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一类微分多项式的唯一性定理
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摘　要: 本文在涉及慢增长函数的情况下讨论了一类微分多项式的唯一性问题,推广了

C. C. Yang及仪洪勋等人的有关结果.
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1　引言及主要结果

设 f 表示一个超越亚纯函数,本文采用亚纯函数N evan linna 理论的标准记号
[ 1 ]

,特别地,

用 S (r, f )表示任意满足 S ( r, f ) = o{T ( r, f ) } ( r→∞; r | E )的量,其中 E 是一个线性测度有

穷的 r值的集合. 另外,用 E (a , f )表示在û z û≤r内 f - a 的零点的集合,每个零点按其重数计

算.

关于亚纯函数及其导数具有某些共同值时的唯一性问题, 1991年,仪洪勋证明了

定理A
[ 2 ]　设 f 与 g 是两个非常数亚纯函数,满足 ∆(∞, f ) = ∆(∞, g ) = 1, n 是一个非负

整数. 如果 E (0, f ) = E (0, g ) , E (1, f
(n) ) = E (1, g

(n) )且 ∆(0, f ) >
1
2

,则

f ≡g 或者 f
(n)õg

(n)
= 1.

1993年, C. C. Yang 与仪洪勋讨论了定理A 的更为一般形式的唯一性问题,证明了

定理 B
[ 3 ]　设 f 与 g 是两个非常数亚纯函数, a (¢ ∞) , b (¢ 0,∞)是两个判别的亚纯函

数,且 b¢ a
(n)及

T (r, a) + T (r, b) = m in{S (r, f ) , S (r, g ) },

如果

E (a , f ) = E (a , g ) , E (0, f
(n)

- b) = E (0, g
(n)

- b) ,

E (∞, f
(n)

- b) = E (∞, g
(n)

- b) ,

且 (n+ 2) ( (∞, f ) + 2∆(a , f ) > n+ 3,则

f
(n)
≡g

(n)
或者 (f

(n)
- a

(n) ) (g
(n)

- a
(n) ) = (b- a

(n) ) 2
.

本文讨论了一类微分多项式的唯一性问题,进一步推广了上述结果,得到

定理1　设 f 与 g 是两个非常数亚纯函数,
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P (f ) = ∑
n

j = 0

a j f
( j )　 (an ¢ 0) (1)

是 f 的一个微分多项式, a j ( j = 0, 1,⋯, n )是亚纯函数,满足 T ( r, a j ) = S ( r, f ) ( j = 0, 1,⋯,

n) ,再设 a , b是两个亚纯函数,满足

T (r, a) + T (r, b) = m in{S (r, f ) , S (r, g ) },

a ¢ ∞, b¢ 0,∞及 b¢ ∑
n

j= 0
a j a

( j ) =
△

Α. 如果

E (a , f ) = E (a , g ) , E (0, p (f ) - b) = E (0, p (g ) - b) ,

E (∞, p (f ) - b) = E (∞, p (g ) - b) , (2)

且

(n+ 2) ( (∞, f ) + 2∆(a , f ) > n+ 3, (3)

则 p (f )≡p (g )或者 (p (f ) - Α) (p (g ) - Α) = (b- Α) 2
.

2　几个引理

引理1
[ 4 ]　设 f 1与 f 2为两个非常数亚纯函数, Α1 (¢ 0)与 Α2 (¢ 0)是两个亚纯函数,满足 T

(r, Α1) + T (r, Α2) = o (T (r) ) (r→∞; r| E ) ,若 Α1f 1+ Α2f 2≡1,则

T (r, f i) < N{ (r,
1

f 1
) + N{ (r,

1
f 2

) + N{ (r, f i) + o (T (r) ) ( i= 1, 2; r| E ) ,

其中 T (r) = m ax{T (r, f 1) , T (r, f 2) }.

引理2
[ 5 ]　设 f j ( j = 1, 2,⋯, n)是 n 个线性无关的亚纯函数且∑

n

j= 1
f j≡1,则

T (r, f j ) < ∑
n

j= 1

N (r,
1
f j

) + N (r, f j ) - ∑
n

j = 1

N (r, f j ) + N (r,D ) + o (T (r) )

(r | E ; j = 1, 2,⋯, n) ,

其中 T (r) = m ax
1≤j≤n

{T (r, f j ) },

D =

f 1 f 2 ⋯ f n

f ′1 f ′2 ⋯ f ′n

⋯ ⋯ ⋯ ⋯

f
(n- 1)
1 f

(n- 1)
2 ⋯ f

(n- 1)
n

.

　　引理3　设 f 与 g 是两个非常数亚纯函数, p (f )与 p (g )如 (1)所定义,则

T (r, p (f ) )≤T (r, f ) + nN{ (r, f ) + S (r, f ) , (4)

及

T (r, p (g ) )≤T (r, g ) + nN{ (r, g ) + S (r, g ). (5)

证明　首先,由 (1)易知

N (r, p (f ) )≤N (r, f ) + nN{ (r, f ) + S (r, f ). (6)

其次,由于

m (r, p (f ) ) ≤m (r,
p (f )

f
) + m (r, f ) ≤∑

n

j= 0
[m (r, a j ) + m (r,

f
( j )

f
) ] + m (r, f )
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= m (r, f ) + S (r, f ). (7)

结合 (6) , (7)得

T (r, p (f ) )≤T (r, f ) + nN{ (r, f ) + S (r, f ).

同理可证得 (5). □

引理4　设 f 与 g 为两个非常数亚纯函数, p (f )与 p (g )为由 (1)定义的 f 与 g 的两个微

分多项式. 再设 a (¢ ∞)是一个亚纯函数,满足 T (r, a) = m in{S (r, f ) , S (r, g ) },则

N (r,
1

p (f ) - Α)≤T (r, p (f ) ) - T (r, f ) + N (r,
1

f - a
) + S (r, f ) , (8)

及

N (r,
1

p (g ) - Α)≤T (r, p (g ) ) - T (r, g ) + N (r,
1

g - a
) + S (r, g ) , (9)

其中 Α= ∑
n

j = 0
a jõa

( j )
.

证明　由于

p (f ) = ∑
n

j= 0

a j f
( j ) = ∑

n

j= 0

a j (f
( j ) - a

( j ) ) + ∑
n

j= 0

a ja
( j )

,

从而

m (r,
1

f - a
)≤m (r,

p (f ) - Α
f - a

) + m (r,
1

p (f ) - Α)

≤∑
n

j = 0
[m (r, a j ) + m (r,

f
( j )

- a
( j )

f - a
) ] + m (r,

1
p (f ) - Α)

= m (r,
1

p (f ) - Α) + S (r, f ).

于是

T (r, f ) - N (r,
1

f - a
)≤T (r, p (f ) ) - N (r,

1
p (f ) - Α) + S (r, f ) ,

此即证得 (8)成立. 同理可证得 (9)成立. □

引理5　设 f , g , p (f ) , p (g )及 a , b均如定理1所设,则

T (r, f )≤N{ (r, f ) + N (r,
1

f - a
) + N (r,

1
p (f ) - b

) + S (r, f ) , (10)

及

T (r, g )≤N{ (r, g ) + N (r,
1

g - a
) + N (r,

1
p (g ) - b

) + S (r, g ). (11)

证明　参见文[6 ]的定理1.

引理6　设 f 与 g 是两个非常数亚纯函数,满足定理1所设条件,则

S (r, f ) = S (r, g ) = S (r, p (f ) ) = S (r, p (g ) ). (12)

证明　首先,由引理3的 (4) , (5)知

S (r, p (f ) )≤S (r, f )及 S (r, p (g ) )≤S (r, g ). (13)

其次,由引理5的 (10)得[∆(a , f ) + ( (∞, f ) - 1 ]T (r, f )≤T (r, p (f ) ) + S ( r, f ) ,再由定理1的

条件 (3)知 ∆(a+ f ) + ( (∞, f ) - 1> 0,于是
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S (r, f )≤S (r, p (f ) ). (14)

同理可得

S (r, g )≤S (r, p (g ) ). (15)

另一方面,由 (10)并考虑到 E (0, p (f ) - b) = E (0, p (g ) - b) ,得[∆(a , f ) + ( (∞, f ) - 1 ]T ( r,

f )≤T (r, p (g ) ) + S (r, f ) ,于是

S (r, f )≤S (r, p (g ) ) (16)

同理可证

S (r, g )≤S (r, p (f ) ). (17)

结合 (13)— (14)诸式便推得 (12). □

3　定理的证明

定理1的证明　以下为了方便起见, (12)中任意一个均用 S (r, f )代替.

事实上,由定理1的条件 (2)可设

p (f ) - b
p (g ) - b

= e
Β
,　Β为整函数. (18)

( i)　若 e
Β≡c (常数) ,假定 c≠1,由 (18)得

p (f ) - Α
Υ -

c
Υ (p (g ) - Α) = 1, (19)

其中 Υ= (1- c) (b- Α) ¢ 0且 T (r, Υ) = S (r, f ). 于是由引理1及引理4得

　　　　T (r, p (f ) ) < N{ (r, f ) + N (r,
1

p (f ) - Α) + N (r,
1

p (g ) - Α) + S (r, f )

≤N{ (r, f ) + T (r, p (f ) ) - T (r, f ) + N (r,
1

f - a
) +

　N (r,
1

g - a
) + nN{ (r, g ) + S (r, f ).

因此 T (r, f ) < (n+ 1)N{ (r, f ) + 2N (r,
1

f - a
) + s (r, f ). 由此推得

(n+ 1) ( (∞, f ) + 2∆(a , f )≤n+ 2.

结合条件 (3)得 ( (∞, f ) > 1. 这是不可能的. 所以 c= 1. 由 (18)即得 p (f )≡p (g ).

( ii)　e
Β¢ 常数. 由 (18)得

p (f ) - Α
b- Α -

p (g ) - Α
b- Α e

Β
+ e

Β
= 1. (20)

令 f 1=
p (f ) - Α

b- Α , f 2=
p (g ) - Α

b- Α e
Β
, f 3= e

Β
,则

f 1 + f 2 + f 3 ≡ 1. (21)

倘若 f 1, f 2, f 3线性无关,由引理2得

T (r, p (f ) ) < N (r,
1

p (f ) - Α
) + N (r,

1
p (g ) - Α

) + N (r,D ) - N (r, p (g ) ) + o (T (r) ) , (22)

其中 T (r) = m ax
1≤j≤3

{T (r, f j ) },
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D =

f 1 f 2 f 3

f ′1 f ′2 f ′3

f ″1 f ″2 f ″3

.

由 (21)知

D =

1 f 2 f 3

0 f ′2 f ′3

0 f ″2 f ″3

,

于是

N (r,D ) - N (r, p (g ) )≤2N{ (r, f ) + o (T (r) ). (23)

再由 (18)易知 o (T (r) ) = S (r, f ).

将 (23)代入 (22)得

　　　　T (r, p (f ) )≤N (r,
1

p (f ) - Α) + N (r,
1

p (g ) - Α) + 2N{ (r, f ) + S (r, f )

≤T (r, p (f ) ) - T (r, f ) + N (r,
1

f - a
) + N (r,

1
g - a

) +

　 (n+ 2)N{ (r, f ) + S (r, f ) ,

于是 T (r, f )≤ (n+ 2)N{ (r, f ) + 2N (r,
1

f - a
) + S (r, f ) ,从而

(n+ 2) ( (∞, f ) + 2∆(a , f )≤n+ 3,

与条件 (3)矛盾. 故 f 1, f 2, f 3线性相关,即存在三个不全为零的常数 c1, c2, c3使得

c1f 1+ c2f 2+ c3f 3= 0. (24)

若 c1= 0,则 c2与 c3至少有一个不为零. 由 (24)得 c2p (g ) = c2Α+ c3 (b- Α). 由 b¢ Α知 c2≠0,因此

p (g ) = (1-
c3

c2
) Α+ c3b,

这是不可能的. 于是 c1≠0. 结合 (21) , (24)得

(
c2

c1
- 1) p (g ) - Α

b- Α e
Β
+ (1-

c3

c1
) e

Β
= 1, (25)

由 e
Β¢ 常数知c2

c1
- 1≠0. 若1-

c3

c1
≠0,则由引理1得

T (r, p (g ) ) < N{ (r, g ) + N (r,
1

p (g ) - Α) + S (r, f ).

于是由引理4的 (9)得

T (r, g ) < N{ (r, f ) + N (r,
1

f - a
) + S (r, f ). (26)

另一方面,根据引理5及引理3得

　　　　T (r, f ) < N{ (r, f ) + N (r,
1

f - a
) + N (r,

1
p (f ) - b

) + S (r, f )

= N{ (r, f ) + N (r,
1

f - a
) + N (r,

1
p (g ) - b

) + S (r, f )

≤N{ (r, f ) + N (r,
1

f - a
) + T (r, p (g ) ) + S (r, f )

≤T (r, g ) + (n+ 1)N{ (r, f ) + N (r,
1

f - a
) + S (r, f ). (27)
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结合 (26) , (27)得 T (r, f ) < (n+ 2)N{ ( r, f ) + 2N ( r,
1

f - a
) + S ( r, f ) ,从而 (n+ 2) ( (∞, f )

+ 2∆(a , f )≤n+ 3,也与条件 (3)矛盾. 因此1-
c3

c1
= 0. 由 (25)得

p (g ) - Α
b - Α e

Β =
c1

c2 - c1
. (28)

结合 (20) , (28)得

p (f ) - Α
b - Α + e

Β
=

c2

c2 - c1
. (29)

再由引理1类似于上述证明易知 c2= 0. 因而由 (28) , (29)分别可得

p (g ) - Α
b - Α = - e

- Β
, (30)

及

p (f ) - Α
b - Α = - e

Β
. (31)

结合 (30) , (31)就得 (p (f ) - Α) (p (g ) - Α) = (b- Α) 2
. 定理1得证.
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Un ic ity Theorem of a K ind of D ifferen tia l Polynom ia l

Q iu Gand i
(D ep t. of M ath. , N ingde T eachers′Co llege, Fujian 352100)

Abstract

T he un icity p rob lem of a k ind of d ifferen t ia l po lynom ia l rela te to the sm all funct ion s be

stud ied in th is paper, and som e resu lts of C. C. Yang, Y i Hongxun etc be genera lized.

Keywords　m erom o rph ic funct ion, d ifferen t ia l po lynom ia l, un iqueness.
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