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Mistake in the Paper “The Generalization of Whitney’s
Lemma and Application” *
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Abstract: We find that there is a serious mistake in the proof of Lemma 3 of paper [1].
The author wants to prove, copying the original method in [2], the global Borel theorem.
But a simple example shows that this is impossible.
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The Lemma 3 (Generalization of E.Borel Theorem) in paper 1] is (see [1], p321): Given
a sequence of C* function on R*{fn(z)}(m = 0,1,2,---), there exists a C* function on
R" x R — R such that D°™ f(2,y)|gny (0} = fm(2)- ‘

We extract the first part of the proof in [1] as follows:

Proof Vr > 0 and f,(z), we can make a C* function fm with compact support K(0,r)
which is the closed ball around 0 with radius r : |2| < 7, and fi(z) = fm(z) on K(0,3).

For simple and convennient, f,(z) is written as f,,(z) yet. Once more take a C* function
p: R RO0<p<1p(y)=1 forall ly| < z,0(y) =0forly| 2.

Let
flz,y) = Z f";yg )y " o(tmy)- (1)

Assume that the sequence t,(m = 0,1,2,---) can be defined to make the series

a fm m

5> por(Elymyy, ) (2
m=0

convergent uniformly for each a = (a1, a3, -, a,) and each natural number p, then f(z, y)

would be a C*® function and could be differentated term by term.
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Since for each t,,, p(t,ny) = 1, as long as |y| is small enough, and the differentiation is
a local property. This gives

Do’mf(zay)lR"X{O} - fm(z)

We know that when f,(z)(m = 0,1,2,---) are germs, by the proof of Borel Theorem
(see [2], p32), (1) defines an C*° germ f(z,y) : (R™ x R*, {0} x {0}) — R, which satifies
the conclusion of Borel Theorem. The paper [1], copying the method of [2], wants to get a
global Borel theorem. But following example shows this is impossible by the same method.

To show what the mistake of [1] is, we should introduce several important concepts. In
analysis the conception that a function sequence {f.(z)} converges uniformly on a domain
D, is familiar with us. But to a function-germ sequence its convergence uniformly has
special meaning, since the germ is an infinitesimal concept which shows a dynamic state.
Here we give the definition of function-germ, firstly. Following functions and function-
germs we mentioned all are C.

Definition 1 Let a € R*, and U,,U, be two neighborhoods of a, f; : Uy — R and
f2 : Us — R be two functions. If there is an open neighborhood U of a such that

UcUnU, and fily = f2|U,

we say fi; and f, are equivalent. The equivalence class of function f is called a germ of
f at a, denoted as f : (R" : a) — R. Where (R",a) is called the domain-germ which is
also an equivalence class: generally, let D C R"™, two neighborhoods U and V of D are
equivalent, if there is an open neighborhood W of D, such that W C U N V. In other
words, topologically, (R™, D) is a neighborhood system of D.

Although function and function-germ have the similar express of symbol, their mean-
ings are different. Every representative of a function-germ is a common function.

We denote a function-germ f as f, and (R™ x R, R" x {a}) as R™ x {a} sometimes,
when there isn’t any confusion occurring.

Definition 2 Let {f,(z,y)} be a function-germ sequence on domain-germ (R"™ X R, R™ x
{a}) we say that {fn(z,y)} converges uniformly to a function-germ f(z,y) on (R"™ x
R, R™ x {a}), if for any € > 0 there is a natural number N and an open neighborhood U,
of R® x {a} in R™ x R (and a representative f € f) such that, when n > N (there exists
a representative f, € f) the inequality

| fn(2,y) — flz,y)l <€
holds for all (z,y) € U..

Remark Below, like the words in the brackets above will no longer be emphasized.

We may also use the Cauchy’s principle to represent Definition 2: function-germ se-
quence {f,.(z,y)} converges uniformly on (R™ x R, R™ x {a}), if and only if, for any given
€ > 0 there is a natural number N and an open neighborhood U, of R™ x {a}, such that,
when p > N and ¢ > N the inequality

[fo2,y) — folz,y)l <e (L)
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holds for all (z,y) € U..
From Cauchy’s principle we get the following result, directly.

Lemma Let {f.(z,y)} be a function-germ sequence on (R™ x R, R" x {a}). If there is
a number €9 > 0 for any open neighborhood U of R™ x {a}, and any natural number N,
there always exists an (£,y) € U and two natural number p and ¢ withp> N and ¢ > N,
such that

|fp(i’g) - fq(i’g)l 2 €o- (AA)
Then {f.(z,y)} can not be convergent uniformly on (R™ x R, R™ x {a}).

Example Let f,(z) = m!z™(z € R,m = 0,1,2,---). Then (1) becomes:

fy) = 3 ey oltmy). (3)

m=0

Set

n

falz,¥) = ) (z9)™@(tmy) (4)

m=0

We will show that the sequence above can not converge uniformly for any {¢,,} on the
domain-germ (R x R, R X {0}). Suppose sequence {t,,} is given. It is clear that we can
assume t,, # 0,Ym. For any natural number m, choose y,, with 0 < |y,,| < mm(z—l%m, %),
and z,, = y% For any open neighborhood R X U of R x {0}, when m is big enough, there
is (zm,Ym) € R x U and

(Zmym)" P(tmym) = 1.
So
| fn(ZmsYm) = fn-1(Zm,ym)| = 1.

It shows, by Lemma, that the sequence (4) can not converge uniformly on the domain-
germ (R x R, R x {0}). This example will overthrow the proof of Lemma 3 in [1].

Remark (1) The generalized E.Borel’s lemma can be find in [4], which is as a direct
corollary of the famous Lojasiewicz Theorem ([4], p79-86). The method used by the
author of [1] bases the result on the uniform convergence of the series (1) and (2), which
is false, showing by the example above. However, we will see that following function is the
one satisfying the conclusion of the theorem:

(2y)

_ P
flz,y) = 1 2y (z,9) € RX R.

This is an C™ function on R x R. It is easy to obtain that:

o 0 2P, Ve € R
a_ypf(ic, ) = p.z, T E .
As an example, we give the calculation of p
neighborhood U of 0 € R, for all y € U, |zy| <

1
1—-=2

1. For any z € R, there is always an
. So

= |

flz,y) = m (z,y) e Rx U.
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and

%f(z,O) =z.

But function f(z,y) can not be gotten from the series (1).

(2) The Theorem 1 and Theorem 2 (Global Whitney’s Lemma) in [1] also are the
conclusions in [4] (p79-87). The Whitney Lemma and the canonical division theorem of
order two are equivalent. In [4] there is a wonderful proof of Whitney Lemma. This proof
is based on complex variable, and shows that the conclusions of the two theorems above
are also true globally.
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