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Abstract: Let p be a congriuence ou a seutgroup S, p is called a rectangnlar baud cou-
gruence if §/p is a rectangular band. Tu this paper the least rectangular baud cougruence
on a zemigroup is discribed. Let T be a subsemigroup of a sewmigroup 5. A necessary and
sufficient coudition for which every rectangular band congruence on T can be uniguely
extended to a rectangular band congruence on § ix given.
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1. Introduction

Let S be a semigroup and p be a congruence on S. We call p a left ( right ) zero
congruence on S if S/p is a left ( right ) zero semigroup. We call p a rectangular band
congruence on S if 5/p is a rectangular band. Clearly, left (right ) zero congruence is rect-
angular band congruence. Since the universal relation on a semigroup S is a rectangular
band ( left zero, right zero ) congruence on S, always there exists the least rectangular
band ( left zero, right zero ) congruence on S. We denote the least rectangular hand
congruence on a semigroup S by p™. To obtain all rectangular band congruences, it is
sufficient to obtain p" since there is a lattice isomorphism between the rectangular band
congruences on .S and the cnogruences on S/p" ( see [4] ).Congruences on a rectangular
band can be easily described ( see [2] ). Theorem 3.7 in [3] describes the least rectangular
band congruence on an orthodox semigroup S . In this paper the least rectangular band
congruence on a semigroup is characterized.
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In general congruences on some subsemigroups of a semigroup S are easier to be de-
scribed than ones on S. Mills in [3] considered the way extended the rectangular band
congruence on the band E(S) of all idempotents of an orthodox semigroup S to a rectan-
gular band congruence on S. It is shown in [3] that every rectangular band congruence
on the band E(S) of all idempotents of a orthodox semigroup S can be extended uniquely
to a rectangular band congruence on S. Furter,if the least rectangular band congruence
on E(S) can be extended to one on S, then every rectangular band congruence on E(S)
can also be extended to a rectangular band congruence on S. In the section 3 of this
paper a necessary and sufficient condition for which every rectangular band congruence
on a subsemigroup T of a semigroup S can be uniquely extended to a rectangular band
congruence on S is given.

2. The Least Rectangular Band Congruence

Let S be a semigroup. We define p!, p", p™, p™ on S as follows:
(1) For all z,y in S, zp'y if and only if there exist z1,25,---, 2, in S,where n ¢ Z1,
such that
2SNz S #0,2:SNz S #0,---,2,5NyS £ 0.

(2) For all z,y in S, zp"y if and only if there exist 1,22, -+, 2, in S, where n € Z¥,
such that
SenSzy #0,Szy NSz #0,---,Sz, N Sy # 0.

(3) For all 2,y in 5, zp™y if and only if there exist z1,y1,22,y2, -, Zn, ¥n in S, where
n € Z*, such that

eSeNziSyr # 0,215y1 N22Sy2 #0,-- -, 2. Sy, NySy £ 0.

(4) pm’ — pl ﬂpr )

Theorem 2.1 Let S be a semigroup. Then p', p’,p"”(p""") are the least left zero congru-
ence, the least right zero congruence and the rectangular band congruence respectively,
and p™= p™.

Proof Clearly p!, p” and p™ are equivalent relations on §.
Let (a,b) € p'. Then there exist z,,z5,---,z, in S, such that

aSNzS#0,z:5Nz5#0,---,2,5NbS #0.
It is clear that for any t € S,
taSNtz1S £ 0, te SNtz S £ 0, te, SNELS # 0,

atSNaS #0,aSNz 5 #0,2:5NzS #0,...,2, 5005 # 0.

Thus (ta,tb), (at,bt) € p*. Therefore p' is a congruence on S.

For all a,b in S, since abS N aS # 0, (ab,a) € p'. Thus p' is a left zero congruence on
S.
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If (a,b) € p' then there exist @;,u;,v; in S, where 1 = 1,2,---,n,7 = 1,2,---,n + 1,
such that

auy = Zyv1,T1Ug = TVg, ", Tplnpl = DUyl

If p is a left zero congruence on S, then
ap = QUIPp = TIV1Pp = T1P = T1Ugp = LaVP = -+ = TplUpy1P = bupp1p = bp.

Therefore (a,b) € p. Hence o' C p,ie., pis the least left zero congruence. Similar
argument shows that p” is the least right zero congruence on S.

Clearly, p™' is a congruence on § and (aba,a) € p™ for all a,b in S. Tt follows that

L
p™ is a rectangular band congruence.

In order to show that p™ = p™', let (a,b) € p™'. Then there exist z;,u,,v,,¥;, e, k¢ in
S, wherei=1,2,---,n,s=1,2,---,n+1,7=1,2,---,m,t =1,2,---m + 1, such that

auy = 3V1,T1Uz = TaV2, ", TylUpyl = bvn-{—la (1)

ra = kiy1, 7291 = k2y2, Tt 1Ym = kg (2)
Without loss of generality, we assume that n > m. By (1) and (2) we have

aurria = £1v1k1y1, 21Uy = zzvzkzyz, s Uy 1T 1Y = 2:171,+1vm.+lkrn+lb1

Ton+1Um42Tm4+1Ym = Tin+1Vm+2 km,+1 b, Uy +1Ti+1 Yin = b’U”+1 k'rn+1 b

It implies that (a,b) € p™. Hence p"”" C p™. Conversely for any (a,b) € p™, there exist
z;,yi,uj,v;in S5, where 1 = 1,2,---,n,j = 1,2,---,n + 1, such that
au1a = TyV1Y1, L1UaY1 = TaV2Y2, * Tnlnt1Yn = bUny1b. (3)

Thus
aSNz;S#£0,2,5N2,5 #0,---,2,5NbS #0

and

SanSy #0,Sy1 N Sys #0,---, Sy, NSb#0.

It implies that (a,b) € p™', and so p'™ = p™'.

Let p be a rectangular band congruence on S. For any a,bin S if (a,b) € p™, then by
(3) we obtain that

ap = auiap — U110 = L1UY1p — 0 = TpUnp1Ynp = bvn+1bp = bpa i'e'a (a"b) € p.
Hence p™ is the least rectangular band congruence on 5. O

Definition 2.2 Let S be a semigroup and S, a right ideal of S. If S\ S, is an ideal of §
and there is not a non-empty proper subset I of S, such that I and S,\I are right ideals
of S, then S, is called a maximal non-decomposable right ideal of S. Symmetrically, we
can define maximal non-decomposable left ideal of §.

Lemma 2.3 Let S be a semigroup. Then every p'-class (p"-class) in S is a maximal
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non-decomposable right (left) ideal of S.

Proof we assume that a € S and I is a non-empty proper subset of ap!. Clearly, ap is
a right ideal of S. For any z € I and y € ap'\J , there exist z,, 21, -, 2, € apl, where
z = zg and y = z,,, such that

SN2 S #0,215NzS£0,---,2,5NyS # 0.

Let z;(1 < 7 < n) be the first element which does not belong to I. Since z;,_15 Nz;5 #
0,15 N (ap'\I)S # 0 and so I or ap'\I is not a right ideal of . From the definition of o',
for any z € S,2S5N (ap') # 0 if and only if z € ap'. Thus for any = € S\ap!, 25N (ap') = 0.
It shows that (S\ap')S C S\ap' and so S\ap' is an ideal of §. We conclude that ap! is a
maximal non-decomposable right ideal of §. O

Theorem 2.4 Let § be a semigroup. Then p is a left (right) zero congruence if and only
if each p-class is a union of maximal non-decomposable right ( left ) ideal of S.

Proof A congruence p on S is a left zero congruence if and only if p! C p, if and only if
ap = Uzeapzp', ie., each p-class is a union of maximal non-decomposable right ideals of
S by Lemme 2.3. O

Definition 2.5 Let Q be a subset of semigroup S. If Q is the meet of a maximal non-
decomposable left ideal with a maximal non-decomposable right ideal, then Q is is called

a M -quasi-ideal of §.

Lemma 2.6 Let S be a semigroup. Then p is a rectangular band congruence on S if and
only if p can be expressed as a meet of a left zero congruence with a right zero congruence.

Proof Sufficiency. Clear.

Necessity. Let p be a rectangular band congruence on S. Thus there exist a left zero
semigroup S and a right zero semigroup Sg such that S/p ~ 51, x Sp(see [2]). Without
loss of generality, suppose S/p = Sp, x Sp. We define o1, and op as follows:

For all a,b € S,aab if and only if there exist (X, uy), (A, pa) € S/p such that

ap = (A, pa),bp = (A, p12).
For all a,b € S,aorb if and only if there exist (Aq, ), (A2, ) € S/p such that
ap = (A1, 1), bp = (A2, p).

It is easy to check that o and op are congruences on S. For any a,b € S, we assume
ap = (A1, p1) and bp = (Ag, p2). Then abp = (A, p2). It implies that (ab,a) € or and
(ab,b) € op, ie., or and op are a left zero congruence and a right zero congruence on
S respectively. Since (a,b) € o7 N op if and only if ap = bp, ie., (a,b) € p. Therefore
p=orNop. O

Theorem 2.7 Let S be a semigroup. Then p is a rectangular band congruence on S if
and only if each p-class is a union of some M -quasi-ideals of S.
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Proof Necessity. Let p be a rectangular band congruence on S. By Lemma 2.6 there
exist a left zero congruence o and a right zero congruence op such that p = o, N ogr. By
Theorem 2.4 each o-class is a union of maximal non-decomposable right ideals of § and
each op-class is a union of maximal non-decomposable right ideals of S. Then for a € S

ap — a(aL a OR) =aopNaog = (Uwéarrl,wpl) N (Uteb(fntpr) = U:I?EUL,tE(YR(mpl n tpr)‘
Hence each p-class is a union of some M-quasi-ideals of S.

Sufficency. If each p-class is a union of some M-quasi-ideals of S for a congruence p on S,
then ap = apbpap is derived by a,aba € ap' N p” for all a,b € S. Hence p is a rectangular
band congruence. O

Corollary 2.8 Let S be a semigroup. Then p is the least rectangular band congruence
on S if and only if each p-class is a M -quasi-ideals of S.

By Corollary 2.8, a M-quasi-ideal A in a semigroup S can be denoted by ap™, where
a € A.

3. Extending Rectangular band congruence

Let S be a semigroup and T a subsemigroup of S. For a congruence p on S, p restricted
to T is denoted by p |7= p N (T x T).

Definition 3.1 Let S be a semigroup, T a subsemigroup of 5 and g a congruence on
T. If there exists a congruence p on S such that p |r= op, then p is called a congruence
extension of o from T to S.

Lemma 3.2 Let S be a semigroup, T a subsemigroup of S. If the least rectangular band
congruence 77 on T can be extended to a rectangular band congruence on S, then p™ is
a congruence extension of 7y from T to S.

Proof Suppose that 7 on T can be extended to a rectangular band congruence o on S.
Since 77 is the least rectangular band congruence, p"* |72 7r. Moreover, o O p™ implies
that 70 = o |72 p™ |r. Thus p™ |p=7p. O

Lemma 3.3 Let T be a subsemigroup of a semigroup S. Then the least rectangular band
congruence on T can be extended to a rectangular band congruence on S if and only if,
for any M -quasi-ideal ap™ such that ap™ N'T # 0,ap™ NT is a M-quasi-ideal on T.

Proof Necessity. Suppose that the least rectangular band congruence on T can be
extended to a rectangular band congruence on S. By lemma 3.2, p™ is a congruence
extension of 7p. For any M-quasi-ideal ap™ of S, if ap™ N'T # @, then ap™ N T is a
M-quasi-ideal on T by p™ |7= 77.

Sufficiency. Let 77 be the least rectangular band congruence on T'. For any a in T, arr
is a M-quasi-ideal of T by Corollary 2.8. Since for any a in T such that

apm AT 7{ m,

ap™ N T is a M-quasi-ideal on T, i.e., ap™ N arp = arr. Thus p™ |r= 7p. O
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Lemma 3.4 Let T be a subsemigroup of a semigroup S. Define
K,={ap™ |a€ S,ap" NT # 0}.
Then Ty, = Ugpmek,ap™ is a subsemigroup of §.

Proof For all a,b in T}, there exist u,v in T such that u € ap™ and v € bp™. Since
abp™uv,abp™ NT # 0. Hence ab € Ty.

Lemma3.5!!) Let § be a rectangular band . Then each congruence on any subsemigroup
of § can be extended to a congruence on S.

Lemma 3.612! Let p and o be congruences on a semigroup S such that p C o. Then

o/p=A{(zp,yp) € S/px S/p|(z,y) € o}
is a congruence on S/p, and (S/p)/o/p = S/o.

Lemmma 3.7 Let S be a semigroup, T a congruence on S/p'. Then for any a,b in S, the
relation p:
for any a,b in S, apb if and only if (ap™,bp™) € T

is a congruence on S.

Proof Clear.

Theorem 3.8 Let T be a subsemigroup of a semigroup S. Then every rectangular band
congruence on T can be extended to a rectangular band congruence on S if and only if the
least rectangular band congruence on T can be extended to a rectangular band congruence
on §. '

Proof Necessity. Clear.

Sufficiecy. Suppose the least rectangular band congruence 7r on T can be extended to
a rectangular band congruence on S. By Lemma 3.2, p™ is a congruence extension of .
Since T/rr = T/(p™ |1), we can consider T/7p as a subsemigroup of §/p™. By Lemma
3.5 every congruence on T/7r can be extended to a congruence on S/p™. Since o 2 77
for any rectangular band congruence or on T, T/or = (T/7r)/(or/7r) by Lemma 3.6.
Thus there exists a congruence as/p"™ on S/p™ which is a congruence extention of or/7p
from T'/7r to S/p™. Define a relation p on S: for any a,b in S, apb if and only if

(ap‘m,’ bpﬂl.) e a_s/p‘ln. . (4)

By Lemma 3.7, p is a congruence on S. By the definition (4), for all a,b in T, apb
if and only if (arr,brr) € or/7r if and only if (a,b) € or. It is shown that p is
a congruence extention of or from T to §. Since ap™bp™ap™ = ap'™ for all a,b in

S, (ap™bptap™,ap™) € os/p" and so (aba,a) € p. Hence p is a rectangular band congru-
ence. U

From Lemma 3.3 and Theorem 3.8, we obtain

Corollary 3.9 Let T be a subsemigroup of a semigroup S. Then any rectangular band
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congruence on T can be extended to a rectangular band congruence on S if and only if for
any M -quasi-ideal ap™ of S such that ap™ NT # 0,ap™ NT is a M-quasi-ideal of T. O

Definition 3.10 Let T' be a subsemigroup of a semigroup S. If ap™ NT # @ for any M-
quasi-ideal ap™ of S, then T is called a M -subsemigroup of 5. If T is a M-subsemigroup
of S and ap™ N T is a M-quasi-ideal of T for any M -quasi-ideal ap™ of S, then T is called
a strong M -subsemigroup of S.

If S is a regular semigroup, then the subsemigroup (E(S)) generated by all idempotents
of S is a strong M-subsemigroup. In special, the subsemigroup E(S) of all idempotents
of a orthodox semigroup S is a strong M-subsemigroup of §.

Lamma 3.11 Let S be a semigroup, and T a M -subsemigroup of S. If rectangular band
congruences py,p on S satisfy py |r= p2 |7, then py = ps.

Proof Let ap;b for a,bin S. By Corollary 2.8 and T being a M-subsemigroup, each p™-
class in S contains the elements of T. Thus there exist a¢, b; in T' such that ap™ay, bp™b;.
Since p™ C p1,p™ C pa, we know that apiay, bp1b:, apaa, and bpyb, hold. From a;piapibprby
and p1 |7= p2 |7, we have apsa;psbipsb. Similarly , we have ap,b if ap,b. O

Theorem 3.12 Let S be a semigroup, and T a subsemigroup of §. Then every rectan-
gular band congruence on T can be extended uniquely to a rectangular band congruence
on S if and only if T is a strong M -subsemigroup of S.

Proof Sufficiency. If T is a strong M-subsemigroup of S, then ap™ NT # @ and ap™ NT is
a M-quasi-ideal of T for any a in S. By Lemma 3.3, the least rectangular band congruence
on T can be extended to a rectangular band congruence on S. Further, by Theorem 3.8
every rectangular band congruence on T can be extended to a rectangular band congru-
ence on 5. From Lemma 3.11, we know that every rectangular band congruence on T’ can
be extended uniquely to a rectangular band congruence on S.

Necessity. Suppose that each rectangular band congruence on T can be extended
uniquely to a rectangular band congruence on S. Then the least rectangular band con-
gruence 77 on T can be extended uniquely to p and so for any a in S,ap™ N T is a
M-quasi-ideal of T if ap™ NT # (. For any ap™ in Kg,ap™ N T is a M-quasi-ideal of
T. To show that T is a strong M-subsemigroup of S, it is enough to prove T}, = 5,
ie., (§/p"N\TM = 0, where TM = {ap™ | a € T'}. Suppose that T is not a strong M-
subsemigroup of § . Hence S\T}, # 0 and so ,(S/p"™)\TM # 0. Without loss of generality,
assume S/p™ = I x A (see [2]), where I is a left zero semigroup and A is a right zero
semigroup. Each subsemigroup in I x A can be described as I; x Ay, where I; C I and
Ay CA.Let Ty, /(p™ |1,) = [y x A1. Thus Iy C T or Ay C A. Tt is clear that [y x Ay = T'/77.
Then I} x (A\Ay),(I\I1) x Ay and (J\I1) X (A\A;) are subsemigroups of S/p". We denote

the universal relation on a semigroup S by Qg. Notice that the relation

n = QI| XA[ U Q(I\Il)XAl U QI] X(A\A]) U I(I\II)X(A\AI)

17

is a congruence on S/p™ and is not universal relation, where I 1\1,)x(a\a,) 15 the identical
relation on (I\I1) x (A\Ay).

Define a relation p on S as follows:
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for any a,b in 5, apb if and only if (ap™,bp™) € 7.

By Lemma 3.7, we know that p is a congruence on S. Since for any a, b in S, apbpap =
ap and 7 is a congruence on S/p
It implies that p is a rectangular band congruence. Since 7 is not the universal relation,

T

, we obtain that (abap™,ap™) € 1, and so (aba,a) € p.

there exist a,b in S such that (ap™,bp™) ¢ 1. Hence (a,b) ¢ p and so p is not the
universal relation on 5. We have known that 7 |7, «z,1s the universal relation on T/(p"™" |7
) = I x A{(= T/7r). Then for any a,bin T,(ap™,bp'™) € 7, ie., (a,b) € p. It implies
that p |7 is the universal relation on 7. We have known that the universal relation Qr
on T can be extended to the universal relation on 5. But p is not a universal relation
on S. Therefore it is not unique that the universal relation 1y on T is extended to a
rectangular band congruence on S. This is a contradiction with the hypothesis. This

means S/p™

= T}y. Thus T is a strong M-subsemigroup of 5. O
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