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Abstract: In this paper, we investigate the Morita characterization of projective free
rings, and show that projective free rings have Morita invariant properties.
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Recall that a ring R is said to be projective free provided that every finitely generated
projective right R-module is free. In this paper, we investigate the Morita characterization
of projective free rings, and show that projective free rings have Morita invariant proper-
ties. We also give a description of such rings by virtue of progenerators. As an application,
we prove that connected space can be determined only by Morita equivalences.

Throughout, rings are associative with identities and modules are unital. Most modules
are left modules. P(R) denotes the category of finitely generated projective right R-
modules. A left R-module P is said to be a progenerator provided that it is a finitely
generated projective generator. We start by the following.

Lemma 1 Let P be a finitely generated left R-module, and pS be the category of direct
summands of finite direct sums of P. Then it is a category with finite products, and there
exists an adjoint equivalence:

(Hom( Pgyap, —), P ® —,¢) :p S — P(EndP).
Endr

Proof Obviously, pS is a category with finite product. For any @ €p S, we see that
Hom(Pgynar, @) € P(EndP) since Hom( Pgyip, —) is a functor preserving the finite prod-
ucts. Likewise, PQT €p S for any T ¢ P(EndP). By virtue of [1, Lemma 29.4], we
complete the proof.
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Theorem 2 Let P be a finitely generated left R-module. The following are equivalent:
(1) EndgrP is a projective free ring.
(2) Every direct summands of finite direct sums of P is a finite direct sum of P.

Proof (1) = (2) Suppose that Q & M = P™. Then Hom(Pg,ap, Q) & Hom(Pguap, M) =
Hom( Pgyqp, P™) = (Hom(Pgy,qp, P))™ = (EndP)™ € F(EndP). So we can find n > 1
such that ‘

P ® HOm(PEndp,Q) =P ® (EndP)" =~ pPn,
EndP EndP

In view of Lemma 1, we know that Hom(Pg,ap, —), P ® — are adjoint equivalence. Thus
@ = P", as required.

(2) = (1) Suppose that N @ K = (EndrP)*. Since P ® — is a functor preserving the
finite products, we have PQ NG P @ K =~ P ®(EndP)* = P*. Hence PQ N €p S. Thus
P@ N = P! for some t > 1. Using Lemma 1, we claim that N = Hom( Pguap, PQ N) =
Hom( Pgnap, P*) = (EndP)* € F(EndP). Therefore EndgrP is a projective free ring.

Since endomorphism rings of strongly indecomposable left R-modules are local rings,
from Theorem 2, we easily derive the following consequence.

Corollary 3 Let P be a finitely generated strongly indecomposable left R-module. Then
every direct summand of finite direct sums of P is a finite direct sum of P.

Theorem 4 The following are equivalent:
(1) R is a projective free ring.
(2) Endpy,(ryR™*! is a projective free ring.

Proof (1) = (2) Let M €paxi S. Assume that M @ N = (R"*1)* with s > 1. Then we
have R™>*"@Q M @ RV" Q@ N RV Q(R™1) = (R ® R™1)* whence R™>*"® M ¢
P(R). Thus we can find a t > 0 such that R*"Q M = R!. So M = M. (RA)Q M =
(RITQRVY) Q@M = R QR ™ @ M) = RV Q Rt. That is, M is a finite direct
sum of R"**!. By virtue of Theorem 2, we claim that every finitely generated projective
Endyy, (p)R™*'-module is free, as desired.

(2) = (1) Let P € P(R). Assume that P ® Q = R™ with m > 0. Then we have
R™1QP @ RVIQQ = (R™1)™ and then (R"1)® P €pux1 S. Since Endyy, (ryR™*?
is a projective free ring, from Theorem 2, we have 7 > 0 such that R™*! QP (R,
Hence P ¥ RQ P = (R @ R™!)Q P = R\ @(R"*1)t (R¥" @ R =~ RT ¢
F(R). Consequently, R is a projective free ring.

Recall that R is said to be a UCP ring provided that every finitely generated stable
free R-module is free. As an immediate consequence, we can derive the following fact.

Corollary 5 The following are equivalent:

(1) R is a projective free ring.

(2) For any Q € P(M,(R)), there there exists some m > 1 such that Q (R™x1ym,

(3) ¢: KoM (R) = Z,4%([R"*!]) = 1 and M,,(R) is a UCP ring.

Recall that two rings S and R are Morita equivalent, abbreviated S ~ R in case there
are additive equivalences between the categories of left S-modules and left R-modules.
Now we describe projective free properties by virtue of Morita equivalences.



Theorem 6 The following are equivalent:

(1) R is a projective free ring.

(2) For any S =~ R, there exists a progenerator s P such that EndsP ia a projective
free ring.

Proof (2) = (1) Since R =~ R, there exists a progenerator rP such that EndpP is
a projective free ring. As rP is a progenerator, we know that R €p 5. On the other
hand, EndgrP is a projective free ring, by Theorem 2, there is some t > 1 such that
R =~ P'. Let @ € P(R). Then PRQ €p 3, whence PQQ = P™. So we see that
PPRQ=P™=~R™ andthen Q X RRQ = PLRQ =~ R™ € F(R), as asserted.

(1) = (2) For any S ~ R, there exists a progenerator @ € P(R) such that § = EndpQ
from [1, Corollary 22.4]. Since R is a projective free ring, we can find some n > 1 such that
Q = R", whence § = EndR™ = M, (R). Thus there is an isomorphism ¢ : M, (R) = §.
Now we construct amap ¢ : End s, (r)R"*! — Ends(S @ R™*') given by ¢(§) = 1 & 6 for
any & € EndM"(R)R”Xl. Clearly, ¢ is a monomorphism. For any f € Ends(S&® R™*?),
we have 1® f : ™1 — R™*1. Tt is easy to check that ¢(1® f) = 1Q(1Q f) = f.
So ¢ is a ring isomorphism. Set P = § & R™*!. Then we see that § =~ S&Q M,(R) =
S ®(R™ )" = P", hence g P is a progenerator of S-module category. In view of Theorem
4, we complete the proof.

Corollary 7 Let R be a local ring or a principal ideal domain. Then for any § = R,
there exists a progenerator s P such that EndgP is a projective free ring.

Proof Since R is a local ring or a principal ideal domain, it must be a projective free
ring. By virtue of Theorem 6, we complete the proof.

It is well known that K((R) can be seen as a commutative ring when R is commutative,
where [P][Q] = [P ® Q]. A ring R is said to be connected provided that it has only trivial
idempotents. Now we investigate connected rings by virtue of Grothendieck rings as
follows.

Corollary 8 Let R be a commutative ring. Then the following hold:

(1) R is a connected ring.

(2) For any S = K\R, there exists a progenerator s P such that Ends P is a projective
free ring.

Proof (1) = (2) Since R is a connected ring, by virtue of [2, Theorem 1.1}, we know that
Ko(R) is a projective free ring. In view of Theorem 6, we claim that for any § = KoR,
there exists a progenerator sP such that EndsP is a projective free ring.

(2) = (1) According to Theorem 6, we know that Ky(R) is a projective free ring.
Moreover, it is a connected ring. Given P € P(R) with P® P = P. Then [P}* = [P]
holds in Ko(R). So we have [P] = O or [P] = [R]. If [P] = 0, then P = 0. If [P] = [R], then
there exists some m > 1 such that P@ R™ = R™*!. Hence P =~ detP = detP ® detR™ =
det(P @ R™) = detR™*! = R. From [2, Corollary 1.2], we conclude that R is a connected
ring.

If X is a topological space and C(X) is the ring of all continuous real-valued functions
on X, then we observe the following fact.
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Corollary 9 Let X be a topological space. Then the following hold:
(1) X is a connected space.

(2) For any § ~ KoC(X), there exists a progenerator sP such that EndgP is a
projective free ring.

Proof Since X is a connected space if and only if C(X) is a connected ring. Thus, the
result follows from Corollary 8.
Similarly to the proof in Corollary 9, we can derive the following.

Proposition 10 Let R be a commutative ring. Then the following hold:

(1) Every finitely generated projective R-module is stably free.

(2) For any S ~ R, there exists a progenerator sP € P(S) such that ¢ : KoS = Z
with ¢([P]) = 1.

Corollary 11 Let X be a topological space. Then the following hold:
(1) X is a connected space.

(2) Forany § = KC(X), there exists a progenerator s P € P(S) such that ¢ : KoS =
Z with ¥([P]) = 1.
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