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The Twisted Atiyah-Singer Operators (11)
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Abstract: In thispagper we show that from the Dolbeault operator we can get a tw isted A tiyah-Singer
operator w ith the same leading symbols Inparticular, theDolbeault operator on a symplecticmanifold
is a tw isted A tiyan-Singer operator.
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W e have shown in [1] that the de Rhan and the Signature operators on a Riemannian
manifolds are essentially the tw isted A tiyah-Singer operators In this paper we study the
Dolbeault operatorson almost complex manifolds W e show that from the Dolbeault opera-
tor we can get a twisted A tiyah-Singer operator w ith the sane leading synbols W e al®
show that theDolbeault operator on a symplecticmanifold is a tw isted A tiyah-Singer opera-
tor. Then index theoram and thelL efschetz fixed point formulas of the Dolbeault operators
can be derived from the corregponding theoran sof tw isted A tiyah-Singer operators

1 Algebraic Prelim inar ies

L etV be a 2n-dmersional real vector pacew ith Euclidean inner product , and a com-
plex structureJ. A ssume that the inner product ispreserved byJ. LetE:, ,En E1,
E~be an orthonomal basisofV such thatJEi= Erand wy, ,w, I, , wrbe their dual basis,
Jw=- w. Define
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The subgaces of (V') ® C generated by {Q} and {Q7} are denoted by "°(v) and
®" (V) regpectively. The frames {E.} and {w} are called the S-basis, {Z.} and {Q} are
called theU -basisofV . In thispaperw e use the follow ing notations
a, b, {1, .1 A i, {1, .n},
a= iifa=i; a= iifa= 1.

DefinelL a = ﬁ{(m}+ {- Vw) - i(E.+ A - 1JEa)}. {La} act on the left of

% /). NotethatL = Q- i(Z),Lr= 4 - 1(Q+ i(Z)).

Lenmall Ldo+ Lda=- 28 Then{L .} generate a Cliff ord algebra Cl(2n).
Letg:V" -V bean isometry such thatg J = J g. If g(Q) = 2G;Q, then (Gy)
U (n) . Since the exponentialmap exp: 4(n) —» U (n) isan epimorphisn,we can setG = exp®,

. 6. &
O= 6+ J - 1@, where ® and ®; are real matrices Thematrix ® = 6 6 is the

realization of ® exp® SO (2n). Themap g induces a homomorphisn g  on  °" (V) ,
9" (& Q) = g() g().

Lenmal 2 g = exp(‘]z‘tr(@)exp('i‘z Gl d ).

Proof It iseasy to see that the lenma is truew hen ® isa diagonal matrix and the expression
of g isindependent of the choice of U -frames @

TheLenmal 2 gives a representation U (n) - Spinc(2n).

L et Cln be the Clifford algebra Let e, ,en, €, ,erbean orthonomal basisof Eu-

clidean pace R™. Definegi = ‘;‘(ei - A - 1e) gi = ‘Jz‘(a + 4 - ler). LetAbe an irre
duciblemoduleoverClaxgenerated by g1 gn, A= Clan g1 §n. Defineahomomorphisn £
O'*(\/) —»A@bei p(er Qﬁ() = g, 0.0 g, ® 1.

Lenmal 3 Forany € * (V), wehave P(g" & = P(g")P(¥,where hananorphisn P
(g"): AOC-AD®C isdéeined by PLa)= &

Proof W e need only to verify the follow ing wo cases(comparew ith [2], p. 262):

g10i, gikg_l (ﬂ, in 1,
Q) = {- 1gi, 9i0:r QOn, 2= 1
“ {- 19:9i, @i0: 0n, i1 1,

- in i * g1 Qn, 1= 1
p(Ll Q"l Qk) = elp(gl g}k) — { g g g: ¢ 1

LT @ Q) = aP(,

w here i1 ik O
2 The_a-operators

LetM be a compact aimost complex manifold of dimension2n and , be a Hemitian

metriconM , J the complex structure Let V be theL evi-Civita connection onM , V be an
almost complex connection defined by

VxY = ‘;‘(vxv- J(vx@EY))), X,y T(MM ®CQC).
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DenoteA°M ) = T( **"M)) ,A°M) = T( **“M)).
L et Obe the restriction of the exterior differential operator d on the subgpaceA®” M)
and Sbe its adjoint Thenw e have aDolbeault operator: D = 0+ & A°M) —A°M ).
Similar to 8§ 1, letE:, ,En Ei, ,ErbelocalS -frane fieldsonM and wy, , w, i,
, wrbe their dual, {<x} and {Z.} be the relatedU -frames

Lenma 2 1 AseratorsonA%" (M),

0= Y &V 5= - Y @ovyt ¥ VaZuz i)

Proof See for example Yu'®. o

Asin 8§ 1, defineoperatorsLaon *" (M) by
Li= Q- i@, L= A - 1@+ i(2)).
Proposition 2 2 The gperator D can be expressed by
_ L C .4 {1 .
D— J—ZZLa{Ea+ 42: VEaEb,Ec Lth' 2 Z VEaE],EJ +

1 1
SZ (Ved)EndEe L et 5 (Ved)EnJEa+ {- 1.}

Proof From Lemma 2 1, we have

v

D = 0+ &= Y Q@ {Z- T VeZnZe Qi(zd} -
i(zi-){zvi- z V2ZrZc Qi(Zo} + Z V 2.2k, Zj i(Zy)
= J—Zz L o{Ea- z VelZi, Zk Qi (Zﬁ} + z V2,2, Zj i(Z7).

Similar to Yu [3], we have

{1

z Vel Zk Qi(ze) = - _ili'z VeEs EcLdct 2

VeERE|,
and
z V2,Zx, 2 i(Z)) = - 44_22 (Ve (Ev- 4 - 1) Ev),Ea- 4 - L) Eala
_ -1 [ 1
- 4‘1—22 (VEbJ)Eb,J Ea+ 1Ea La.
Theproposition follow s from

VeEn Ec = VegkEpEc + _% (VEaJ)Eb,J E.
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and

Z VeERE = Z VeErREi 0

Corollary 2 3 If M isa symplecticmanif old, that is, the kaehler formm o M isclosed. Then

D = ﬁZLa{Eva+ _i"z VeEn EclLdc- ;Z VeERE;] 1.

Proof By assumption the kaehler form &= - 1 - 12 Q  isclosed A siswell known,
JVixd = VXJ,

and
(vxd)Y,z + (vv)z,X + (V2J)X,Y =0

hold forany X ,Y,Z  T(TM).

From d®= 0, wehave V:Z;,Z« = 0 (see[3]). By Proposition 2 2, we need only to
show z (VeJ)EnJEc Ldd .= 0. Thiscan beproved asfollows A sreamarked above,
w e have

0

Z{ (VeJ)Ew,JEc + (VeJ)Ec,JEa + (VeJ)EaJEb JLd d o
32 (VeJ)EnJEc Lddc+ Z (VeJd)Ec,JEa (- 20 c+ 28d o) +
z (Ved)Ea,JEb (- 20k a+ 20 )

32 (Ved)EpJEcLddct GZ (VeJd)Ea,JEb Lo,

and

Z (VEHJ)Ea,JEb = Z ( (VEiJ)Ei,JEh + (VJEiJ)JEi,JEb)
= Z ( (Ved)Ei,JEb - J(VseJ)EL,JEs)=Q 10

Denote

1 1 I
= Ved)Eo,JE: Ld L+ Ved)Eb JEa+ - 1E. La
Q= o7 22, (Ved)B i 22, (VedE

Lenmma 2 4 Q isa self adjoint operator onA%" (M ).

The proof is a direct computation, o we omit it ThenD = J_Z(D - Q):A° M) -
A°(M ) defines a selfadjoint operator.

Let Puw M ) be the principal bundle formed by allU - franes{Q}. Thenwe have a
tw isted spinor bundle

AM) QL = Pumw ) x »(AOC),

w here the representation U (n) — Spinc(2n) isdefined in § 1 In general, A(M ) and the line
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bundle L are not defined globally, exp(‘]z‘tr®) is detemined up to + 1. ButL ®L

= %" ) iswell defined Then there isaconnection onL @L defined naturally. From L an-
mal 2and 1 3, we have

Proposition 2 5 Thebundles ® (M) and A(M )OL are isammorphic
The immorphisn 2 > M) -~ AM) OL isdefined by
P (&, Q)= 9y, 6,01 .01
Theorem 2 6 Forany & A°(M ), we have
POE) = Due(¥),
whereD.: T(A" M) ®L) - T(A (M) ®OL) isa wisted A tiyah-Singer gperator. Inparticu-
lar, theD olbeault gperator on a symp lectic manif old is a w isted A tiyah-Singer gperator.

Proof ByLenmal 3, we have

PD) = z ea{Eva+ JA:Z Ve,En Ec @6 - ;z VeERE L

SinceL ®L = °"M) , hence‘Jz‘z Ve Q= - ;Z Ve Er Ei definesa con-

nectiononL . ThenD. = P(D) isa twisted A tiyah- Singer operator. i

If E isaholomorphic vector bundle on a compact complex manifoldM , w e have a tw ist-
ed Dolbeault operator: De: T'( °*"M ) @ E) -~ T'( °* M ) @ E). Obviously the Propo-
sition 2 5 and Theoren 2 6 can be generalized to such operators

Since the leading symbolsD and { 2o are the same, the index theorem of theDolbeault
operator on almost complex manifold is an easy consequence of that of the tw isted A tiyah-
Singer operators IfM iskaehler or symplectic, D = { 2p isa tw isted A tiyah-Singer opera-
tor (see alo [4]). Then the local index theorem of these operators can be obtained from that
of the tw isted A tiyah-Singer operators

3 Thel ef schetz f ixed point formulas

Letf be an isometry onM w hich preserves the complex structureJ. Thenf  mapsU -
frames to itself and commutesw ith theDolbeault operatorD . L et {€.} and {Z.} be localU -
frane fields on neighborhoodsof x and f (x) regectively, we have

f+(Z, ,Zn)'=B(Zy, ,Z.),, B U(n).
Lenma 3 1Restricting f "on  °> M), we have

1

> tr@®) exp (- 'i‘@ébL L),

f = exp(-

w here ®andL . aredée ined asin § 1

Lenma 3 2 The cotangentmap f = commutesw ith theoperatorQ. Thenf = commutesw ith
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the operatorD .

LetN = N ibe the set of fixed pointsof f , eachN ibe a connected totally geodesic sub-
manifold onM . The tangent bundle TN i and the nomal bundle U(N i) also have complex
structures induced from that ofM . W e alo decompose

TN ®@C= TN, ® T°N LZUON) ®C= ULO(N ) ® lf)'l(N i),
into the+ 1 - 1 eigengacesof J .
Theoran 3 3 Thel & schetz number o f isgiven by

Td(T "N
Lo(f) = ZIN o ,
det[1 - exp (¥ + 27TJ_—l)]

w here exp Wand Q are thematricesof f - |U1‘0(N » and the curvature on U"°(N i) respectively.

Proof Asf Q= Q f , thel efschetz number of f w ith regpect to the operatorsD andD
are the same (L av oon and M ichelsohn [5], p. 213, Proposition 9 4). U nder the isomor-

phisn A" M) - T(AM) ®OL), f  becomes
P(f") = exp(- ‘Jz‘tr@))exp (- 'i‘z Bhes).

Thel efschetz fixed point formula of f can be obtained from the correponding theoren for
the tw isted A tiyah-Singer operators (see Zhou [1], Theoran 3 1). ]
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