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1 Introduction
In this paper, all the functionsw e consider are supposed to be analytic in the open unit disk
D J|z|< 1 Let

2m . 1/p
Mp(r,f):[('zlrd’o|f(re'e)|pd% ,0< p< o;
Mo (r,f) = Orggxzﬂh‘ (ré |;

HP={f N fllw= supM,p(r,f) < ®@},0< p=o;

1 1/p
GP=9f Ifll o= 0M?(r,f')dr < w0(,0< p< o;
1 1/p
AP=f D fllae= _’T'[I-D|f(z)|pdxdy < w(,0< p< o,

1
Asitiswell known, f A" if and only if M p(r,f)dr< o; moreover, H",G" andA " are all F-

and

gpaces W e denote by (A,B) the gace of the multipliers from A to B. That is (A,B) =
{g f*g B,wheneverf A}, wheref * g isHadanard product of f andg. L et C denote a
positive constant depending only on the indicesp, g,. ... Itmay differ at different occurences even
in the sane formula [x] is themaximum integer not exceeding x .
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The coefficientmultipliersofA*andH " intoA“, H andG*(0< p < 1 < gq< o ) have been
studied in [1], [2] and [3] In this paper, we give some correponding resultsfor0< p < g=
1

2 M ultipliersof A

Leanma2 1 If 0< p< o, thenf APif and only if for any gand Awithp < g =< A< o,

1

Io(l— N Ma(r,f)dr< o, (2 1)
wherex= 2/p - 1/4
Proof Iff A", then

1
IOMB(r,f)dr< o (22
and
Mo(r,f) <C(- 1) ™, Mao(rf)<c@- 1)

Hence

J’:(l- % Malr, f)dr :I:(l' r)™ 1[_217{ :Tlf (re®) |* |f (re®) @ qur
3_[:(1— D™ M w (1, £) 1C PYAME(r, £) 1Y M2 (r, f)dr

1
< CIOME(r,f)dr< 0,

Conversely, if (2 1) holds, lettingA= gq= p, weobtain (2 2). Thisimpliesf A°".

Theoren 2 2 Suppose0< p < q=< landm = [2/p]. Then
(1) @6 ={g Mi(rg”)=0(@- N> "y,
2 @°AY = {g Ma(r,g™)=0(@- ey,
Proof (1) Supposef AP, g {g Mi(r,g™)=0(1- r)* Y ™ Leth= f *g,then

_]_ 21 ) )
h(FPz) = ZTJ'Of (PP g (ze Mdt, 0< P< 1
Differentiation w ith regect to z gives
2T
PP (P2) = ;i[o £ (PPe)g™ (ze e ™dt
Hence
M 1 (P, h ™) <M (P M a(r,g™) =Cc(1- AY YIM o2, M 1(r,g™),

where Theoran 5 9 in [4] hasbeen used Taking P= r, we have
P )™ P (e h ™) < (1. r) IR VA Iy aqr f),
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It follow sfrom L enma 2 1 tha :(1- )™ YM 9(r,h™)dr< o . But by successive applications
of Lanmaof [5], thisimpliesh G% Thus
{g Mi(r,g™)=0(@- N* " c @,e)
Conversely, ifg (A",G%,f AP, then by the colsed graph theorem, T f - f *gisa
bounded linear operater. Letf (z) = m!zZ"(1- z) ™ *, and observe that
h(z) = f*g(z) = 2"g™ (2). (2 3
Now setfo(z) = f(Pz),he(z) = h(Pz) , whereO< P< 1 Obviously, fr AP, Furthemore,
since2/p < m + 1, we have
MB(r,fs) <C(1- rp)t ™ p

and
1 1/p
W ol ae= [ 2ME(rfadr|  =cC(1- p) e e 1)

By the bounded property of T , we have
Iohell o< I TH N foll a» <C(1- P)¥o ™Y,
But

1 1/q
I holl o> [[pM T(r,h'p)dJ >M(P,h') (1- P)¥A

ThereforeM 1 (2, h's) = O (1- P)¥» Y™ 1 |tfollow sfrom Theorem 5 5of [4] thatM 1 (£ h) =
M1(Phy) = O(1- P¥ Y™ Setting = rand combiningw ith (2 3) weobtainM 1(r,g™) =
o(- N Y™ Thus
A*G) C{g Mi(r,g™)=o0(1- ¥ ¥rm, (24
(20 Supposef AP,g {g Maq(r,g™)=0(@- N* Y™™ Jnh=f *g, then

2m
h(Fz) = ‘ZJ‘TJOf (PP g (Pze )dt, 0< P< 1
D ifferentiation w ith repect to z gives us that
1?7 : : i
PPrh™ (PPz) = ZTJ Jf (PPe') g™ (Pze ") e ™dt
Now set P= r to conclude that

rZ’nnh(m) (r4e|9) — g}‘o f (rZelt)g(m) (rzeu(e t))e- |mtdt
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LetG(z) = >.. go€ ' ™%" whereg. is Taylor coefficient of g. Obviously, for arbitrary 8
[0, 2m1], G (z) isanalytic inD . Hence, 20 isG™ (z), andG™ (r%") = g™ (r%¢® ?). LetF (z) =
f (z2)G™ (z). ThenF (z) isanaltyic inD. By Theorem 5 9 in [4], we have

2 |h(m) (r*e®) | <M:(r3F) <Cc(l- D" M q(r,F)

21 v ) 1/q
= C(1- n* 1/(*[‘2]‘11['0 |F (re") |* g™ (re® ) |qu .
Hence
™M I h ™) < c(@- DT MG M I, g™)
C(1- 1)@ v vy agr ),

IA

1
It follow sfrom Lenma2 1 tha.tfo(l- ™M §(r,g™)dr< . But by successive applications of

L enmaof [5], thisimpliesh A?
Conversely, an argument similar to that used in proof of (2 4) now leads to that
(A°AY C {g M q(l’,g(m)) = 0(1- l,)2/p- 1/g- m- 1}‘
Corollary2 3 If 0< p<qg= 1,f AP, then itsfractional integral f (55 G°, where = 2/p
- 1/q

Proof L et

&

I n
9(2) = zI‘(n+ 1+ ﬁ)z'

n=1

Then

q(2) = F(JBJ’:(l- 0F - P2) dp,

Ml(r,g(m))<CJ-;(1- PE (L. pr) AP < C(1- ) Ve
By Theoran 2 2(1), fis= f *g G°
Theoran 2 4 Suppose0< p < g=< 1,m = [2/p] Then
AP HY) = {g M4(r,g™) =0(1- N ™1
Our proof will make use of the follow ing lemma
Leanma 2 5 Suppose0O< gq= 1 IfI:(l— N *™M3(r,f')dr< o, thenf HE

Proof of Lenma 2 5 W ithout lossof generality, wemay assumef (0) = 0. o that

f (2) :J‘;f ' (t2) zdlt
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Letta= 1- 2" 'n= 0,1,2... Then

f(rd% | < " f'(tre® [dt < 2 "F (rts, 9,
4 1
n= n- 1 n=

f'(Pe®) | By Theorem 32(2) of [6],

whereF (rt,, 6) = maxy= r,

MA(rf) < CD.2 "M d(rtn, f).
n=1

But
1 ) G+ 1
o >I0(1- )% M It f)dt > ZL (1- D MI(rt,f)dt
n=1
>q - 29,2 "M I(rtn, £ ).
n=1
Thusf HY

Proof of Theoran 2 4 Iff AP,g {g Mq(r,g™)=0(@- N ™ h=f *g, then
M h ™) < c(1- ) VO A ),

Hence
1 1
Io(l- N™ M 3(r,h™)dr < oo,I()(l— 1Y MI(r,h")dr < .

It follow sLenma 2 5thath H*
See the proof of (2 4) for the converse

3 Multipliersof H ®

Theoran 3 1 Suppose0< p< q=< 1,m= [1/p] Then
(1) HPHY = {g Ma(r,g™)=0(- "™
2 H"AY={g Mdlr,g™)=0@- ¥ rrmiy
(3 (H"G)={g Mi(r,g™)=0(@- N ¥n

Proof (D)IfFf HP g {g Mq(r,g™) =0@- DY ™% h=f*g, then
L. D)™ MI,h™) < c(1- r)dWP YO a(r f),
1 1

It follow s from Theorem 5 11 of [4] that[ (1 - N M 3I(r,h™)dr < . Hence (-
N Mi(r,h")dr< o . Thismpliesh H°.

Conversely, by themethod smilar to that used in the proof of (2 4), we can prove the de-
sired conclusion

(2) Supposef HP® g {g Mq(r,g™ =0(@- N Y ™% h=1f*g Then

M I h™) < c(1- r)” ek YOs gy g,
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1
m q (m) fo ; q
’ - q ’ . .
By Theorem 5 11 of [4] 0(1 )™M 4(r,h™)dr< o . Thismpliersh A

See the proof of (2 4) for the converse
(3) Anargument smilar to that used in the proof of Theorem 2 2(1) leads to the desired
conclusion
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