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Abstract: Let H be an arbitrary Hopf algebra over a field k. In this paper, at first we
deal with the relationship between solutions to the Yang-Baxter equation and quantum
Yang-Baxter H-comodules; then we use the results to give a solution to the Yang-Baxter
equation over H.
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1. Preliminaries

Throughout this paper, we work over a fixed field k. Let H be a Hopf algebra (bialge-
bra) with coalgebra structure A, counit ¢ and antipode §. We write A(h) = 3° h(y) ® h(y)
for h € H. Unless otherwise stated, all maps are k-linear, ® means ®;, Hom = Homy,
all modules are unital, all H-comodules are left. Our basic reference on Hopf algebra is
Sweedler’s book [6].

Let H be a bialgebra over k, H is called a cobraided bialgebra, if there exists a bilinear
formmap r» H® H — k,z2 @y — r(z ® y), for all 2,y,z € H, satisfying the following
conditions:

r is convolution invertible, that is, there exists a bilinear form 7 : H @ H — R, such
that

Yoz ® yu)F(=2) @ ¥z) = D (=) ® y))r(z(2) © Y()) = e(2)e(y); (1.1)
Z (z(1) ® y1))2(2)¥(2) = Zy(l Z(2) ® Y2)); (1.2)
ey ®2) = Zr(z ® zm)r(y & 2 (L3)
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r(z®yz) = ) _ () ® 2)r(z(2) ® ¥)- (1.4)
The bilinear form r is called the universal R-form of H. A cobraided bialgebra is also
called a coquasitriangular bialgebral®l.

Suppose that V is a finite dimensional vector space over k. A linear map ¢ € End(V ®
V) is said to be a solution of the Yang-baxter equation, if ¢ satisfies condition

(c ® idv)(idv ® c)(c ® idv) = (idV ® c)(c ® idv)(idv ® c). (1.5)

For general theory of algebraic aspects of the Yang-Baxter equation, we refer reader
to see [1,2,4].

Now let (H,r) be a cobraided bialgebra, » be the universal R-form, V be an H-comodule
with the comodule struction map Ay :V— H®V, Ay (v) = Zv_y) @ v(g)- It is well known
that the map c’{,y VeV VeV, c{,‘v('v ®s) = Er(s(_l) ® ”(—1))5(0) ® V() is a solution
of the Yang-Baxter equation.

Suppose that V is a finite dimensional vector space, ¢ € End(V ® V') is a solution to
the Yang-Baxter equation. By FRT construction!®, we know that there exists a cobraided
bialgebra (H,r) such that V is an H-comodule and ¢ = ¢}, .

In this present paper, we first give the definition of quantum Yang-Baxter H-comodule,
present the relationship between a solution of the Yang-Baxter equation and quantum
Yang-Baxter H-comodule; as a application, we give a solution of the Yang-Baxter equation
over Hopf algebra H.

2. Quantum Yang-Baxter H-comodule and solution of the Yang-Baxter
equation

Definition 2.1 Let (V,-,Av) be an H-module, H-comodule. We say that V is a quantum
Yang-Baxter H-comodule if the following condition holds, for any h¢ H,v e V

Y hayv-1) ® Ry - vy = (B - v)-ny k) @ (hay - v)0)- (2.1)

Theorem 2.2 Suppose that (H,r) is a cobraided Hopf algebra, (V, Avy) is an H-comodule.
Define an action of H on V via h-v = 3 r(v(_1) ® h)v(),h € H,v € V. Then we have
(1) (V,-,Av) is a quantum Yang-Baxter H-comodule.
(2) yy(v®s) =2 v 1) -5®vq),v,s€V.

Proof (1) We first prove that V is an H-module under the action. Let h,g € H, v € V.
Notice that r(1@h) = r(h®1) = g(h), therefore 1.v = 3~ r(v_1,®@1)v(0) = X €(v(~1))v0) =

v,and h-(g-v) = 3 r(v(_z) ® g)r(v(—1) ® b)) = 2 7(v(_1) ® hg)v(w) = (hg)-v. It follows
that V' is an H-module. Second, we prove that V satisfies (2.1). Indeed
2 () - v)enyhiz) © (hey) - v)o) = D2 7(v-2) @ h)v(-1yhez) ® V(o)

= Zh(l —a)m(v(-1) ® h(2)) @ V() = D hayv—1) @ Bz - v(o)-

Hence (V,:,Ay) is a quantum Yang-Baxter H-comodule.
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(2) Forv,s € V,as ¢,y (v®s) = 3 7(s_1) ® v(_1))$(0) ® V(0), by the action of H on
V, the above equals 3 v(_1) - s ® v(g)-

Suppose further that V, W are H-modules, H-comodules. In usual way, we take VQ W
as an H-module, H-comodule via h - (v @ w) = 2 ha) - v ® hz), and Dvew(v @ w) =
Zv(_l)w(_l)@)v(o)@w(“),v € V,w € W. Take cyw: VoW — WRV,vQw — v(_l)-w®v(0).
Then we have

Theorem 2.3 Suppose that V is a finite dimensional vector space, ¢ is a solution to the
Yang-Baxter equation. Then there exists a cobraided bialgebra (H,r) such that V is a
quantum Yang-Baxter H-comodule, and ¢ = cvw = ¢}, -

Proof It follows easily from F RT construction and Theorem 2.2.

Theorem 2.4 Suppose that H is a Hopf algebra with invertible antipode S, V,W are
H-modules, H-comodules. Then

(1) cyw is invertible.

(2) If W is a quantum Yang-Baxter H-comodule, then cyw is an H-comodule mor-
phism.

3) IfV is a quantum Yang-Baxter H-comodule, then cyw is an H-module morphism.
q g P

Proof (1) Take twy: WOV - VW, w®v— Y vy ® S~ (v_y)) - w, then we have

twyvevw (v © w) th of ‘W Q vy) = Zv(()) ® S(vi_yy) - (v(=2) - w)
”Z V() @ e(v )w_v®w

Hence cy.w is left invertible. It is similar to prove that cy w is right invertible.
(2) Since

(idy ® cvw)Avew(v @ w) = ) v gw(_1) ® ¥_1) - W) @ v()
=D (V2 w)-v-1) @ (v(-2) 'w)(o) ® v(o) = Awevevw(v ® w),

it follows that Awgveyw = (idyg ® cvw )Dvew, so cyw is an H-comodule morphism.
(3) Forany h € H,v € V,w € W, since

cyw(h - (v® w)) = Z(h(l) “v)(=1) - (hz) - w) ® (h(a) - v(0))

Z @) w ® (hay - v) = Y (hayv(-1)) - w ® hez) - v(g)
h- (h (v®w))

It follows that ey is an H-module morphism.

Especially, let H be a Hopf algebra. We regard H as a regular H-module, H- comodule
Then we have

Corollary 2.5 Let H be a Hopf algebra, V be an H-module, H-module. Then the
following are equivalent:

(1) V is a quantum Yang-Baxter H-comodule.
(2) cmyv is an H-comodule morphism.
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(3) cv.m is an H-module morphism.

Proof (1)= (2) and (1)= (3) follow from theorem 2.4.
(2)= (1) Since cyy is an H-module morphism, it follows that (idy @ cq, V)AH®V =
Avegrcry. Hence,for he Hv eV

> hayv(-a) ® ki) - v(0) ® bz = D (hq) - v)—)hiz) ® (hq) - v) (o) ® hyg)-

Apply € to the third tensor idems of the equality above, then we obtain (2.1), i.e., Vis a
quantum Yang-Baxter H-comodule.
(3)= (1) Since cy g is an H-module morphism, it follws that for h,g € H,v € V we

have cyg(h - (v®g)) = h-(cva(v®g)),ie,
2 ((ha) - 0)cyh(2))9 ® (Ra) - v)0) = D_(Ra)2(-1))9 ® he2) - v(0),
take ¢ = 1, we obtain (2.1). Hence we completes the proof.

Theorem 2.6 Suppose V,W,U are H-modules, H-comodules, then we have

(1) ecvewy = (v ® idw)(idv @ eww ), and cvweu = (idw ® evu)(evw Q idy).
(2) If W is a quantum Yang-Baxter H-comodule, then

(idv ® cvw)(evy Q@ idw )(idy @ ewr) = (ewy ® idv)(idw ® cvu)cvw ® idy).

(3) IfV is a quantum Yang-Baxter H-comodule, then cyy is a solution of the Yang-
Baxter equation.

Proof (1) For any v € V,u € U,w € W, we have
(cvu ®idw)(idy @ ewu)(v @ w R u) = (cvy ® idW)(ZU ® wi_1) - u® W)
= Z HW(-1)) " ¥ ® v(o) ® W) = cvweu(v @ w Q u).

Hence the first equality holds. Simlarly, we can prove the second.
(2) Since

(idv ® CVW)(CVU Q@ idw)(idv @ ewr)(v ® w ® u)
= (v—aywi—1)) - u ® (1) - W) ® V()
=D ((v(=g) - w (—1)”(—1)) U@ (v(-2) - w)o) @ v(o)

= (ewy ® idv)(z V(~2) WO Y(_1) - U V()
= (ewy @ idv )(idw ® cyu)(evw @ idy)(v @ w @ u).

Hence (2) holds.
(3) Take V =W = U and use Theorem 2.4(1).

3. Applications

Suppose that H is a Hopf algebra. It is well known that H is an H-module algebra via
h-g =73 h1)9S(h(z), on the other hand, H is a regular H-comodule. Moreover we have
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Theorem 3.1 (1) H is a quantum Yang-Baxter H-comodule.
(2) e u(h®g) =3 ha)gS(h(2)) ® h(s) is a solution to the Yang-Baxter equation.

Proof (1) Take h,g € H, on the one hand

Y hwyga) ® k) - 92) = D hyg) © k)92 (hes)-

On the other hand

Z(h(l “Dyhz) ® (hay - 9)2) = Z(h(l)gs(h(Z))) nhi) ® (R 1)95(h(2))) (2)
=D hay9)S(hay)hs) @ hy92)S(he)) = D hay9a)e(hia) © hzyg2)S(h))
= > hw)9a) ® h2)92) S (hes)).

It follows that H is a quantum Yang-Baxter H-comodule.
(2) It follows from Theorem 2.6(3).

Corollary 3.2 Suppose that G is a finite group, G = {g1,92, -, 9n}, then ¢ € End(kG ®
kG), c(g; ® g;) = 9i9;97" © 9@y, (4,7 = 1,2,---,n) is a solution to the Yang-Baxter
equation.
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