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Abstract: By using the Leray-Schauder degree theory we give the concrete sufficient
conditions of the existence and uniqueness of solutions of a class two point boundary
value problems for fourth-order nonlinear differential equation.
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In this paper, we consider nonlinear problem, as
= f(2,9,9,y") +e(z), 0<z<1, (1)
with following boundary conditions
y(0) = y(1) =0, ¥"(0)-hy"(0)=0, ¥"(1)+ky"(1) =0, (2)

where h,k > 0and h+ k> 0, f:[0,1] x R3® = R is a function satisfying Caratheodory’s
conditions and e(z) € L![0,1].

Theorem 1 Let f : [0,1) x R® — R satisfy Caratheodory’s conditions. Suppose that
there exists a real valued function c(z) in L[0,1] such that

f(z,u,v, w)w > c(z)|w|,

for a.e. z in [0,1], and all u,v,w in R. Then, for every given e(z) in L'[0,1], the BVP(1)(2)
has a solution.

Proof Let y be a solution of the family of equations

¥ = Af(z,9,4,9") + de(2), =€]0,1], (3)
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¥(0) = y(1) = 0,y"(0) — hy"(0) = 0,y (1) + ky"(1) = 0, 4)

for some A in [0,1]. Then, it is clear that there is a constant p independent of X € [0, 1],
such that

I¥llesio,n) = N¥lloo + 113" lloo + 113" loo + 15" lleo < p- (5)
Let y” = u, then BVP(3)(4) is turned to its equivalent boundary value problem

W"(z) = M(z, /0 ' G(e, t)u(t)dt, /0 L Gl (2, )u(t)dt, u(z)) + Ae(2), (6)

u'(0) — hu(0) = 0, /(1) + ku(1) =0, (7
here G(z,t) is the Green’s function for y" = 0,y(0) = y(1) = 0.
Now we define a linear mapping L : D(L) C C*{0,1] — L[0,1], by setting
D(L) = {u € W»'(0,1) : 4/(0) — hu(0) = 0,v'(1) + ku(1) = 0}

and for u € D(L), Lu = u”. Then the linear mapping L is a one-to-one mapping. We
also define a nonlinear mapping N : C!{0,1] — L![0,1] by setting

(Nu)(z) = f(z, /0 ' Gz, yu(t)dt, /0 LG (2, )u(t)dt, u(z)) + e(2).

Note that N is a bounded, continuous mapping from C*[0,1] into L[0,1]. Also the
linear mapping K : L![0,1] — C[0,1], defined, for u(z) € L![0,1] by

(Ku)(z) = /O " Bz, t)u(t)dt,

where H(z,t) is the Green’s function for u” = 0,%’'(0) — hu(0) = 0,u'(1) + ku(1) = 0. It
follows easily from the Arzela-Ascoli theorem that KN : C'[0,1] — C*[0,1] is a compact
mapping.

We next note that u € C'[0,1] is a solution of the BVP(6)(7) if and only if u is a
solution of the operator equation [I — AK N|u = 0, where I : C![0,1] — C'[0,1] be the
identity mapping. Let B, = {u € C'[0,1] : Wullerjoq) < p +1}. Then from (5) we
know that AKX N has no fixed point on dB,. Thus by the homotopy invariance of the
Leray-Schauder degree, we have that

deg(I — KN, B,,0) = deg(I —- AK N, B,,0)
= deg(l, B,,0) = 1.

Consequently, KN has a fixed point in B,, which is also a solution of BVP(6)(7). But
u=1y" and y = [ G(z,s)u(s)ds implies that BVP(1)(2) has a solution.

Theorem 2 Let f:[0,1] x R* — R satisfy Caratheodory’s conditions and assume that
for a.e. z in (0,1} and all u;,uy,vy,vs,wy,wy in R

[f(zaul1v1,wl) - f((C,UZ,'Uz,’WZ)](’wl - wZ) 2 0
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Then, for every given e(z) in L![0,1)], the BVP(1)(2) has a unique solution.
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