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Abstract: U sing endomorphisn s of modules in this paper, we give the characterizations for rings of
weak global dmension = nwheren = 0. L etR be a ring, we partially answ er the question: W hen has
any finitely presentedR -moduleM the nonfinitely reolution: 0 -M - Fo -F1 - - Fn-> , where

each Fi isfinitely generated projective, i = 0,1,2, ?
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1 Introduction

Throughout thispaperR isa ringw ith unity 1# 0, R Mod (rep. mod-R ) will denote the
category of left(resp. right) unitalR ‘modules, aloeM (regp. M & ) indicate thatM is in R -mod
(rep. mod-R ). U nlessothemnw issmetioned, wew ill beworking inR -mod For all tem inology,
the reader is referred to [1]

W e know that a ringR isaVN regular ring (weak global dimension is 0) if and only if every R
-module isflat, and if and only if for any® R there existsan elenent 8 R such that ®= oS0
The first result of thepaper (Proposition 1) show thatR isaVN regular ring if and only if the co-
imageM /kerxof every flat left R -moduleM under an endomorphisn «is again flat M oreover,
w ith the analegousmethodsof [2], we give characterizations for rings of w eak global dimension
= n,wheren isany natural number.

Follow ing [3], let R be a commutative ring, thenR is coherent if and only if for any R -module
A , and for any projective reolution Pn+ 1 —» Pn — - Po—-A - 00ofA , withPu 1, Pafinitely
generated, we can find fintitely generated projective R modulesPn+2, Pn+3, , such that -
Pws »PmzoPm1—>Pns - PooA - Oisexact (see Proposition 2 2*'). The refore, letR
be a commutative coherent ring, then for any finitely presented R moduleM , M has the non-
finitely resolution: -Pn>Pnri- - Po-M - 0,wherePiisfinitely generated projective
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N aturally, there is the question: L et R be a ring,w hen has finitively presented R -moduleM
the nonfinitely resolution: 0 -M - Fo - F: > - F.— whereFiisfinitely generated pro-
jective, andi= 0,1,2, ?.Another purpose of thispaper is to partially answ er the question
above

2 Main reaults

Proposition 1 L etR bea ring, T denote theclassd all flat lf t R-modules Then thef ollowv -
ing are equivalent:

(1) R isavonN eumann regular ring VN regular ring);

(2 fM Tandf endM ,then co-kerf =M /mf T ;

(3) If Mrisflatandf  endM ,thenM /Imf isflat inmod-R.

Proof Since thew eak global dimension requires no left-right distinction, clearly it suffices to
prove (1) €= (2). An mmediate result is (1) == (2).

(2) ==(1).LetM T andH isasubmoduleofM ,wefirst show thatM /H  T. In fact,
let @ F - H be surjectivew ith F free,obviously F  T. Define® end M © F) by ®(x,y)
= (0y,0) ,then m®=H ©@0, M H)OF= M OF)/m PisinT frome (2). Therefore
M /H isflat, as required

Now assumeN any R-module Notice again there isa surjective homomorphisn € Fx - N ,
where Fy isafreeR module, 2 the follow ing sequence is exact: 0 — ker€ - Fy — Fy /kere -
0. By the forgoing discussion, Fu /ker€isflat ThenN is flat becauseN = Fy /kere.

Theoren 2 L et R be a ring, then the f ollov ing statements are equivalent:
(1) Theweak global dimension & R is=< 1;
(2 M  Tandf endM ,thenco-imf = M /kerf  T.

Proof (1) = = (2) isclear

(2 ==(1).Let™m T,L isa submoduleofM . W e need prove thatL isinT. Consider o F
—~L ,whereF isafreeR module and cisa surjective homomorphisn. Defined end M ® F) by
om,y) = (oy,0). Thenkero= M O kerog, oM @ F /kerc=M O FM O kero= F /kero= L.
By (2), we havelL isinT.

Remark Recall taht a ringRw ithw eak global dmension=1 if and only if T isclosed under taking
submodules But Theoren 2 above show that thew eak global dmenson of R is< 1 if and only if
the co-imageM /kerf of every flat left R -moduleM under an endomorphisn f is again flat, thus
w eakening the usual requirement that T is closed under taking submodules

Generally, for the ringsof weak global dmension at mostn, wheren = 0 is any integer, we
obtain the follow ing theorem.

Theorem 3 LetR bea ring, Fn= {rM |Flat dmM = n}, then the follov ing ar equivalent:
(1) weak global dmR <n;
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2 1t ™m Frandf  endsM ,then co-kerf = M /Imf  F..

Proof (1) = = (2) trival

(2) = = (1) A ssuneM Fn, L isa submoduleofM , we show thatM A Fa, In fact, there
are follow ing exact sequences

0--L--M--MA --0
and
F-2L--0,

whereF isfree Fisflat ©oF Fn. Define® end ™M ® F) by ®m,y) = (oy,0). Then m®
=LOOOM OF/mMd=M OFAL ®0=M A OF. By the shifting theorem of flat dimension,
M OF Fn., ofrom (2) wehaveM £ @ F F.,consequently Flat dm M A @ F) <n, as
required

Now letN beanyR -module Consider the exact sequenceO——»kera—»P‘_?N - Ow ith P projec-

tive By the known result above, P/kerd Fn,oN  Fn.becauseN = P /kerd

Note that we have left-right symmetry in Theoren 3(2) above beacusew eak global dimension
of R requires no left-right distinction

A s before, T denote the class of all flat left R -modules If f endM withM T, and if
M /Kerf isalo in T , then the exact sequence

0 - kerf =M -M /kerf -0

impliesO — M /kerf )" -M " - kerf * - Oisexact,where (M /kerf )" ,M *, kerf * denote the char-
acter module ofM /kerf ,M , kerf resp.. Consequently, kerf * isadirect summand ofM * , 0 kerf

T. This suggests the question:

W hat’s the characterization of the ringR for w hichM T and f endM implies that kerf is
inT ?

The follow ing theoran give an answ er on the question above

Theorem 4 letR bea ring, then the follov ing are equivalent:
(1) thew eak global dimension o R is=< 2
(2) fM  Tand 0 endM ,thenkerd T.

Proof (1) = =(2) GivenM T andd endM , thenwe have the follow ing exact sequence
0 - kere sM =M /mo- 0
By (1), Flat dimM /mo< 2, butM isflat, o kerdisinT.
(2) == (1) GivensN , obviously there is the exact sequence0 -L — F N - OwithF' free
Similarly, there is the exact sequenceF' °L ~ OwithF free Defined® end (F' ® F) by
d(x,y) = (0, &)
o ker®d= kerd® F. SinceF' @ F T, condition (2) mplies that ker® T, o kerd T.
T herefore there is the exact sequence of N :
O-kerd-F' - F 35N -0
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It show s that isFlat dimN =< 2 SincesN was arbitrary, this mplies (1).
The arguments simular to those used above can be used to prove the follow ing results

Theorem 2' LetR bearing, n= 1. Then the follawv ing are equivalent:
(1) Thew eak global dimension & R is< n+ 1,
(2) fM  Fnandf endM ,thenM /kerf  Fn.

Theoram 4 LetR bea ring, n = 1. Then thefollav ing are equivalent:

(1) Theweak global dimension R is< n+ 2;

(2 1t ™ Frnand f  endaM , then kerf  Fn.

For a commutative ringR , [3] defined the finitely presented dimensionof R. It measures how
far avay aring isfrom being N oetherian Follow ing [3], letR be a commutative ring, thenR is co-
herent if and only if for any R ‘moduleA , and for any projective relution Pr+1 - Pn - = Po
- A - 0ofA ,withPn 1, Pnfinitely generated,w e can find fintitely generated projectiveR -mod-
ulesPn2,Pnvs, ,suchthat - Pms > Pm2—>Pmw1>Po—> 5 Po-oA - 0isexact(see
Proposition 2 2!*'). Therefore letR be commutative coherent ring, then for any finitely p resented
R -moduleM , M has the nonfinitely resolution: - Pn > Pnr1 - —-Po->M - 0,wherePiis
finitely generated projective N aturally, there is the question:

L et R be a ring,w hen has finitively presented R -moduleM the nonfinitely resolution:

0-M - Fo-F1- - Fn >
w here Fi isfinitely generated projective, andi= 0,1,2, 2.
The next purpose of thispaper is to discuss the question above

Theorem S LetR bea €t and right coherent ring. If the absolutely pure dimension o R as right
R-module(i e apd (Rr), see [4]) = 1, then for any finitely presented right R-moduleC, C~
has the f ollowv ing nonf initely resolution

0-C -Fo-Fi-> —Fno
w here Fi if finitely generated projective, i = 0,1, 2,

Proof W e firstly prove the follow ing assertion L et C be a finitely presented torsionless left R -
module, thenC has the remlution: 0 - C - Fo - B - 0, whereFo isfinitely generated free and
B isalo finitely presented torsionless In fact, by [5], C  isafinitely presented right R -module
Consider the exact sequence F1 -Fo — C* — 0, then w e have the exact sequence0 — C*~ — Fs

LF. . LetB= mf , 90-C" -~ Fo —B - Oisexact, andB isal finitely presented tor-
sionless leftR module U sing [6] Theoram 5, C isreflexive S00 -~C - Fo —B - Oexacts, as
required

Now supposeC isa finitely presented right R -module By [5], C  isafinitely presented leftR
-module SinceC’ istorsionless, then it followsthat0 -~ C" — Fo - B — Oexacts,w hereB isalo
finitely presented torsionless, and Fo is finitely generated free U sing the assertion to prove above
again, thenw e have the follow ing exact sequence 0 -B - F1 -B1 - 0, whereFiisfinitely gene
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rated free andB is al finitely presented torsionless Therefore0 - C° - Fo - F1 - B1 - Oex-
acts Consequently, there is the nonfinitely exact sequence 0 ~C" - Fo - F1 - F2 - , where
Fiisfinitely generated free and i= O, 1, 2,

Proposition 6 L et R be a canmutative coherent ring. If the absolutely pure dimension o Rr is O,
then for any f initely presented Il t R moduleM ,M has the f ollov ing nonf initely resolution: 0 -M
-Fo-F1 —Fn-> whereeach Fiisfinitely generated projective

Proof W e smply note that any finitely presented left R -moduleM is torsionlessfrom [7] Theo-
ren 2 3 Since pd(Rr )= 0, Extk (A,R)= 0, for any finitely presented right R moduleA . So
by [6] Theorem 4, M is reflexive Smilar to the proof of Theorem 5 above, the result follow ing
mm ediately.
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