afwlf = (1~ a)|wf. (26)

Combining (25), (26), (18) and (19), we obtain
I(w®, w°) > Cljw’||?, Yu® € V;/P,. (27)

From (25), (5) and (24), we have

I(w°,2") = /VwV(Igv)dz < |wlq [I2v]q
G

IA

Clwhlvly < Cllw’[l1[|v°]l1, Yu’ v’ € Vi/Py. (28)

Then, note that w” + u® = (w + u)’. We deduce I(w’,v") is a continuous, symmetric,
positive definite bilinear form on V1 /Py x V;/Py. For given v, define

o(8) = [ VoV(Lp)da. (29)
G

It is clear that g(¢") : V1/Py — R is a continuous linear form. By Lax-Milgram Lemma
we know that

’w0 S Vl/Po,
I(w9°) = g(4°), V¢¥°€ Vi/Py (30)

have unique solution w", and thus Vv € H!(G), the solution satisfying (16) of the (15)
is unique. This defines an operator P : H'(G) — V; that satisfy H5). And thus there
exits unique (u, ¢r,) satisfing (4). In order to obtain (13) and (14) by using (11) and (12),
let us to estimate |Pyy — yq|1 and ||Pyg — y4llo. From E' = H™1(G) and (2), we know
zg € H3(G)Nn HZ(G),ya € HYG) and

llzalls < Clldll-1, [lyalls < Clld]|-1- (31)
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It is easily seen that Py, € V1

/V(Pyd — ya)Vedz = 0, V9 € Va. (32)
G

From (26), (32) and (5), we deduce that

| Pyyl? C / VPyyVI,Pysdz = C / VyyVI,Pysdz
G G

IA

IN

Clydli/I2Pydl1 < Clyali|Pyah,
and that

IPydll S Clydllv
[Pys —yilh < Clydh < Clid||-1- (33)

Let us to derive an estimate for ||yy— Pyy|lo by means of the well known Nitsche techniques.
Let z satisfy

z € HYG),
b(v,z) = (v,y4— Pya), Yve HYG). (34)
Using the regularity results (see [1]), we have that z € H%(G) and |
llzll2 < Cllya = Pyallo- (35)

Letting v = yg — Pyy, and using (32), (33), (35) and interpolation error estimates, we
obtain

lya — Pyalls, = b(ya — Pyd, 2) = b(ya — Pya, z — I22)
< |ya = Pyalilz = I2zly < C|d||-1Ch|z]|2
< Ch|d||-1llya — Pyallo,
and that
lya = Pyallo < Chlld||-1. (36)
Similarly
l[u — Puljy < Ch. (37)

From (11) and (37), we obtain
e = wnllo < C(u = Pulls + Ch~ ¢ - Inll) < Ch.
The (13) is proved. Letting v = I,z; and ¥ = I>¢ in the (12), from (33), (36), (13), (31)

and interpolation error estimates, we deduce
l6—duls < sup o (b(ya~ Pyad - Ld) +
der-1(q) lldll-1
a(u — up, Pyd — ya) + b(u — un, 24 — Iz24))
C||d||-1CR*||p|ls + Ch?||d||-1 + CR?||d||
deH-1(G) lldl| -1
Ch.

IN

INA
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The (14) is proved. And the proof of the Theorem has been completed.

Remark Our method differs from the Ciarlet-Raviart method only in the choice of the
finite dimensional space Xj,.
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