
Jou rnal of M athem atical R esearch & Expo sit ion

V o l. 19, N o. 2, 3322336, M ay 1999

W eak Globa l D im en sion and Endom orph ism s of M odules
Ξ

F eng L iang g u i

(D ep t. of M ath. , N ational U n iversity of D efence T echno logy, Changsha 410073)

Abstract: U sing endomo rph ism s of modu les in th is paper, w e give the characterizat ions fo r rings of

w eak global dim ension Φ n w here n Ε 0. L et R be a ring, w e part ia lly answ er the quest ion: W hen has

any fin itely p resen ted R 2modu leM the nonfin itely reso lu t ion: 0→M →F 0→F 1→⋯→F n→⋯ , w here

each F i is fin itely generated p ro ject ive, i = 0, 1, 2,⋯ ?
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1. In troduction

　　T h roughou t th is paper R is a ring w ith un ity 1≠ 0 , R 2M od (resp. m od2R ) w ill deno te the

ca tego ry of left ( resp. righ t) un ita l R 2m odu les, a lsoRM ( resp. M R ) ind ica te tha t M is in R 2m od

( resp. m od2R ). U n less o therw ise m etioned, w e w ill be w o rk ing in R 2m od. Fo r a ll term ino logy,

the reader is referred to [1 ].

　W e know that a ring R is a VN regu lar ring (w eak globa l d im en sion is 0) if and on ly if every R

2m odu le is f la t, and if and on ly if fo r any Α∈R there ex ists an elem en t Β∈R such tha t Α= ΑΒΑ.
T he first resu lt of the paper (P ropo sit ion 1) show tha t R is a VN regu lar ring if and on ly if the co2
im ageM ökerΑof every fla t lef t R 2m odu leM under an endom o rph ism Αis aga in fla t. M o reover,

w ith the ana legou s m ethods of [2 ], w e give characteriza t ion s fo r rings of w eak globa l d im en sion

Φ n,w here n is any natu ra l num ber.

　Fo llow ing [3 ], let R be a comm u ta t ive ring, then R is coheren t if and on ly if fo r any R 2m odu le

A , and fo r any p ro ject ive reso lu t ion P n+ 1 → P n →⋯→ P 0→A → 0 of A , w ith P n+ 1 , P n f in itely

genera ted, w e can find fin t itely genera ted p ro ject ive R 2m odu les P n+ 2, P n+ 3,⋯ , such tha t ⋯ →

P n+ 3 → P n+ 2→ P n+ 1→ P n→⋯→ P 0→A → 0 is exact (see P ropo sit ion 2. 2[ 3 ]). T he refo re, let R

be a comm u ta t ive coheren t ring, then fo r any fin itely p resen ted R 2m odu le M , M has the non2
f in itely reso lu t ion: ⋯→ P n→ P n21→⋯→ P 0→M → 0 ,w here P i is f in itely genera ted p ro ject ive.
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N atu ra lly, there is the quest ion: L et R be a ring, w hen has fin it ively p resen ted R 2modu le M

the nonfin itely reso lu t ion: 0→M →F 0→F 1→⋯→F n→⋯w here F i is f in itely genera ted p ro2
ject ive, and i = 0, 1, 2,⋯? . A no ther pu rpo se of th is paper is to part ia lly answ er the quest ion

above.

2. M a in results

Proposit ion 1 L et R be a ring , T d enote the class of a ll f la t lef t R 2m od u les. T hen the f ollow 2
ing a re equ iva len t:

　 (1) R is a von N eum ann reg u la r ring (V N reg u la r ring ) ;

　 (2) If M ∈ T and f ∈ endRM , then co2kerf = M öIm f ∈ T ;

　 (3) If M R is f la t and f ∈ end M , thenM öIm f is f la t in m od 2R.

Proof Since the w eak global dim ension requ ires no left2righ t dist inct ion, clearly it suff ices to

p rove (1) α ] (2) . A n imm edia te resu lt is (1) = ] (2) .

　 (2) = ] (1) . L etM ∈T and H is a submodu le ofM , w e first show thatM öH ∈T . In fact,

let Ρ: F →H be su rject ive w ith F free, obviously F ∈ T . D efine 5 ∈ end (M © F ) by 5 (x , y )

= (Ρy , 0) , then Im 5 = H © 0 , so (M öH ) © F ∆ (M © F ) öIm 5 is in T from e (2). T herefo re

M öH is f la t, as requ ired.

　N ow assum eN any R 2modu le. N o t ice again there is a su rject ive homomo rph ism Ε: FN →N ,

w here FN is a free R 2modu le, so the fo llow ing sequence is exact: 0→ kerΕ→FN →FN ökerΕ→
0. By the fo rgo ing discussion, FN ökerΕis f la t. T hen N is f la t because N ∆ FN ökerΕ.

Theorem 2 L et R be a ring , then the f ollow ing sta tem en ts a re equ iva len t:

　 (1) T he w eak g loba l d im ension of R is Φ 1 ;

　 (2) If M ∈ T and f ∈ endRM , then co2im f = M ökerf ∈ T.

Proof (1) = ] (2) is clear.

　 (2) = ] (1) . L etM ∈ T ,L is a subm odu le ofM . W e need p rove tha t L is in T . Con sider Ρ: F

→L ,w here F is a free R 2m odu le and Ρ is a su rject ive hom om o rph ism. D efine 5∈ end (M © F ) by

5(m , y ) = (Ρy , 0) . T hen ker5= M © kerΡ , so M © F ökerΡ = M © F öM © kerΡ ∆ F ökerΡ ∆ L .

By (2) , w e have L is in T .

Remark R ecall tah t a ring R w ith w eak globa l d im en sionΦ 1 if and on ly if T is clo sed under tak ing

subm odu les. Bu t T heo rem 2 above show tha t the w eak globa l d im en son of R isΦ 1 if and on ly if

the co2im ageM ökerf of every fla t lef t R 2m odu leM under an endom o rph ism f is aga in fla t, thu s

w eaken ing the u sua l requ irem en t tha t T is clo sed under tak ing subm odu les.

　Genera lly, fo r the rings of w eak globa l d im en sion a t m o st n , w here n Ε 0 is any in teger, w e

ob ta in the fo llow ing theo rem.

Theorem 3 L et R be a ring , F n = {R M ûF la t. d imM Φ n} , then the f ollow ing a r equ iva len t:

　 (1) w eak g loba l dim R Φ n;
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　 (2) If M ∈ F n and f ∈ endR M , then co2kerf = M öIm f ∈ F n .

Proof (1) = ] (2) t riva l.

　 (2) = ] (1) A ssum eM ∈ F n , L is a subm odu le ofM , w e show tha tM öL ∈ F n , In fact, there

are fo llow ing exact sequences:

0 -→L -→M -→M öL -→ 0

and

F -→
Ρ

L -→ 0,

w here F is free. F is f la t so F ∈ F n . D efine 5 ∈ end (M © F ) by 5 (m , y ) = (Ρy , 0) . T hen Im 5
= L © 0 soM © F öIm 5 = M © F öL © 0 ∆ M öL © F . By the sh if t ing theo rem of fla t d im en sion,

M © F ∈F n , so from (2) w e haveM öL © F ∈F n , con sequen t ly F la t. d im (M öL © F ) Φ n , a s

requ ired.

　N ow let N be any R 2m odu le. Con sider the exact sequence 0 -→ker5→P
5
→N →0w ith P p ro jec2

t ive. By the know n resu lt above, Pöker5∈ F n , so N ∈ F n becau se N ∆ P öker5.

　N o te tha t w e have left2righ t symm etry in T heo rem 3 (2) above beacu se w eak globa l d im en sion

of R requ ires no left2righ t d ist inct ion.

　A s befo re, T deno te the class of a ll f la t lef t R 2m odu les. If f ∈ endRM w ith M ∈ T , and if

M öKerf is a lso in T , then the exact sequence

0→ kerf →M →M ökerf → 0

im p lies 0→ (M ökerf ) + →M + →kerf + →0 is exact,w here (M ökerf ) + ,M + , kerf + deno te the char2
acter m odu le ofM ökerf ,M , kerf resp. . Con sequen t ly, kerf + is a d irect summ and ofM + , so kerf

∈ T . T h is suggests the quest ion:

　W hat’s the characteriza t ion of the ring R fo r w h ich M ∈ T and f ∈ endRM im p lies tha t kerf is

in T ?

　T he fo llow ing theo rem give an an sw er on the quest ion above.

Theorem 4 let R be a ring , then the f ollow ing a re equ iva len t:

　 (1) the w eak g loba l d im ension of R is Φ 2;

　 (2) If M ∈ T and 5∈ endRM , then ker5∈ T .

Proof (1) = ] (2) GivenM ∈ T and 5∈ endRM , then w e have the fo llow ing exact sequence:

0→ kerΕ→M →M öIm 5→ 0

By (1) , F la t. d imM öIm 5Φ 2 , bu tM is f la t, so ker5 is in T .

　 (2) = ] (1) GivenRN , obviou sly there is the exact sequence 0→L →F →
Ρ

N → 0w ith F′free.

Sim ila rly, there is the exact sequence F′→
∆

L → 0 w ith F free. D efine 5 ∈ end (F′© F ) by

5 (x , y ) = (0, ∆x )

so ker5 = ker∆ © F . Since F′© F ∈ T , condit ion (2) im p lies tha t ker5 ∈ T , so ker∆∈ T .

T herefo re there is the exact sequence of N :

0→ ker∆→ F′→ F →
Ρ

N → 0
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It show s tha t is F la t. d imN Φ 2. SinceRN w as arb it ra ry, th is im p lies (1).

　T he argum en ts sim u lar to tho se u sed above can be u sed to p rove the fo llow ing resu lts:

Theorem 2′L et R be a ring , n Ε 1. T hen the f ollow ing a re equ iva len t:

　 (1) T he w eak g loba l d im ension of R is Φ n+ 1;

　 (2) If M ∈ F n and f ∈ endRM , then M ökerf ∈ F n .

Theorem 4′L et R be a ring , n Ε 1. T hen the f ollow ing a re equ iva len t:

　 (1) T he w eak g loba l d im ension of R is Φ n + 2 ;

　 (2) If M ∈ F n and f ∈ end RM , then kerf ∈ F n .

　Fo r a comm u ta t ive ring R , [ 3 ] defined the fin itely p resen ted dim en sionof R . It m easu res how

far aw ay a ring is from being N oetherian. Fo llow ing [3 ], let R be a comm u ta t ive ring, then R is co2
heren t if and on ly if fo r any R 2m odu leA , and fo r any p ro ject ive reso lu t ion P n+ 1→ P n→⋯→ P 0

→A → 0 ofA ,w ith P n+ 1 , P n f in itely genera ted,w e can find fin t itely genera ted p ro ject ive R 2m od2
u les P n+ 2, P n+ 3,⋯ , such tha t ⋯→ P n+ 3 → P n+ 2 → P n+ 1 → P n →⋯→ P 0 →A → 0 is exact ( see

P ropo sit ion 2. 2[ 3 ]). T herefo re let R be comm u ta t ive coheren t ring, then fo r any fin itely p resen ted

R 2m odu leM , M has the nonfin itely reso lu t ion: ⋯→ P n→ P n21→⋯→ P 0→M → 0 ,w here P i is

f in itely genera ted p ro ject ive. N atu ra lly, there is the quest ion:

　L et R be a ring,w hen has fin it ively p resen ted R 2m odu leM the nonfin itely reso lu t ion:

0→M → F 0 → F 1 →⋯→ F n →⋯

w here F i is f in itely genera ted p ro ject ive, and i = 0, 1, 2,⋯? .

　T he nex t pu rpo se of th is paper is to d iscu ss the quest ion above.

Theorem 5 L et R be a lef t and rig h t coheren t ring. If the absolu tely p u re d im ension of R as rig h t

R 2m od u le ( i. e. ap d ( R R ) , see [ 4 ]) = 1, then f or any f in itely p resen ted rig h t R 2m od u le C , C 3

has the f ollow ing nonf in itely resolu tion.

0→C 3 → F 0 → F 1 →⋯→ F n →⋯

w here F i if f in itely genera ted p ro ject ive, i = 0, 1, 2,⋯.

Proof W e first ly p rove the fo llow ing assert ion. L et C be a fin itely p resen ted to rsion less left R 2
m odu le, then C has the reso lu t ion: 0→C → F 0→B → 0 , w here F 0 is f in itely genera ted free and

B is a lso fin itely p resen ted to rsion less. In fact, by [5 ], C 3 is a fin itely p resen ted righ t R 2m odu le.

Con sider the exact sequence F 1 →
f

F 0 →C 3 → 0 , then w e have the exact sequence 0→C 3 3 → F 3
0

→
f 3

F 1
3 . L et B = Im f 3 , so 0→C 3 3 →F 0

3 →B → 0 is exact, and B is a lso fin itely p resen ted to r2
sion less left R 2m odu le. U sing [6 ] T heo rem 5, C is reflex ive. So 0→C→F 0

3 →B → 0 exacts, as

requ ired.

　N ow suppo se C is a fin itely p resen ted righ t R 2m odu le. By [5 ], C 3 is a fin itely p resen ted left R

2m odu le. Since C 3 is to rsion less, then it fo llow s tha t 0→C 3 →F 0→B → 0 exacts,w hereB is a lso

fin itely p resen ted to rsion less, and F 0 is f in itely genera ted free. U sing the assert ion to p rove above

again, then w e have the fo llow ing exact sequence: 0→B →F 1→B 1→0 , w here F 1 is f in itely gene
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ra ted free and B is a lso fin itely p resen ted to rsion less. T herefo re 0→C 3 → F 0 → F 1→B 1→ 0 ex2
acts. Con sequen t ly, there is the nonfin itely exact sequence: 0→C 3 →F 0→F 1→F 2→⋯ , w here

F i is f in itely genera ted free and i= 0, 1, 2, ⋯.

Proposit ion 6 L et R be a com m u ta tive coheren t ring. If the absolu tely p u re d im ension of R R is 0,

then f or any f in itely p resen ted lef t R 2m od u le M ,M has the f ollow ing nonf in itely resolu tion: 0→M

→F 0→F 1⋯→F n→⋯ w here each F i is f in itely g enera ted p rojective.

Proof W e sim p ly no te tha t any fin itely p resen ted left R 2m odu leM is to rsion less from [ 7 ] T heo2
rem 2. 3. Since apd ( R R ) = 0, E x t

2
R (A , R ) = 0, fo r any fin itely p resen ted righ t R 2m odu le A . So

by [6 ] T heo rem 4, M is reflex ive. Sim ila r to the p roof of T heo rem 5 above, the resu lt fo llow ing

imm edia tely.
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弱总体维数和模的自同态
冯　良　贵

(国防科技大学数学系, 长沙410073)

摘　要

　　本文用模的自同态,给出弱总体维数 Φ n 的环的特征,其中 n Ε 0. 设 R 为环,部分地回答了
下列问题: 何时任意有限表现 R 2模M 有无穷分解: 0→M → F 0 → F 1 →⋯→ F n →⋯ , 其中每
个 F i均是有限生成投射的, i = 1, 2,⋯ ?

—633—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.


