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Abstract　T he paper gives a new w ay of construct ing H erm ite2Fejer and H erm ite in terpo lato ry
po lynom ials w ith the nodes of the roo ts of first k ind of Chebyshev po lynom ials and gives the ap2
p rox im ation o rder of these tw o k inds of operato rs. T he app rox im ation o rders are described w ith
the best ra te of app rox im ation of f by po lynom ials of degree Φ N = (q + 1) n21 in L p

w spaces.
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1. In troduction

L et X n = {x k = co sΗk: Ηk =
(2k - 1) Π

2n
} be the first k ind Chebyshev po lynom ia l of n 2th de2

gree, q be nonnegat ive in teger and w (x ) = (1 - x 2) - 1
2 .

Fo r a g iven f defined on [ - 1, 1 ] , it is w ell2know n tha t there ex ists a un ique po lynom ia l
H N (f , x ) of degree a t m o st N = (q + 1) - 1 w h ich sa t isf ies the fo llow ing condit ion s

H N (f , x k ) = f (x k ) , 　1 Φ k Φ n , (1. 1)

H
( j )

N (f , x k ) = 0, 　1 Φ k Φ n , 1 Φ j Φ q, (1. 2)

and there ex ists a un ique po lynom ia lH 3
N (f , x ) of degree a t m o stN = (q + 1) n - qw h ich sa t isf ies

the condit ion
H 3 ( j )

N (f , x k ) = f
( j ) (x k )　 1 Φ k Φ n , 1 Φ j Φ q. (1. 3)
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　　 It w as p roved by R. Sakai[ 1 ] and P. V ertesi[ 2 ] tha t H N (f , x ) convergences to f (x ) un ifo rm ly

on [ - 1, 1 ] fo r f ∈C [ - 1, 1 ] , w henever the fixed q is odd, and

û f (x ) - H n (f , x ) û = O ( 1
n

) 6
n

k= 1

Ξ(f ,
1 - x 2

k
+

1
k 2 ) , 　x ∈ [ - 1, 1 ]. (1. 4)

　　D eno ted by L p
w (0 < p < + ∞) the set of a ll funct ion s f such tha t ú f ú pw = (∫

1

- 1
û f û pw (x ) dx )

+ ∞ and by C r [ - 1, 1 ] the set of the r - t im es con t inuou sly d ifferen t iab le funct ion on [ - 1, 1 ] .

A n in terest ing p rob lem is to con siders the m ean no rm app rox im at ion in C [ - 1, 1 ] spaces. In

[3 ] W ang and Shen p roved tha t

úH N (f ) - f ú pw = O (1) Ξ(f ,
1
n

) , 　f ∈C [ - 1, 1 ] (0 < p < + ∞) , (1. 5)

w here Ξ(f , t) = sup ûu1- u2ûΦ tm ax - 1Φ x Φ 1û f (x + u 1) - f (x + u 2) û .

W hen q = 1 , the sam e resu lt w as g iven by A. K. V arm a and J. P rasad (see [4 ]).

L et E n (f ) be the best ra te of app rox im at ion of f by po lynom ia ls of degree Φ n in the sup 2
no rm on [ - 1, 1 ] .

Fo r the opera to r H 3
N (f ) , A. K. V arm a and J. P rasad (see [4 ]) p roved (w ith q = 1 )

úH 3
2n- 1 (f ) - f ú pw = O (1) n - 1E 2n- 2 (f ′) , 　f ∈C 1 [ - 1, 1 ]. (1. 6)

R ecen t ly M in Guohua (see [5 ]) p roved

(∫
1

- 1
1 - x 2 ûH 3 ′2n- 1 (f , x ) - f ′(x ) û 2dx )

1
2 Φ C E 2n- 1 (f ′). (1. 7)

　　T he genera lity resu lt abou t opera to rs H 3
N (f , x ) w ere g iven by W ang and Shen [ 3 ]

úH 3
N (f ) - f ú pw = O (1) n - qEN - q (f

(q) ) , 　f ∈C q [ - 1, 1 ] (1. 8)

　　T he m o st in terest ing p rob lem s are con sidering the degree of app rox im at ion of opera to rs

H N (f , x ) and H 3
N (f , x ) in L p

w spaces. In [3 ], W ang and Sheng con sidered the in terpo la t ion p rob2
lem :

K N (f , x k ) =
n
Π∫

∆k

∆k- 1

f (co sΗ) dΗ, 　1 Φ k Φ n , (1. 9)

K
( j )

N (f , x k ) = 0, 　1 Φ j Φ q,

and p roved fo llow ing

Theorem A　 L et f ∈L P
w (1 < p < ∞) , q be a f ix ed non2neg a tive in teg er. T hen

úK N (f ) - f ú pw = O (1) Ξ(f ,
1
n

) p ,

w here Ξ(f , t) p d enote the L p
w m od u lus of sm oothness of f .

Ξ(f , ∆) p = sup
ûu1- u2ûΦ ∆

(∫
2Π

0
û f (co s (Η+ u 1) ) - f (co s (Η+ u 2) ) û p dΗ)

1
P.
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　　L et E n (f ) pw = infP∈Πn
ú f - p nú pw be the best ra te of app rox im at ion of f by po lynom ia ls of de2

gree Φ n in the no rm ú　ú pw . H ence, it is na tu ra l to ask
( i)　T here ex ists the sam e resu lts abou t g loba l app rox im at ion as (1. 4) in ú õ ú pw no rm ?
( ii)　Cou ld w e describe the degree of convergence of opera to rs H N (f , x ) and H 3

N (f , x ) in L p
w

spaces w ith E n (f ) pw ?

Fo r th is pu rpo se w e shall m odify the opera to rs H N (f , x ) and H 3
N (f , x ) as fo llow ing:

L et T 0 (x ) =
1

Π
, T k (x ) =

2

Π
co s k arcco s x , k = 1, 2, 3, õõõ are Chebyshev po lynom ia l,

w h ich are know n as an o rthogonal system w ith w eigh t w (x ) on [ - 1, 1 ] . L et

f (x )～ 6
n

k= 1
ckT k (x ) , 　x ∈ [ - 1, 1 ] (1. 10)

be the Chebyshev2Fou rier series of f (x ) . W here ck =∫
1

- 1f (x ) T k (x )w (x ) dx.

L et S n (f , x ) = 6
n

k= 1ckT k (x ) be the part ia l sum of (1. 10) , then by a w ell know n resu lts (see

[6 ]) w e know n úS n (f ) ú pw Φ C ú f ú pw , w here C is a con stan t independen t of n .

L et

ΡN (f , x ) =
1

N 6
2N - 1

k= N

S k (f , x ) , 　N = (q + 1) n - 1 (1. 11)

be the V allee2Pou ssin sum s of the series (1. 10) , and the fo llow ing m odufied in terp la t ion:

S 3
N (f , x k ) = ΡN (f , x k ) , 　k = 1, 2, 3, õõõ, n.

S 3 ( j )
N (f , x k ) = 0, 　k = 1, 2, õõõ, n , 1 Φ j Φ q, (1. 12)

and
B

( j )
N (f , x k ) = Ρ( j )

N (f , x k )　1 Φ j Φ q. (1. 13)

T hen w e have

Theroem　 L et f ∈L p
w (1 < p < + ∞) , then there ex ists constan t C > 0 such tha t

úS 3
N (f ) - f ú pw Φ C

n 6
N

k= 0
E k (f ) pw , (1. 14)

and

úB N (f ) - f ú pw Φ C EN (f ) pw. (1. 15)

　　 In th is paper, the C a lw ays stands fo r con stan ts independen t of n , it m ay be differen t in d if2
feren t p laces, and A = O (1) m ean sA is bounded.

2. Som e L emma s

L emma 1[ 3 ], [ 7 ]　 L et q Ε 0 and R N (x ) be a p oly nom ia l of d eg ree a t m ostN = (q + 1) n - 1. T hen

(∫
1

- 1
ûR N (x ) û pw (x ) dx )

1
P Φ C (6

n

k= 1
6

q

j= 0

û ( 1 - x 2
k ) jR

( j )
N (x k ) û p

n1+ jp )
1
P. (2. 1)
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L emma 2[ 8 ]　 F or every 0 < p < ∞ and J acobi w eig h t u (x ) . T hen f or every c > 0 and p oly nom ia l

R (x ) of d eg ree a t m ost cn , w e have

1
n 6

n

k= 1
ûR (x k ) û p u (x k ) = O (1)∫

1

- 1
ûR ( t) û p u ( t)w ( t) d t. (2. 2)

L emma 3[ 3 ], [ 9 ], [ 10 ]　 L et p n (x ) be a p oly nom ia l of d eg ree Φ n - 1, r = 1, 2, õõõ. T hen f or 1 Φ p

< ∞w e have

ú ( 1 - x 2) jp
( j )
n (x ) ú pw = O (1) n j - 1ú 1 - x 2p′n (x ) ú pw , (2. 3)

and

ú ( 1 - x 2 ) jp
( j )
n (x ) ú pw = O (1) n j úp n (x ) ú pw , (2. 4)

w here j a re p ositive in teg er.

L emma 4[ 9 ]　 F or p n sa tisf y ing ú f - p nú pw = E n (f ) pw w e have

úΥr (x ) p
(r)
n (x ) ú pw Φ C n r∫

1
n

0

8 r
Υ(f , Σ) pw

Σ dΣ, (2. 5)

úΥr (x ) p
(r)
n (x ) ú pw Φ C6

n

k= 1

(k + 1) r- 1E k (f ) pw , (2. 6)

w here Υ(x ) = 1 - x 2
and

8 r
Υ(f , Σ) pw = sup

0< hΦ t
ú∃ r

hΥf ú pw [ - 1+ 2r2h2, 1- 2r2h2 ] , ∃ r
hΥf = ∃hΥ(∃ r- 1

hΥ f ) ,

and ∃hΥf (x ) = f (x +
h
2

Υ(x ) ) - f (x -
h
2

Υ(x ) ) .

3. The proof of Theorem

T he p roof of (1. 14) : L et p N (x ) sa t isfy ú f - p N ú pw = EN (f ) pw , then by L emm a 1 and the in2

terp la t ing condit ion s, w e have

　　　úS 3
N (f ) - f ú pw Φ úS 3

N (f - p N ) ú pw + úS 3
N (pN ) - pN ú pw + úpN - f ú pw

= A + B + C ,

　　　A = úS 3
N (f - p N ) ú pw Φ C (6

n

k= 1
6

q

j= 0

û ( 1 - x 2
k ) jS 3

N (f - p N , x k ) û p

n1+ jp )
1
P

= C (6
n

k= 1

ûΡN (f - pN , x k ) û p

n
)

1
P Φ C (∫

1

- 1
ûΡN (f - pN , x ) û pw (x ) dx )

1
P

= C EN (f ) pw.
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Since Ρ(pN , x ) = pN (x ) w e have

　B = úS 3
N (pN ) - pN ú pw Φ C (6

n

k= 1
6

q

j= 0

û ( 1 - x 2
k ) j (S 3 ( j )

N (pN , x k ) - p
( j )

N (x k ) ) û p

n1+ jp )
1
P

= C (6
n

k= 1

ûS 3
N (p N , x k ) - pN (x k ) û p

n
+ 6

n

k= 1
6

q

j= 1

û ( 1 - x 2
k ) j p

( j )
N (x k ) û p

n1+ jp )
1
P

= C (6
n

k= 1

ûΡN (pN , x k ) - pN (x k) û p

n
+ 6

n

k= 1
6

q

j= 1

û ( 1 - x 2
k ) jp

( j )
N (x k ) û p

n1+ jp )
1
P

Φ C (úΡN (pN ) - pN ú pw + 6
q

j = 1

ú ( 1 - x 2
k ) jp

( j )
N (x ) ú pw

n j )

Φ C
1
n

ú 1 - x 2p′N (x ) ú pw Φ C
n 6

N

k= 1
E k (f ) pw

　D = EN (f ) pw.

T he (1. 4) be p roved.

T he p roof of (1. 15) : By L emm a 1, L emm a 2 and the in terpo la t ing condit ion tha t

　　　　　 úB N (f ) - f ú pw Φ úB N (f - p N ) ú pw + ú f - pN ú pw

　 Φ C (6
n

k= 1
6

q

j= 0

( 1 - x 2
k ) jB

( j )
N (f - pN , x k ) û p

n1+ jp )
1
P + EN (f ) pw

　 Φ C (6
n

k= 1
6

q

j= 0

( 1 - x 2
k ) j Ρ( j )

N (f - p N , x k ) û p

n1+ jp )
1
P + EN (f ) pw

　 Φ C (6
q

j= 0

( 1 - x 2 ) j Ρ( j )
N (f - p N ) û p

n jp )
1
P + EN (f ) pw

　 Φ C (úΡN (f - pN ) ú pw + EN (f ) pw )

Becau se of the boundedness of S n (f , x ) in L p
w spaces, w e can p rove tha t

úΡN (f - p N ) ú pw Φ C ú f - pN ú pw = C EN (f ) pw.

W here w e have u sed the fact tha t ΡN (pN , x ) = pN (x ) ,B N (pN , x ) = pN (x ) and L emm a 2.

Corollary 1　 F or f (x ) ∈L p
w (1 < p < + ∞) , w e have

úS 3
N (f ) - f ú pw Φ C

n 6
N

k= 0∫
1
k

0

8 r
Υ(f , Σ) pw

Σ dΣ, úB N (f ) - f ú pw Φ C∫
1

N

0

8 r
Υ(f , Σ) pw

Σ dΣ.

Proof　 It can be p roved by the fact tha t E n (f ) pw Φ C∫
1
n

0

8 r
Υ(f , Σ) pw

Σ dΣ.
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Corollary 2　 F or f (x ) ∈L p
w (1 < p < + ∞) w e have

(∫
1

- 1
1 - x 2 ûB N (f , x ) - f (x ) û p dx )

1
p Φ CEN (f ) pw

Proof　W ith the help of the fact tha t 1 - x 2 Φ 1

1 - x 2
the Co ro lla ry 2 is a co ro lla ry of (1.

15).
T herefo re, it can be p roved w ith M arkov2inequality tha t (1. 7) is a co ro lla ry of (1. 6) w ith p

= 2 and the resu lts of the theo rem are a lso tenab le fo r som e Jacob i w eigh t funct ion.
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高阶插值在L p
w 空间中的带权逼近

盛 保 怀
(西安电子科技大学应用数学系, 710071)

李宏涛　 尚增科

(宝鸡文理学院数学系, 陕西721007)

摘　　要

构造了一类新的H erm ite 及H erm ite2Féjer 高阶插值多项式, 研究了其逼近阶, 逼近上界用N
阶多项式最佳逼近给出.
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