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Several Properties of Idempoent and Nilpotent Matrices *
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Abstract: Using a limit process, it is proved in this paper that the adjoint matrix of
an idempotent matrix is idempotent and the adjoint matrix of a nilpotent matrix is also
nilpotent. The results are richer than that in [1].

Key words: idempotent matrix; nilpotent matrix.
Classification: AMS(1991) 15A57/CLC 0O151.21

Document code: A Article ID: 1000-341X(2000)02-0194-03

It is known that for an n x n complex matrix ,denote by A € M,,(C),if A™ = A, m > 2
is a positive integer, then A is said to be idempotent.Moreover, if A™ = 0, m > 1 then
A is said to be nilpotent. In [1],the authors proved that for an n x n real matrix A4, if
A? = A then (adjA)? = adjA, where,adjA denotes the adjoint matrix of A, but the proof
is very sophisticated. In this paper, we prove that this result holds for general idempotent
matrix,furthermore, a similar conclusion for nilpotent matrix is also obtained. The proof
in this paper is simple and elementary.

Definition 12! Let A = [a;;] € M,(C), AT denotes the transpose of A, detA denotes the
determinant of A and A;; is the algebraic cofactor of in detA, then the matrix

All A21 Anl
adjd = (4] = | A A o Au
Aln A2n Ann

is called the adjoint matrix of A.

Theorem 1 Let A € M,(C),if A™ = A for a positive integer m > 2, then (adjA)™ =
adjA.

Proof Concerning the Jordan form of A, one can easily see that if A™ = A, m > 2, then
A is diagonalizable, that is, there exists a nonsingular matrix T € My(C) such that

A = Tdiag[h, A2, -+, Aa]T 7!
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where,\;(1 < ¢ < n) satisfy the equation A™ = A.
(i) rankA = n. In this case, A; # 0,7 = 1,---,n. By the equality,

A-adjA=adjA-A=detA-I,.

We have adjA = det A-A71 = A\ )\, ~--z\aniag[/\1'1, -+, AT 1. Observe that A;(1 < i <
n) satisfy the equation A™™! = 1, we can get (adj4)™"! = I,, so that (adjA)™ = adjA.

(ii) rankA < n—2. All cofactors of order n — 1 in det A are zeros, that is 4;; = 0,1 <
1,j < n,ie.adjA = 0,which implies (adjA)™ = adjA.

(iii) rankA = n — 1. Without loss of generality,we can assume ); # 0,(1 <i < n—1)
An =0. Let ¢ # 0 and A, = A+ ¢Tdiag(0,0,---,0,1]T~! = Tdiag[A;, Az, -+, An1,€]T71,
then we have

adjA, = det A, A]?
= MAz - AporeTdiag ALY, -+, A, e~ T !

= Tdiag[Az - An_16, A1+ - A2, -, A ---/\n—1]T'1,

so that
adjA = lin'(l)a.deE = Tdiag[0,---,0,A; - -- Ap_1]T L.

Since A;(1 < i < m — 1) are zeros of the equation A™ = A, (adjA)™ = adjA follows. This
completes the proof.

Corollary 1 If A € M,(C) is idempotent and A = Tdiag[A;, Az, -+, A,|T !, then

adjA = Tdiag[[] A;, [T X5+, J] AT~
J#1 J#2 Jj#n

Especially,if A2 = A and rankA = n — 1, we have A + adj4 = I,..

Proof An immediate consequence of the proof of theorem 1 and the fact that A2 = A
implies the eigenvalues of A are either 1 or 0.
The following theorem is devoted to the nilpotent matrices.

Theorem 2 Let A € M, (C). If A™ = 0 for a positive integer m, then (adjA)? = 0.

Proof According to the Jordan form of A, all eigenvalues of A are zeros and rank4 < n—1.
Similarly to the proof of Theorem 1(ii), we can prove that adj4 = 0 and (adjA4)? = 0 if
rankA < n — 2. so it suffices to give a proof for rankA = n — 1. In this case, A has the
following form:

01
0
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let

e 1 -
£ .
Ac=A+el, =T 71!
L € ]
€ # 0. A direct computation leads to
r % __e% (_1)"_151" h
1 , :
A;l =T T—l
1
T ez
by
Consequently,
adjA, = det A, - A7 =¢™-A7?
[0 0 (-1)71 ]
0 :
ade:lin(l)adeC:T : T,
0
. O -~

In 771 -adjA - T, only (1,n) element is (—=1)*=!, and the other elements are all zeros, so
(adjA)? = 0. This proves the theorem.
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