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1. In troduction

　　Early in the m iddle of the 19th cen tu ry, F. G. M. E isen stein, a Germ an m athem atician,

gave th is fam ou s criterion [ 1, 2 ]:

Theorem S upp ose tha t

f (x ) = anx n + an21x n21 + ⋯ + a1x + a0

is a p oly nom ia l w ith coef f icien ts in a un ique f actoriz a tion d om a in R. If there ex ists a p rim e

elem en t p∈R such tha t

1°. p ûöan; 2°. p ûa0, a1,⋯, an21; 3°. p 2ûöa0,

then f (x ) is irred ucible over R or its quotien t f ield.

R ecen t ly, som eone show s[ 3 ] tha t E isen stein’s irreducib le condit ion is necessary and suf2
f icien t if the degree of f (x) is 2, on ly sufficien t if tha t of f (x) is grea ter than 2. T herefo re, it

w ill be m ean ingfu l to im p rove and ex tend E isen stein’s theo rem.

2. M a in Results
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　　L et R be a un ique facto riza t ion dom ain in th is paper.

L emma 2. 1 S upp ose tha t f (x ) = anx
n+ an21x

n21+ ⋯+ a1x + a0 is a p oly nom ia l w ith coef f icien ts

in R , w here n is an in teg er 〉2. If there ex ist a p rim e elem en t p∈R and a coef f icien t ak (m〈kΦ
n) such tha t

1°. p ûöak;　2°. p ûa0, a1,⋯, am ;　3°. p 2ûöa0,

w here 0〈m〈n , and 2m Ε n , then f (x ) can not be d ecom p osed in to the p rod uct of tw o p oly nom i2
a ls over R or its quotien t f ield , w hose d eg rees a re equa l to or less than m ( i. e. Φm ).

In the above lemm a, the case of m = n21 is ju st E isen stein’s criterion.

W e draw in sp ira t ion from L emm a 2. 1 and give the fo llow ing resu lt:

Theorem 2. 2　S upp ose tha t f (x ) = anx
n + an21x

n21 + ⋯+ a1x + a0 is a p oly nom ia l w ith coef f i2
cien ts in R. If there ex ist a p rim e elem en t p∈R and a coef f icien t ak of f (x ) (0Φ kΦ n) such

tha t

1°. p ûöak;　2°. p ûa0, a1,⋯, ak21, ak+ 1,⋯, an;　3°. p 2ûöa0, an ,

then f (x ) can be d ecom p osed a t m ost in to the p rod uct of tw o p oly nom ia ls over R , w hose d e2
g rees a re k and (n2k ) , resp ectively.

T he fo llow ing cases are clear.

Corollary 2. 2. 1　If k in T heorem 2. 2 is equa l to 0 or n , then f (x ) is irred ucible over R or its

quotien t f ield.

Corollary 2. 2. 2　If k = n21 or 1 in T heorem 2. 2, then f (x ) can be d ecom p osed a t m ost in to

the p rod uct of tw o p oly nom ia ls over R or its quotien t f ield , w hose d eg rees a re 1 and n21, re2
sp ectively.

Corollary 2. 2. 3　 If k = [nö2 ] in T heorem 2. 2, then f (x ) can be d ecom p osed a t m ost in to the

p rod uct of tw o p oly nom ia ls over R or its quotien t f ield , w hose d eg rees a re [nö2 ] and n2[nö2 ],

resp ectively. H ere [x ] is the la rg est in teg er less than or equa l to x.

Remark 1　R educib le po lynom ia ls w ho se coefficien ts adap t to T heo rem 2. 2 are easily found:

Exam ple 1　L et n be a po sit ive in teger, then the fo llow ing po lynom ia l

p x 3n2(p 3 + e) x n + p = (p x 2n + p 2x n2e) (x n2p )

is reducib le over R , w here p , e are a p rim e elem en t and a un it elem en t of R , respect ively.

Remark 2　O n the o ther hand, the un ique po ssib lity of decom po sit ion over R o r its quo t ien t

f ield is left in T heo rem 2. 2 bu t its Co ro lla ry 2. 2. 1. So the irreducib ility of f (x ) over R o r its

quo t ien t f ield in T heo rem 2. 2 can no t be determ ined.

Remark 3　By the w ay, acco rd ing to the p roof in §3 of th is paper, if f (x ) in T heo rem 2. 2

is reducib le over R o r its quo t ien t f ield, then bo th of its d iviso rs are the irreducib le po lynom i2
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a ls tha t adap t to E isen stein’s condit ion (o r Co ro lla ry 2. 2. 1).

　　Com b in ing L emm a 2. 1 and T heo rem 2. 2, w e get easily the fo llow ing resu lt:

Theorem 2. 3　 S up p ose f (x ) = anx n + an21x n21 + ⋯ + a1x + a0 is a p oly nom ia l w ith

coef f icien ts in R. I f p , q ∈ R a re tw o d istinct p rim e elem en ts, and ak , a s (0〈k〈n ,m ax{k ,

n2k}〈s Φ n) a re f (x ) ’s coef f icien ts, such tha t

1°. p ûöak , qûa s;

2°. p ûa0, a1,⋯, ak21, ak+ 1,⋯, an;　qûa0, a1,⋯, a s21;

3°. p 2ûöa0, an; q2ûöa0 ,

then f (x ) is irred ucible over R or its quotien t f ield.

A p roof of th is theo rem can be rep laced by the fo llow ing exam p le:

Exam ple 2　L et R = Z , the po lynom ia l

g (x ) = 3x 11 + 6x 925x 3215

is irreducib le over Z o r its quo t ien t f ield Q , here Z is the set of a ll in tegers.

F irst, w e have 3ûöa3; 3ûa0, a1, a2, a4, a5, a6, a7, a8, a9, a10, a11 ; and 32ûöa0, a11 , f rom T heo2
rem 2. 2 it fo llow s tha t g (x ) can be divisib le a t m o st by the irreducib le po lynom ia ls over Z o r

Q , w ho se degree is 3 o r 8. Second, w e also have 5ûöa 9; 5ûa0, a1,⋯, a8 ; and 52ûöa0 , f rom

L emm a 2. 1 it fo llow s tha t g (x ) can no t be decom po sed in to the p roduct of tw o po lynom ia ls

over Z o r Q , w ho se degrees are 3 and 8, 4 and 7, o r 5 and 6. Com b in ing the first and the

second the irreducib ility of g (x ) over Z o r Q ho lds.

W ith the help of im p licit o r non im p licit congruence, to be defined, ano ther w ay to con2
st ruct irreducib le po lynom ia ls over R o r its quo t ien t f ield w ill be ob ta ined.

D ef in it ion 2. 4[4, 5 ]　L et R be a un ique f actoriz a tion d om a in. F or a , b, m ∈R and m ≠0. W e

ca ll a is im p licit cong ruen t to b (m od m ) if there ex ists a d iv isor of b such tha t a is cong ruen t

to th is d iv isor (m od m ). I t is d enoted by a≡ (b) (m od m ). Conversely , w e ca ll a is not im p licit

cong ruen t to b (m od m ) if a is not cong ruen t to any d iv isor of b (m od m ) , it is d enoted by a ¢
(b) (m od m ).

Exam ple 3　L et R = Z , then 7≡ (4) (m od 5) becau se 7≡ 2 (m od 5) and 4≡ 0 (m od 2) ; 15
¢ (2) (m od 3) becau se 15 ¢ 22, 21, 1 , o r 2 (m od 3).

W e in troduce som e of the basic p ropert ies of im p licit o r non im p licit congruence. L et m ,
n , p ∈R , p ≠ 0 , and e be a un it elem en t of R .

1) If m ≡ n (m od p ) , then m ≡ (n) (m od p ) , o r n ≡ (m ) (m od p ) , bu t its inverse is
no t t rue.

2) If m ¢ (n) (m od p ) , then m ¢ n (m od p ) , bu t its inverse is no t t rue.
3) If m ≡ 2e , o r e (m od p ) , then, fo r any n ∈R , m ≡ (n) (m od p ).
It is obviou s tha t the im p licit congruence and its inverse con ta in the u sua l congruence in

R .
W ith the help of non im p licit congruence, w e im p rove T heo rem 2. 2 in to a criterion fo r

irreducib ility of po lynom ia ls over R .
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Theorem 2. 5　S upp ose tha t f (x ) = anx
n+ an21x

n21+ ⋯+ a1x + a0 is a p oly nom ia l w ith coef f i2
cien ts in R , w here n is an in teg er〉2. If there ex ists a p rim e elem en t p∈R and a term ak (0〈k
〈n) such tha t

1°. p ûöak , and ak ¢ (a0⋯an) (m od p 2 ) ;
2°. p ûa0, a1,⋯, ak21, ak+ 1,⋯, an ;
3°. p 2ûöa0, an ,

then f (x ) is irred ucible over R or its quotien t f ield.
E specia lly, w hen k = n21 in T heo rem 2. 5, w e get:

Theorem 2. 6　S upp ose tha t f (x ) = anx
n + an21x

n21 + ⋯+ a1x + a0 is a p oly nom ia l w ith coef f i2
cien ts in R (n〉2). If there ex ists a p rim e elem en t p∈R such tha t

1°. p ûöan21 , and an21 ¢ (a0an) (m od p ) ;

2°. p ûa0, a1,⋯, an22 ;

3°. p 2ûöa0 ,

then f (x ) is irred ucible over R or its quotien t f ield.

Remark 1　Com paring T heo rem s 2. 5, 2. 6 w ith T heo rem 2. 2, w e find ak in T heo rem s 2. 5,

2. 6 is neither a0 no r an . Becau se w e have E isen stein’s theo rem o r Co ro lla ry 2. 2. 1 w hen ak is

a0 o r an .

Remark 2　Condit ion s 1°, 2°, 3°in T heo rem 2. 2 is the sam e as tha t in T heo rem 2. 5 excep t

ak ¢ (a0, an) (m od p 2 ).

Remark 3　T he condit ion p ûöan is g iven up , as fo r T heo rem 2. 6, rela t ion ak ¢ (a0⋯an) (m od

p 2 ) changes in to ak ¢ (a0⋯an) (m od p ).

T heo rem 2. 5, 2. 6 are ju st the desired resu lts.

Exam ple 4　Suppo se tha t

Υ(x ) = 5x n26x n2125, n〉2

U sing E isen stein’s theo rem , T heo rem 2. 2, o r T heo rem 2. 3, w e can no t get Υ(x ) has irre2
ducib le p roperty over Z o rQ . Bu t w e have 1°. 5ûö6 = an21 , and an21 = 6 ¢ (5× 5) (m od 52 ) ;

2°. 5ûa0, a1,⋯, an22an ; and 3°. 52ûöa0, an . F rom T heo rem 2. 5 it fo llow s tha t Υ(x ) is irre2
ducib le, and fu rtherm o re, po lynom ia ls 5x n + 6x n2225, 5x n + 6x n2325,⋯ , o r 5x n + 6x 25 , are

irreducib le over Z o r Q . T heo rem 2. 6 fa ils to Υ(x ) becau se 6≡ (5×5) (m od 5).

3. Proof of Theorem s

　　T heo rem 2. 2 is basic fo r T heo rem s 2. 3, 2. 5. F irst w e p rove L emm a 2. 1, then give a

p roof of T heo rem 2. 2.

Proof of L emma 2. 1　Suppo se tha t f (x ) can be facto rized in to the p roduct of tw o po lynom i2
a ls over R o r its quo t ien t f ield, w ho se degrees are equal to o r less than m . L et f (x ) =

g (x ) h (x ) , w here g (x ) = bsx
s + bs21x s21 + ⋯ + b1x + b0, h (x ) = ctx

t + ct21x t21 + ⋯ + c1x +
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c0; t + s = n; 1 Φ t Φ s Φ m〈k . T hen w e have:

　　　　　　　　　　　

an = bsct;

an21 = bsct21 + bs21ct;

⋯ ⋯ ⋯ ⋯

ak = bsck2s + bs21ck2s+ 1 + ⋯ + bk21ct;

⋯ ⋯ ⋯ ⋯

as = bsc0 + bs21c1 + ⋯ + bs2tct;

⋯ ⋯ ⋯ ⋯

a t = btc0 + bt21c1 + ⋯ + b0ct;

⋯ ⋯ ⋯ ⋯

a1 = b1c0 + b0c1;

a0 = b0c0,

( I)

By hypo thesis p ûa0 and p 2ûöa0 w e have (1) p ûb0, p ûöc0 , o r (2) p ûc0, p ûöb0 . Fu rtherm o re, from
the condit ion p ûa0, a1,⋯, am (1 Φ t Φ s Φ m ) and rela t ion ( I) it fo llow s tha t

p ûb0, b1,⋯, bs; o rp ûc0, c1,⋯, c t;

H ence w e get p ûak con tra ry to 1°in L emm a 2. 1. T he lemm a ho lds.

Im p roving the above p roof, w e ob ta in T heo rem 2. 2.

Proof of Theorem 2. 2　Suppo se tha t f (x ) can be decom po sed in to the p roduct of tw o po ly2
nom ia ls over R , w ho se degrees are neither k no r (n2k ) . L et f (x ) = g (x ) h (x ) , w here g (x )

= bsx
s + bs21x s21 + ⋯ + b1x + b0, h (x ) = ctx

t + ct21x t21 + ⋯ + c1x + c0, bi, cj ∈R , i = 0,

1,⋯, s; j = 0, 1,⋯, t; t + s = n; 1 Φ t Φ s〈n; t≠ k o r (n2k ) . T he fo llow ing rela t ion s are ob2
ta ined by com paring coefficien ts of the equat ion f (x ) = g (x ) h (x ) on its bo th sides:

　　　　　　　　　　　　　

an = bsct;
an21 = bsct21 + bs21ct;
⋯ ⋯ ⋯ ⋯
a s = bsc0 + bs21c1 + ⋯ + bs2tct;
⋯ ⋯ ⋯ ⋯
a t = btc0 + bt21c1 + ⋯ + b0ct;
⋯ ⋯ ⋯ ⋯
a1 = b1c0 + b0c1

a0 = b0c0;

( II)

It is clear tha t there are on ly th ree cases to be con sidered:
1)　 1 Φ t Φ s〈k Φ n . F rom L emm a 2. 1 it fo llow s tha t T heo rem 2. 2 is t rue.
2)　 1 Φ t〈k〈s〈n . By hypo thesis p ûa0, p 2ûöa0, p ûa0, a1,⋯, ak21 ( t〈k ) , and rela t ion ( II) ,

w e have (1) p ûb0, b1,⋯, bk21 ; o r (2) p ûc0, c1,⋯, c t. p ûak fo llow s from (2) , con tra ry to hy2
po thesis p ûöak ( 1°in T heo rem 2. 2).

Case (1) is to be discu ssed: O n the o ther hand, by hypo thesis p ûan , p 2ûöan , p ûan , an21 ,
⋯, as,⋯, ak+ 1 (k〈s) , and rela t ion ( II) , w e have ( i) p ûbs, bs21,⋯, bs21,⋯, bk+ 12t (k + 12t Φ k ) ,
o r ( ii) p ûct, ct21 ,⋯, c0 .

—173—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



　　Com b ing (1) and ( i) , w e get ( iii) p ûb0, b1,⋯, bs . H ence any of bo th (ii) and ( iii) leads

to p ûak con tra ry to 1°in T heo rem 2. 2.

3)　 0 Φ k〈t Φ s〈n . W ith the help of the symm etry of case 1) and case 3) , ou r p roof is

the sam e as tha t of case 1).

T he theo rem fo llow s from the above.

F rom T heo rem 2. 2 its co ro lla ries fo llow. T heo rem 2. 3 is a d irect resu lt of bo th T heo2
rem 2. 2 and L emm a 2. 1. N ow w e give a p roof of T heo rem 2. 5.

Proof of Theorem 2. 5　F irst, the condit ion s 1°, 2°, 3°in T heo rem 2. 5 excep t ak ¢ (a0⋯an)

(m od p 2) (0〈k〈n) is the sam e as tha t in T heo rem 2. 2. F rom T heo rem 2. 2, it fo llow s tha t

f (x ) can be decom po sed at m o st in to the p roduct of tw o irreducib le po lynom ia ls over R o r its

quo t ien t f ield, w ho se degrees are k and (n2k ) , respect ively. L et f (x ) = g (x ) h (x ) , w here

g (x ) = bkx
k + bk21x k21 + ⋯ + b1x + b0 , h (x ) = cn2kx n2k + cn2k21x n2k21 + ⋯ + c1x + c0; k ≠ 0

o r n . T he fo llow ing equat ion s are ob ta ined by com paring coefficien ts of the equat ion f (x ) =

g (x ) h (x ) on its bo th sides:

　　　　　　　　　　　

an = bkcn2k;
an21 = bkcn2k21 + bk21cn2k;
⋯ ⋯ ⋯ ⋯
ak = bkc0 + bk21c1 + ⋯ + b2k2ncn2k;

⋯ ⋯ ⋯ ⋯
an2k = bn2kc0 + bn2k21c1 + ⋯ + b0cn2k;

⋯ ⋯ ⋯ ⋯
a1 = b1c0 + b0c1;

a0 = b0c0

( III)

　　 In view of the symm etry of the condit ion s 1°, 2°, 3°in T heo rem 2. 5, there are on ly tw o

cases to be con sidered:
1)　 1 Φ n2k〈k〈n . By hypo thesis p ûan , an21,⋯, ak+ 1, p 2ûöan , and equat ion ( III) , w e have

(1) p ûbk , bk21,⋯, b2k2n+ 1 , o r (2) p ûcn2k ,⋯, c1 . O n the o ther hand, by hypo thesis p ûa0, a1,⋯,
ak21 , p 2ûöa0 , and equat ion ( III) w e have ( i) p ûb0, b1,⋯, bk21 , o r ( ii) p ûc0, c1,⋯, cn2k .

Inequality 2 Φ 2k 2n + 1 Φ k fo llow s from 1 Φ n2k〈k〈n . T he com b ina t ion of (1) and
( i) im p lies p ûb0, b1,⋯, bk , thu s p ûak con tra ry to 1°in T heo rem 2. 5. Sim ila rly, the com b ina2
t ion of (1) and ( ii) , o r (2) and (ii) im p lies p ûak , th is is con tra ry to p ûöak . T he com b ina t ion
of (2) and ( i) im p lies ak≡ bkc0 (m od p 2 ) , w h ich con trad icts the hypo thesis ak ¢ (a0an) (m od
p 2 ) of 1°in T heo rem 2. 5.

2)　 1 Φ n2k = k , i. e. 2k = n . T h is im p lies ak = an2k = bkc0 + bk21c1 + ⋯ + b0ck in equa2
t ion ( III). F rom p ûan , an21,⋯, ak+ 1; p 2ûöan ; and ( III) , w e get (1) p ûbk , bk21,⋯, b1 , o r (2)
p ûck , ck21,⋯, c1 . Inversely, from p ûa0, a1,⋯, a k21, p 2ûöa0 ; and ( III) , w e also get ( i) p ûb0, b1,
⋯, bk21 , o r ( ii) p ûc0, c1,⋯, ck21 . Com b in ing (1) and ( i) , o r (2) and ( ii) , w e have p ûak con2
t ra ry to p ûöak of 1°in T heo rem 2. 5. Com b in ing (1) and (ii) , o r (2) and ( i) , w e have ak≡ b0ck

(m od p 2 ) , o r ak≡ bkc0 (m od p 2 ). T hey con trad ict the hypo thesis ak≡ (a0an) (m od p 2 ) of 1°

in T heo rem 2. 5.
F rom the above the theo rem is p roved.
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　　N ow w e retu rn to the p roof of T heo rem 2. 6.

Proof of Theorem 2. 6　F irst, F rom L emm a 2. 1, it is clear tha t if f (x ) is reducib le over R o r

its quo t ien t f ield, then f (x ) can be decom po sed at m o st in to the p roduct of irreducib le po ly2
nom ia l w ho se degree are 1 and (n21) , respect ively. L et f (x ) = g (x ) h (x ) , w here g (x ) =

b1x + b0 , h (x ) = cn21x n21 + cn22x n22 + ⋯+ c1x + c0, bi, cj∈R , i = 0, 1; j = 0, 1,⋯, n21 , then

w e have

　　　　　　　　　　　　　

an = b1cn21;

an21 = b1cn22 + b0cn21;

⋯ ⋯ ⋯ ⋯

a1 = b1c0 + b0c1;

a0 = b0c0

( IV )

By p ûa0, a1,⋯, an22; p 2ûöa0 ; and ( IV ) , w e get (1) p ûb0, b1 , o r (2) p ûc0, c1,⋯, cn22 . It is clear

tha t case (1) is con tra ry to p ûöan21 of 1°in T heo rem 2. 6. Fu rtherm o re, case (2) im p lies an21≡

b0cn21 (m od p ) , w h ich con trad icts an21 ¢ (a0an) (m od p ) of 1°in T heo rem 2. 6. H ence the the2
o rem ho lds.

References

[ 1 ] D epartm en t of M athem atics and M echan ics, Beijing U n iversity, A dvanced A lgeb ra, Peop le Education

P ress, Beijing, 1978.

[ 2 ] Ke Shao. Sun Q i. L ectu re on N um ber T heory (1) , (2) [M ]. A dvanced Education P ress, Beijing, 1986.

[ 3 ] Zheng Geyu. A pp lica tions of E iseustein’s C irterion (1)、(2) [J ]. Bu llet in ofM athem atics, Sin ica, 1988, 2,

1990, 2.

[ 4 ] W ang R u i. A C riterion f or irred ucible p oly nom ia ls over a un ique f acoriz a tion d om ain [J ]. Bu llet in of

M athem atics. Sin ica, 1995, 11: 42244.

[5 ] W ang R u i. Cong ruence rela tions f or its subsy stem s of resid ue w ith m od p [J ]. A cta. M ath. Sin ica, 1997,

40 (6) : 9472950.

唯一分解整环 R 上不可约多项式的若干结构
王　瑞

(云南大学计算机科学系, 昆明650091)

摘　 要

　　本文在唯一分解整环R 上引入隐含同余和非隐含同余概念. 从而获得 R 上多项式不可约

性的若干结构. 一百多年来首次对著名的 E isen stein 不可约定理作出重要推广.
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