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1. Introduction

Let ¥ denote the class of functions of the form f(z) = L + =2 a,,z" that are regular

z

in the punctured disk £ = {z : 0 < |z| < 1} with a simple pole at z = 0. The Hadamard
product or convolution of f,g € ¥ will be denoted by f * g.

Let
Df(z) = ﬁ*ﬂz), neNo=1{0,1,2,}
L ()
Tz n!

(n+1)(n+2)

1
= ;+(n+1)ao+ Y

arz+ -

The symbol D™ f which is referred as the n** order Ruscheweyh type derivative of f € &
was introduced by Ganigi and Uralegaddi in [1]. In [4] Sarangi and Suguna Uralegaddi
have proved that if f € ¥ satisfies the condition Re{l + zf"(z)/f'(z)} > —3/2 then f
is meromorphically close-to-convex of order 1/2. Using this result in [5] they have also
shown that functions in C), are meromorphically close-to-convex of order 1/2 through basic
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inclusion relationship Cn41 C Cp, n € Ny, where C,, is the class of functions in ¥ that
satisfies the condition.

(D™ f(2))
(D f(z))
In this paper we obtain some criteria for close-to-convexity of f € ¥ by using the

Ruscheweyh type derivative for f € £ and the properties of the class C,,. Methods used
are similar to those of M.Obradovic(3). We need the following lemma due to Jack(?.

2n +1

R
ef o2n + 2’

> zelU={z:]z] <1}. : (1)

Lemma Let w be nonconstant and analytic in the unit disk U,w(0) = 0. If |w| attains
its maximum value on the circle |z| = r < 1 at zy, we have zyw'(z) = kw(zo) where k is
real number and k > 1.

2. Some criteria for close-to-convexity

Theorem 1 Let f € 2,2—1;0;7 > 5;%; > 0,n € Ng and let

2n+3 2n + 2
2n+4)+ﬁ(2n+1

(D" f(z)) | . (D"f(2))’
Rele(Dmrifz)y TP 0w £(2))

then f € C,. Hence f is meromorphic close-to-convex of order 1/2.

} > o

), z€U. (2)

Proof Let f € ¥ satisfy the condition (2). Now we shall show that f € Cp, i.e.

(D7), 2+l
Re{ (D" F()) } > 2 C eU.
Define w(z) in U by
{(Dn+1f(z))/}: 2n+ 1 1 1-w(z) _ (n+ 1) + nw(z) (3)
(Dnf(2)) 2n+2 2n+4+2 1+w(z) (n+1)(1+w(z))

Clearly w(z) is analytic in U and w(0) = 0. We shall prove that |w(z)| < 1 in U.
Differentiating (3) logarithmically and using the identity '

2(D"f(2))" = (n+ 1)(D"* f(2)) ~ (n + 3)(D"f(2))', (4)
which follows from the identity [1]
AD"J(2) = (n+ VD™ f(2) — (n+ 2)D"f(2). (5)
We have
(D"*2f(z))Y  2n+3 N n+1 1-w(z)
(D+1f(z)Y  2n4+4  (n+2)2n+2) 1+ w(z)
zw'(z) (6)

(n+ 2)(1 + w(z))(n + 1 + nw(z))
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Hence we have

_(Dm(2))
(D1 f(z)Y
o« [2n+3 nt+l 1-w(z) zw'(z) I+
T2 2 2n+2 1+w(z) (14 w(z))n+1+nw(z)

(n+ 1)1+ w(2))
Pt 1) T rutz) ()

(D" f(2))
DL f(z)y

+ 8

—_~

=~ +

Now we claim that |w(z)| < 1. For otherwise by Jack’s lemma there exists zg,|zo| < 1
such that |w(z)| = 1,
zow'(z0) = kw(z), k> 1.

Then from (7), we have *
LD ) | (D))
(D™+1f(20)) (D" f(z0))
o« [2n+3 n+l 1-w(z) kw(zg) 14
T n+4+2 2 2n+2 1+w(z) (14 w(z0))(n+ 1+ nw(z))

(n+1)(1 + w(z0))
(n+ 1)+ nw(z) (8)

s

Thus we have

(D™*2 f(z0)) (D" f(20))

Re{a +
e 1)y P (D f(a0)y
4n? + 8n + 2 on + 2 2n + 3 2n + 2
S Gnra)ent D) Pyt “%mra Pyt

Which contradicts (2). It follows that f € C,. Hence f is close-to-convex of order 1/2.
Since for z = 0 the left hand side of (2) have the value a+ 4, the condition 373 > 2:% >0
is necessary.

Theorem 2 Let f€ X, a>0,8>0,n¢€ Ny. If

(Dn+2f(z)), _llal(Dn+1f(z))/ _ lﬂ < ( n+1
(D41 f(2)) (D f(2))y (n+2)(2n +1)

then f € C,. Hence f is meromorphic close-to-convex of order 1/2.

!

2 f(nt+ 1), (9)

Proof Let f € I satisfy the inequality (9). Proceeding as in Theorem 1, from (3) and
(6) we have

I(Dn+2f(z))l _ lial(Dn+1f(Z))l _ 1|ﬁ
(DL f(z)y (D" f(2))
1 n4+1 1-w(z)

= (n+2)%n+1)P= - .
(42" + )75 - 5 Tl

+

zw'(2)
(14+w(2))(n+1+nw(z))

Pl (10)
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Now we claim that |w(z)| < 1. For otherwise by Jack’s lemma there is a 2, |2| < 1
such that |w(zo)| = 1, zow’(20) = kw(20),k > 1. Then from (10) we have

(D)) (D)
(D™ f(20)) (D™ f(z0)Y
= (n+2)"%(n+ 1)"’I% - 27;112 : i m ZEZ:;
1+ w(z(,))k(’fi(f)f Trw(z))| 1 :}(uz;(()lo) - (1)
Re{% - 27::;12 ' i '+_‘ ZEZ; 1+ w(zo))k(:(ioi + nw(Zo))} (12)
= %“L 2(2n1+ 1) 27;111’1%{1 :Lv(uzz(()lo)} - % (13)

Since |z| > |Rez| for all z, we have from (11)

|(D"+2f(z0))/ _ 1[(1‘ (D"+1f(z0))/ _ 1lﬂ

Oy (Do)
> (n+ 27 (n + 1) (S0
n+1

- ((n +2)(2n+1)
Which contradicts (9). Hence |w(z)| < 1 and f € C,.

)*27P(n + 1)7P.
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