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Abstract: LetV.(g) be then-dimensional vector gace over the finite fieldw ith gelements, K
ak -dimensional subspace andC[n, k] the set of the subspacesS such thatSn K # = O0.We
show thatC[n, k] is Sperner and unimodal and point out all maximum-sized antichains inC[n,
k]. For theW hitney numberW »of C[n, k] , we show thatW n’-gVN W n. 1 has nonnegative co-
efficientsas apolynomial ingand thatWo =W, <W ;=W =W, =<
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1 Introduction

L etC (n, k) be the collection of all subsetsof an n -set Xw hich intersect a fixed k -subset
Y of X . ThenC (n, k) isa natural generalization for the subset lattice L ih [10] first observed
this and show ed thatC (n, k) is Sperner and unimodal Griggs [7] further show ed that C (n, k)
has several stronger properties, including the nested chain decomposition, theL YM inequality
and the log concavity of W hitney numbers He also detemined all maximal-sized antichains
inC (n, k). In thispaperwe consider the analogousproblen for finite vector gpaces

L etV (q) denote then -dimensional vector pace( n -space, for short)over the finite field
w ith g elenents andL »(q) denote the lattice of subgpacesofV(q). L et K be a fixed k -sub-
gace andC[n, k] the set of the subgacesS such thatS n K # O whereO denote the null
gace C[n, k] isan extension for the subsace lattice Inparticular, C[n, n] isisomorphic to
L (g) whileC[n, 1] is isomorphic toL n~1(q) .

The object of thispaper istwofold First,we show thatC[n, k] is Sperner and unimodal
Themethod of L ih used in [10] for C (n, k) is still valid forC[n, k]. However,wew ill pre-
sent a simple approach to show thatC[n, k] isboth Sperner and unimodal Secondly,w e in-
vestigate theW hitney numbersW m of C[n, k] ,w hich can be regarded as an extension of theq
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-binom ial coefficient W e present a fev formulas aboutW w to explore further properties of
C[n, k]. For exanple,we show thatW m°-dVN m-W m+ 1 has nonnegative coefficients as a poly-
nomial in q for allm which extends Butler's corregponding result about g -binomial coeffi-
cients A nd hence in particular, W (n, k) islog concave form.W e also show thatW o =W, =<
Wi=Wp =W = ,Which is a necessary condition on theW hitney numbers such that
there exists a nested chain decomposition inC[n, k] similar to that inC (n, k) obtained by the
bracketing construction.

2 Term inology

In thispaperwew ill enploy the teminlogy and notation of Griggs[8] and Chen and Ro-
ta[5]

A finite poset (partially ordered set) P is ranked if there existsa functionr: P - - {0,
1, 2, }suchthatr(x) = Oforminimal elanentsx P andr(y) = r(z) + 1lify coversz
P. r(x) isthe rank of x , and the rank r (P) of P is themaximal rank of the elenentsof P.
L et Pm denote them th rank set consisting of elenentsof rankm in P. TheW hitney number
Wn = |Pm|iscalled themth W hitney number (of the second kind) of P. P is Spernerif
maxaW m = max{ |A |:A isan antichain inP }, the common value is called the Sperner num ber
of P. P isunmodal if the sequence of W hitney numbersof P isunimodal,i e ,Wo = <
Wiu=W =ZWu1= =Wna.for omel,wherer(p) = n. Smilarly, P is log concave if the
sequence of W hitney numbersof P is log concave W m” = W n-W m+ 1 for allm. It is clear that
P is log concave mplies that P is unimodal

LetG= G(X, Y; E) beafinite bipartite graph w ith setsof verticesX andY andw ith a
set of edgesE betweenX and Y. W ew ill denoteG for short by X Y. A (complete) match-
ingof X into Y inG is a subset of E which meets every member of X exactly once and every
member of Y atmost once DenoteX Y ,provided that there existsamatchingof X intoY.

Suppose that in a ranked poset P there exists amatching betw een every consecutive pair
of rank setsfrom the snaller to the larger one, then P is said to have thematching property.
In particular, if there exist matchings

Po Pi P Piv1 P,

then P is said to have the unimodal matching property.

Throughout thispaperwe let K be afixed k -subspace of V » (q) andC[n, k] the set of sub-
pacesS of Vn(q) such thatS n K # O. For conveniencew e adjoin the null paceO toC[n, k]
, thus the extended set (still denote by C[n, k] )turnsout to be a sublattice of L »(q) and the

ranks agreew ith the dimensionsof the gaces L et [mn ] denote the q -binomial coefficient, i
e , the number of m -subgpacesof V. (q) . It iswell known that
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3 Sperner and Un imodal Properties

In this section,we show thatC[n, k] is Sperner and unimodal W ew ill enploy the fol-
low ing lenma(see, e g , Stanley[13]) to obtain this result

Lanma 1 If P has the unimodal matching property
Po Pi P Pir1 P,

then P is rank unimodal and Sperner w ith the Sperner numberW .

Thus it suffices to show that there exists amatching in every bipartite graph consisting
of the consecutive pair of rank sets Themost popular characterization for the existence of a
matching in a bipartite graph isHall’ smarriage theoran, but the follow ing lenma ometimes
may bemore convenient(see, e g , Canfield[4]). A susual, deg(x ) denotes the degree of a
vertex x in the graph

Lenma 2 For a bipartite graph X Y ,if deg(x) Ofor any x X and minx x deg(x) =
max, vdeg(y) ,thenX Y.

L et Cm be themth rank set of C[n, k]. ForS Cnm,letS’ (repp. S- )denote the collec-
tion of subgpaces inC[n, k]which cover (reg. , are covered by) S. Note that |S™ | (re.
|s- |) is the degree of the vertex S in the bipartite graphCm ~ Cm+1 (re. Cn  Cm1).

Lanma3 ForS Cm, [$']= [“1“] ,and |s- |= [“ﬂ it dim (Sn K) = 2or |s-|=
[mll] if dm (S n K) = 1.
Proof Suppose that T coversS CminLa(q). ThenT n K # = O ,which mpliesthat T
L n-|m

Cn+1,hence |S° | = [ 1].

Now suppose thatT iscovered byS CminLa(g). Ifdm(Sn K) = 2thenT n K # O,
henceT Cm1,o [S-|= [nﬂ (ifdm (S n K) = 1, then there are just[ml_l] (m-1) -sub-
gaces in'S containingS n K from the self duality ofL(q) , 2 |S- | = [ml-l} [

Theorem 1 C[n, k] has the unimodal matching property and hence is both unimodal and
Sperner,w ith the Sperner numberW ~ w hereN is the least positive integer = ';‘n.

Proof Ifm N thennm = m + 1. Hence in the bipartite grqphCm  Cm+ 1,
n-m m + 1}
> = max deg (T
T= 7 = e
for arbitraryS CmandT Cm+i1fromLenma3 ThusCn Cm+i1from Lenma2 Smilarly,
ifm N thenCn Cm-1. Consequently the theorem follow s mmediately from Lenmmal []

min deg(S) = [

Themethod of Griggs[7] for finding all maximal-sized antichains of C (n, k) can carry
over almost w ithout change toC[n, k], henceweonly list the related results by omitting the
p roof.

Theorem 2 The only maximum -sized antichains in C[n, k] are the largest rank set(s)
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(i) C~, and
(ii) Cnaif n= 2N -1and k= N+ 1, and
(iii)Cn+1if n= 2N and k= 1

Remark Griggs methods used to show thatC (n, k) isnested,L YM and log concave are not
adapted to C[n, k]. For exanple, he induced a nested chain decomposition of C (n, k) from
the symmetric chain decomposition of the subset lattice obtained by bracketing construction,
but a smilar chain decomposition of the subgace lattice has not been found s far.

4 W hithey Numbers

In the present section,w e focusour attention on theW hitney numbersw « (n, k) of C[n,
k]. Wn(n, k) can be regarded as an extension of the q-binomial coefficien ts and shares

n
many of the properties of the q-binomial coefficient In particular, W (n,n) = [m] and

Wm(n, 1) = [n-lJ :

n
Inw hat follow s,w e alw ays set[m] = O0andWm(n,k) = OunlessO <m =< n.
To formulate theW hitney numbers,w e need the follow ing enumeration result
L enma 4 For arbitrary 0= i<k, the number d m-subgpacesS o V(qg)such that dim (Sn K)

=iisq"” (m'”[j [n-k]'
m-

Proof Note that for each 0= i = k, the number of ordered basesofm -subgpacesS such that
dm (S n K) = iis(@-q)(@"-d"") (g-9“""™) (see, e g , Goldnan and Rota [6] ). But
the number of ordered bases of this kind of m -subspace is (d"-q') (d"-g" ")  (d"-d"™). The
quotient of these two quantities gives the number of m -subgpacesS of V »(q) such thatdin (S

nK)=i:
n-k
J- []

m-

( n k) ( n_ Jk+ 1) ( n_ k+m-i-l) -1) (n-i)
=1) (m=1
q

(@-q) (@Y @-d") -

)]

= kZ q<k-i><m-i>[lj [n_ﬂ_ (2
i€ | m

Chen and Rota[ 5] gave the formula

el m] = g eodd [
W (n,K) = z v ['j [r:']
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W (n, k)

hence



Fomulas (1), (2) and (3) are the extension of the corresponding results for the g -binom ial
coefficients, regectively. W e can al=o extend the g -Pascal triangles about q -binomial coeffi-

cients
SSREREN
m m-
and
3= Ll ol ©
m m-
asfollow s

Lenma5 Letlm nand 1=k=n Then
Wn(n+ 1,k) = Wn(n, k) + g™ Wmn1(n, k) (6)

and

Wao(n+ 1,k) = [mnl] + qWm (n, k-1). (7)

Proof From the recursion (4) it follow s that

Woln+ 1K) = {Er;rjl}qm[?:j]}ﬁ [nk} [nj}
EINEY IS o mml] Q[mkj}

= Wm(n,k) + qnm+Wm-1(n, k)
Similarly, it mmediately follow s from the recursion (5) that

{n+ 1} _ m[mn}lk]
i

[nl]ﬂfw (n, k-1).

m

Wn(n+ 1,k)

The proof is then completed []
Butler[3] showed that form =< |

RIEES AR

has nonnegative coefficients as a polynomial in g. W e can generalize this by the recursion

(6).
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Lanma 6 Givenk = 1 Thenforalln= kandm = |,
W (n, KW 1 (n, k) =™ W m-1(n, K)W 1+ 1(n, k)

has nonnegative coef f icients as a polynanial in g
Proof The lanma is true for n = k from Butler’'s result described above sinceW m (n, n) =

n
[m] . Now weproceed by induction on n. A ssume that the lenma is true for n and consider

thecasen+ 1. Form =< I, it follow s from the recursion (6) that

Wan+ LKW (n+ 1L,k -g™Wai(n+ LKW ii(n+ 1,k)
= {Watl) + ™ W, k(W K) + ¢ Wi n, k)
9™ AW m1(n, k) + g™ Wm2(n, K)AWi1(n, k) + "W (n, k)
= W (n, KW 1 (n, k) =™ Wmn-1(n, KW i 1(n, k)

+ q2n-m-|+ W m-1(n, K)W 11 (n, k)-q'“”\Nm-z(n, K)W 1 (n, k)

+ g™ AWma(n, KW i(n, kK)-g™ Wm2(n, KW i1(n, k)

+ " AW (n, KW 1(n, K)-g"™W m-1(n, k)W (n, k)

has nonnegative coefficients since each of the four tems in the sum has nonnegative coeffi-
cients by the inductive hypothesis(the last tem iszero ifm = |). This completes the proof.
[]

A 9ecial case of the above leanma givesone of themain resultsof thispaper.
Theorem 3 W (n, k) -0V m1 (n, k)W m+ 1(n, k) has nonnegative coef f icients as a polynanial
inq.

In particular, W (n k) is log concave form, hencew e have
Corollary C[n, k] islog concave

To state the final result in this section, we need another expression for the W hitney

num bers
-k
Wn(n, k) = m -q““[” ]
m
ko n-i + 1 n- i
et )
i m m
ko n-i
= ya ””‘[m_l]- (8)
W e alo require
Lenma 7 For s<r and t= ';‘r,
f(r,st)= [r-ﬂ -qs("zo[r-j > Q
t r-
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Proof Thecaser = 2tistrivial and hence let t ';‘r.

-
If t r-sthen r-t r-s, hencef (r,s,t) = 0;ift sthenf (r,s, t) = [ j > 0:ifs<t=< r-s

r= t r= r-t
, then by theformula[ j U = [r j [ } ,w e have
= S

f(r,s t)

1
|
T 1 -
(] — 1 1
1
-
w 1
(A ]
1
o
2
8
1
@0,
N~

= j s(rt, r-2t) = Q []

L
-
1

U sing fomulas (1) and (8) and L enma 7,w e can present a necessary condition on the
W hitney numbers such that there exists a nested chain decomposition in C[n, k] similar to
that in C (n, k) obtained by the bracketing construction.

Theoran 4Wo =W, =<Wi1=Wnp1 = SWon+1 =W
Proof It suffices to show that form N Wmn =W mm < Wm+1.
Form N ,by fomula (1) andL enma 7 it follow s that

Lo el )
AT w7} =

On the other hand, from formula (8) andL enma 7 it follow s that
ko n-il & n-i

Wm+ W R (i-1) m+ 1)|: _ (i-1) (n'm)
' iz q m Zlq n-m-

k . .
Z q“'l) m+ 1){[”'1 -q“'l) - 1- m[ n-T'rJ} > Q
i m n-1

The proof is then completed []
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