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Abstract The pgoer gives a new way of constructing Hem ite-Fejer and Hem ite interpolatory
polynom ialsw ith the nodes of the rootsof first kind of Chebyshev polynom ials and gives the gp-
proximation order of these wo kinds of operators The gproximation orders are described w ith
the best rate of goproximation of f by polynomialsof degree < N = (q+ 1)n-linL{ spaces
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1 Introduction

QK;Z_“J‘)‘H} be the first kind Chebyshev polynomial of n -th de-

gree, qbe nonnegative integer andw (x) = (1- x%)° z.
For a givenf defined on [- 1,1], it iswell-known that there exists a unique polynom ial

Hn (f,x) of degree atmostN = (gq+ 1) - 1which satisfies the follow ing conditions
Ha (Foxi) = f(x), 1= k=n, (11

LetXn= {xx= c0sf: &=

HO@F,x) =0, 1<k=<n, 1=<j<aq, (12
and there exists a unique polynomialH n (f ,x) of degreeatmostN = (q+ 1)n- qw hich satisfies

the condition
HeO(F,x)= fP%x) 1<k<=n 1l<j<gq (13
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It was proved by R. Sakai'” and P. V ertesi”” that H v (f , x) convergences to f (x) uniform ly
on [- 1,1] forf C[- 1,1], whenever the fixed g isodd, and

I ) - Half,x) = 0 )Zw(f E i x [ 1,1] (1 4)

1
Denoted byL ¥ (0< p < + ) the set of all functionsf such that [f |p = 9’ e Pw ) dx)

+ o and by C'[- 1, 1] the set of ther - timescontinuously differentiable functionon [- 1, 1].
A n interesting problem is to considers themean nom approximation inC[- 1,1] gpaces In
[3]W ang and Shen proved that

IHw () - f||W:O(1)w(f,'nl), f C[- 1,1] (0< p<+ o), (1 5)

where (f , 1) = SUP o, uyl= Max- 1= =1 [f (x + u1) - f (x + u2) |.

Wheng= 1, the sane resultwas given by A. K. Vama and J Prasad (see [4]).

L et En(f) be the best rate of agproximation of f by polynomials of degree < n in the sup-
nom on [- 1,1].

For theoperatorH~ (f) , A. K. Vamaand l Prasad (see [4]) proved withg= 1)

Ha 1(F) - flw=0@n "Ea (), f C'[- 1,1] (1 6)
Recently M in Guohua (see [5]) proved
(J’J 1= 3 H o 1(Fx) - 1700 ) < CEm 1 (). (17

T he generality result about operatorsH n (f , x) w ere given by W ang and Shen'®
[Hv () - flv=0@n En-o(F?), f C[- 1,1] (198
The most interesting problens are considering the degree of approximation of operators
Hw (f,x) andHn (f,x) inL# gaces In [3], W ang and Sheng considered the interpolation prob-
lem:

Ku (F, x) = ﬂjz f (0s®dB, 1< k< n, (19

K (f,x) = 0, 1< j=<aq,

and proved follow ing
Theoren A Letf Lw(l< p< ®), gbea fixed non-negative integer. Then
1
Ikn () - b = 0 (Dwlt, =)o,

w here W(f , t)» denote theL & modulus o gnoothness of f .

w(f, )p = Iul»SldEIsé(J' zﬂ If (cos(B+ 1) - f (cos(B+ u2)) [dO) 7.
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LetEn(f)pw = infe o |f - pnlpw be the best rate of approximation of f by polynomialsof de-
gree = nin the nom || |pw. Hence, it isnatural to ask

(i) There exists the sane results about global approximation as (1 4) in |pw nom ?

(ii) Couldw e describe the degree of convergence of operatorsH n (f, x) andHn (f,x) inL%
pacesw ith En(f ) pu ?

For thispurposew e shall modify the operatorsH « (f ,x) andH n (f, x) as follow ing:

-1 2 .
LetTo(x) = , Te(x) = ocosk arccosx, k= 1,2,3, *** are Chebyshev polynom ial,
0 o k T y poly
w hich are know n as an orthogonal system w ith weightw (x) on [- 1,1]. Let

f(x) D.aTex), x [ 1,1] (1 10)
k=1 )
be the Chebyshev-Fourier seriesof f (x). W here oK:J‘. if (%) Tk (x)w (x) dx.
LetSa(f,x) = ZE: .&T(x) be thepartial sum of (1 10), then by awell know n results (see
50 (f) | = Cff [pv, whereC is a constant independent of n.

[6]) we known
L et

& (. x) = &Zsk(f,x), N= (q+ Dn- 1 (1 11)

be theV allee-Poussin sumn sof the series (1 10), and the follow ing modufied interplation:
Sv (f,xi) = & (f,xd), k= 1,23 ***,n

St P(f,xi) = 0, k= 1,2, ***,n, 1< j < q, (112
and
B (f,x) = & (f,xs) 1< j=<gq (1 13)
Thenw e have

Theroan Letf L&(1< p<+ ), then there exists constantC > Osuch that

Isn (£) - f |pw < %;Ek(f)m, (1 14)
and
IBn (F) - f |pw < CEn (f)pw. (1 15)

In thispaper, theC alw ays stands for constants independent of n, itmay be different in dif-
ferent places, andA = O (1) meansA is bounded

2 Somel emmas

Lenma 1" | etq> OandRn (x) bea polynanial o degreeatmostN = (q+ 1)n- 1. Then
! 1 S (W 1- xR (x) 2
I JRe 60 Jw )P < €D )R (2 1)
- k=1 j= 0
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Lenma 2!  For every 0< p < ® and Jacobiw eightu(x). Then for every c> Oand polynanial

R (x) o degree atmostcn, we have
_nl; |R (xx) |pu(Xk) =0 (1]. l . |R (1) |pU(t)W (1) dt 2 2)

Lenma 3B | etp,(x) bea polynanial o degree< n- 1, r= 1,2, ***. Thenforl< p
< o we have

14 1- x'p? () [ = 0" 4 1- xp"a(x) [pu, (29
and

[ 1= x3)p? x) | = 0 @0

w here j are positive integer.

po(x) [pw, (2 4

Lenma 4"  For pasatifying [f - polpv = En(f)pwwe have

1

P60 60 < orf DDy 29
PC) & (x) [ = cZ K+ 1) Eclf) o, (2 6)

where®x) = 1 1- x%and

Q‘r?’(f ,'Opw = o?EIEt"AM um[ 1+ 2r%h2,1- 2r%h?], Al = Ahq)(Arrf(Plf ),

and Awf (x) = f (x + lecnx))- £ (x - leqr(x)).

3 The proof of Theorem
Theproof of (1 14): Letpn (x) satisfy [f - pu [pw = En (f)pu , then by L enma 1 and the in-
terplating conditions, w e have
SRR e U 0) "R SN CORNT VR U
=A+B+ C,

. e (1. x®)ise(F - peoxd) Pl
A= foi - pu) = c (X2 TS L
k=1j=0
n _ p 1
_ C(Z !(XJ (f noN.xk)!);,LS CI 1|(};‘ (f - pn,x) |pW (X)dx)_g’-
k= 1 -
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Since o(pn, x) = pn (x) we have

L o y2)i(er M ) (i) p
"SN*(pN)' pN"prC(ZZ — 1+jpx * )-F’L

k=1 j=0 n
_ C(Z _I_N_(.QIL-_&)_QN_(_IS)_I_+ Zi |4 1 xlk)lpohgn () |p 3

1- XZj (j) X Py
= o)) Aol bl b zimnw )?
k=1 j=1

q "d - xDpd ()|
C("G?J(DN)' pn ||wv+ Zl 1 an X )
I

N
C_EIL" 1- x°p' (X)"pw = %;Ek(f)pw

D = En(f)pm

IA

IA

The (1 4) beproved
Theproof of (1 15): ByLenma 1, L enma 2 and the interpolating condition that

By () - flbw = [Bu G- pu) b+ fF - oo [
i () _ N k
C(kzz (W 1- xABY( D x)|

1+Jp )P+ EN(f)mv

IA

IA

C(kzn:i: A1- D@ (- py xi) [°

1+Jp )P+ EN(f)PW

0(2 1- G- p)

njp ) + En (f)DW

C("m (f - pN)"pw+ En (f)ow)

IA

IA

Because of the boundednessof S« (f , x) inL¥% spaces, we can prove that
low ¢ - pn) |w = CIF - b |pw = CEn (F)pw

W herew e have used the fact that & (pn,x) = pn (X),Bn (pn,x) = pn (x) andL eanma 2

Corollary 1  Forf (x) L&#(l< p<+ o), wehave

NoOL 1,
”SN(f)- f"p‘“’i_%%k%f__‘rj'mdt |BN(f)' f||w<(j":&(f_\j_md.r

0 T
1 . f
Proof It can be proved by the fact that En(f ) pw = qo MMT dt
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Corollary 2 Forf (x) L&(l< p<+ o)wehave

I_llJ 1= B (t,x) - f () Pdx)? < CEx (1)

Proof W ith the help of the fact that{ 1- x? < J% the Corollary 2 is a corollary of (1

- X
15).
Therefore, it can be provedw ithM arkov-inequality that (1 7) isa corollary of (1 6) withp
= 2and the resultsof the theoran are al tenable for some Jacobiw eight function
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