Journal of Mathematical Research & Exposition
Vol.20, No.3, 331-336, August 2000

Convergence Theorems of Iterative Sequences for
Asymptotically Non-Expansive Mapping in a Uniformly
Convex Banach Space *

LIU Qi-hou, XUE Li-zia
(Dept. of Math., Beijing University of Aeronautics and Astronautics, Beijing 100083, China)

Abstract: In this paper, Jurgen’s relative result is extended to a uniformly convex
Banach space, and the convergence of iterative sequence in an uniformly convex Banach
space for asymptotically non-expansive mapping is proved.
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Let C be a nonempty subset of a linear normal space.

1. A self-mapping T' : C — C is called asymptotically non-expansive with sequence
{K,} < nli.Tw K,=1,K,>1,and ||T"z — T"y|| < K[|z — y||,Yn € N,Vz,y € C;

2. A self-mapping T : C — C is called uniformly Lipschitzian <= ||T"z — T"y|| <
L||z - y||, for some constant L > 0 and Vz,y € C,¥n € N.

In [1], [2], we proved convergence theorems of iterative sequences in a Hilbert space.
J i'lrgen Schul® studied the convergence of Mann iterative sequences for asymptotically non-
expansive mappings in a Hilbert space. In this paper, we will prove the convergence of
iterative sequence in an uniformly convex Banach space for asymptotically non-expansive

mappings and extend J ﬁrgen’s relative results to a uniformly convex Banach space. The
following theorems will be proved.

Theorem 1 Let T be a completely continuously asymptotically non-expansive mapping
with sequence {K,} in a bounded closed convex subset C' of a uniformly convex Banach

+ 00
space and K, > 1, Y (K, —1) < 400,29 € C. If
n=1

Tntl = (1 - an)zn + anTnyn,yn - ﬂnann + (1 - .Bn)mna
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where {a,} and {f,} satisfy 0 < a < a,, < %, 0<6, < %, and ljr_’r} B = 0, then the
n—+00

iterative sequence (z,) converges to a fixed point p of T'.

Theorem 2 Let T be a completely continuously asymptotically non-expansive mapping
with sequence {K,} in a bounded closed convex subset C of uniformly convex Banach

+oco
spaceand K, > 1, Y (K, -1)< 00,290 € C. If
n=1

Trnyl = (1 = an)wn + a, T z,,

where {a,} satisfies that 0 < a < a,, < %, then the iterative sequence {z,,} converges to
a fixed point p of T'.

In order to prove the above theorems, the following lemma given by J i'lrgen Schul®l
and a new lemma to be proved will be useful.

Ji'lrgen’s Lemma Let C be a nonempty convex subset of a linear normal space and
T :C — C is a uniformly Lipschitzian mapping, if

Tp+1 = (1 - an)mn + anTnyna Yn = ;BnTnzn + (1 - ,Bn):cna
C, = ||[T"z, — 2],

then ||Tz,, — z,|| < Cp + Cr1 L(1 + 3L + 2L2%),Yn € N.

Lemma Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space, T : C — C an asymptotically non-expansive mapping with sequence (K,,),

400
F(T) the set of fixed point of T, K,, > 1, ¥ (Kn — 1) < 400, and F(T) nonempty. If
n=1
zg € C and
Tpil = (1 - an)zn + anTnyna Yn = ﬂnT"zn + (1 - ﬂn)mn,

where (ay) and f8,,) satisfy 0 < a < a, < 1,0< B, < %, and nlvir-}-looﬂn =0, then

im ||Tz, —z,|| = 0.

n— 400
Proof of Lemuna First, we prove liI_’I_l |2, — T™yy|| = 0. If not, there must exist a
1.+ 00
subsequence {n;}}> of {n}}% and & > 0, such that
||z“k - Tnkynk” 2 €o. (1)
It is obvious that for Vp € F(T')
20 = T™ Yl < ll2w, =PIl + 1Ty, = Pl < l2n, — Pl + K, llyn, — 2ll, (2)

Hyn — 2l = [I(1 = Br)zn + BT 2, — p|
< (1= Bullzn —pll + BullT 2, — ol
< (1= Bu)llen = pll + KnBullzn = pll = [1 + (Kn — 1)Balllzn — pll (3)
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From (2) and (3), it follows that

”znk - T"kynk” < ||z”k - p“ + Knk [1 + (Kﬂk - 1)ﬁnk]||znk —p”
=14 Kn, + Ko, (Kn, — 1)Bn,]ll2n, —pll. (4)

Since {K,} is convergent, there is some M; > 0 such that
|1 + Kﬂk + Knk(Kﬂk - l)ﬂnk| S Ml‘

From (4),
12, = T™yn,l| < Mill2a, —pll, Vp€ F(T).

From (1), we have

€q
[2n, — pl} > ﬁ"l =¢0 >0, Vpe F(T). (5)

Besides, ||T"y, — p|| < Kxl|lyn — pl}, thus from (3)
IT"Yn = pll < Kall + (Kn — 1)Balllzn - p|l-
Setting K,[1 + (K, — 1)8,.] = a,,, we obtain
IT"yn — pll < anllzn —pll, VP € F(T). (6)

Because of the convergence of {K,.}, 0 < 3, < % and the boundedness of C, there nust
exist some constant M, > 0 such that

|2 = pll = [Kn + Kn(Kn — 1)Ba]l|z — pl| < Mo (7)

It follows from (1) and (7) that

>———>0 (8)

” mnk - P Tm-ym - “ “zﬂk T ynkll
| anl|zn, — Pl — M

ank”w"k _p” aﬂk”an |

Bn>0and K, > 1 give that a, = K, + K,.(K, — 1)8, > 1. So we get[[a—fr'li;;kp_—pﬂﬂ <1
ﬂk n

"k Un

However, from (6), we have ||a r—
"y LY

Pl 1. Thus, by the uniform convexity of the
space, there must exist § = 6(—";) > 0 such that

Hznk-i-l PH = “(1 — On, )z + ankT Yn, — P“

S (1 - 2an‘)”1§nk - p“ + ”aﬂk(zﬂk p) + ank(Tnkynk - p)”
)
)

__p Tnkyn —
< (1 - 2a,, ||$Cn p“ + Qn,Qn, ||2n pl * |
e semllen, = plllg =2 + ey
< (1 = 2ay,, ”z”k p|| + ankank”zng —p“(2 6)
=1+ 20, (an, = 1) - bt an,]|2n, ~ pll, VP E F(T). (9)
Since
-1= K + Kn( - 1)1871 -1= (Kn - 1)(1 + Knﬂn)a (10)
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from the boundedness of C and 0 < a,, < 1, there must exist some M3z > 0 such that
20n(1 + Knfn)l|lzn — pll < Ms. (11)
Substituting (10) and (11) into (9), we obtian that
[Znip — Pl < |20y — pll + M3(Kn, — 1) = ban, an, ||2a, — pl|- (12)

It follows from (5) that ||z,, — p|| > €0 > 0. However, a, = Kp + Kn(Kn —1)8, > 1 and
0 < a < a,. Hence, from (12)

“znk-Q-l - p“ < ||znk '—P” + M3(Kﬂk - 1) - 6a€0’ (13)
lzn+1 — Pl = (1 = an)za + @ T"ys — pll < (1 — an)llzn — pl| + aul|T"yn — pl|
From (6),
lent1 — pll < (1= an)llzs — pll + ananllze — pll = [1 — (an — Daw]llzn —pll.  (14)
From (10),

loass = pll < [1+ (1 + KnBa)(Kn — D]z — ]l (15)
Because C is bounded and 0 < «a, < 1, there exists some constant M > M3 > 0, such
that
(]' + Kn;Bn)an“:cn - P” < M.

Thus from (15), it can be obtained that

[2n+1 = Pl < [l2n —pll + M(Kn - 1). (16)
By (16), (13) will become

lZne+1 = pll < ll2n, — pll + M(Kn, — 1) — Saco
S ”wnk—l - p” + M(Knk - 1) - 6(150 S .

g

Szarr—pl+ M Y (K, ~ 1)~ baco

p=ng_1+1

g
<@, =Pl +M D (K,—1)—baggx2< -

p=ng_y

ng
< llen, —pll + M Y (K, — 1) - kfaeg
p=ny
+o00
<Hllen, —pll+ M Z(Kp — 1) — kbaey. (17)
p=1

+o0
Note 3 (K, — 1) < 400 and §aeg > 0. Thus, for sufficiently large k, we have from (17)
p=1

that ||z,,+1 — p|| < 0. It is a contradiction. Therefore, ﬁI—P l|lzn — T™y,| = 0.
n—1+00
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On the other hand

l2n = T20l < ll2n = T3l + T4 — T4
< |len = T"yull + Knllyn — zal|
= |zn = T"Ynll + KnBullzn — T2, ||

Noting that {K,} is convergent and Hﬂr-l Brn = 0, there is some constant N such that
n—+00
K,.B, < % when n > N. Thus

m 3 1 n
lzn — T zp|| < ||2n — T"ynl| + EH% - T"z,||,

that is ||z, — T"z,.|| < 2||zn — T"yx|| when n > N.
So lim |z, — T"y"|| = 0. implies lim ||z, — T",|| = 0. On the other hand, since
n—+oo n—+0o0o
T is asymptotically non-expansive, T must be uniformly Lipschitzian. Therefore, using
Jurgen’s Lemma, lirE ||z, — T2™|| = 0. This completes the proof of the Lemma.
T~ 4+ OO

Proof of Theorem 1 From the Schauder’s theorem, it follows that F(T') is non-empty.
Hence, by Lemma,
lim ||z, — Tz,|| = 0. (18)
n—+o0o
Since T is completely continuous and C is a closed bounded subset, {Tz,} > must have
a convergent subset {Tz,, } > . Set

kgr—fr-loo Tz, =p. - (19)
It follows from (18) and (19) that
im 2, = 2
Jm zn, = p, (20)

T is completely continuous implies that 7' must be continuous. Noting (18) and (20), we
can obtain ||p — Tp|| = 0, that is, p is a fixed point, It follows from (16) that

n+m-1
2nsm — ol < ll2n —pll + Y, M(K,-1). (21)

p=n

+o00
Now, we prove lirf z, = p. For any given ¢ > 0, since ) (K, — 1) < 400 there exists
n—+oo =1
some natural number N such that

oo
MY (K,-1)<

p=n

Vn > N. (22)

N ™

But from (20), there is some natural number kg > N such that

[
len, =2l <5, k2 ko. (23)
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It follows from (21), (22) and (23) that

+o0
[ [
”z"ko+m ~pll < ”znko ~pll + Z M(Kp— 1) < §+ -2' =€ Ym € N.

p=ny,

Therefore, 111_{1_1 llzn—p|l = 0, that is, 111_*'{1 z, = p. This completes the proof of Theorem
1.
Theorem 2 can be proved by taking 8, = 0 in the Theorems 1.
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