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Abstract: There have been many elegant results discussing the approximation proper-
ties of the Bieberbach polynomials. However, very few papers investigated the approxi-
mation properties of the extremal polynomials over Jordan curves. In the present paper,
some results on a class of extremal polynomials over C**+® smooth Jordan curves are
obtained.
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1. Introduction

Let D be a simple connected Jordan domain with 0 € D, I' = 8D, let ¢(z) be the
conformal mapping of D onto the umit circle disk U = {w : |w| < 1} with ¢(0) = 0,
#'(0) > 0, and 9(w) the inverse mapping of ¢. We denote by EP(D) the space of all
functions f(z) analytic in D and satisfy ‘

2‘” . .
sup [ If o p(re®)Ply/(re)]dd < +oo.
0<r<1J0

It is well-known that when I satisfies the Smirnov condition, that is,

1 27 i e‘ie + w
eXP[‘z;/O log [¢'(e 9)|mdo] =¢'(w), |wl<1,

then the polynomials are dense in EP(D) for any p > 0 (see [5])
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Denote by M,(D) the space of all functions f(z) analytic in D and f'(z) € EP(D)
with the normalization condition f(0) = 0, f'(0) = 1. We know that there is an extremal
function f,(z) minimizing the integral

1P = 1F 1, (11)

also, the extremal function f,(z) is the following function
#() = [#€8 O, zeD,
Furthermore, we have
min (I£15 = 150 = [ 16(:)/6(O)lldel = 279/(0).

Let II, be the class of all polynomials P,(z) of degree < n with the normalization
condition P,(0) = 0, P.(0) = 1. We know that there is exactly one polynomial P, ,(z) €
11, minimizing the integral (1.1), and that the extremal polynomial P, ,(z) converges to
fo(z) uniformly on any compact subsets of D when I' satisfies the Smirnov condition (see

[5])-

The present paper gives an estimate to
| fo = Prplle := max|fp(2) = Pap(2)]
z€D

for any smooth Jordan curve I' € C17*, 0 < a < 1, and p = 2.
_ From [8], when T € Ct* 0 < a < 1, ¥'(w) and ¢(z) have continuous extensions to
U and D, and there are constants A; > 0, A; > 0 such that

AL < W'(w)] €42, |w| <1,

A1 <|#'(2)| < A2, z€ D, (1.2)

as well as
¥'(w) € Lipa, |w| <1,

#'(z) € Lipa, ze€D. (1.3)
The main result of this paper is the following

Theorem 1 Let D be bounded by a smooth curve ' € C17®,0 < a < 1. Then there
exists a constant C > 0 such that

max | f2(z) = Pn2(2)] < Cn™%log(n + 1) (1.4)

2. Preliminaries
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To prove (1.4), we first obtain an estimate of [f. | f3(2) — P.(z)|?|dz|]'/? for an arbitrary
polynomial P, (z) € II,. For this purpose, we will work with the modulus of continuity of
fi to D.

Lemma 2.1 LetT € C'**,0 < a < 1. Then f}(z) has a continuous extension to D such
that its modulus of continuity satisfies

“"(féa 6) = 0(6)

Proof It is obvious that f;(z) = [¢'(z)/4/(0)]'/2,4'(z) # 0,2 € D. Since T € C1*+*, by
Theorem 3.5 in [7], it follows that ¢/(z) has a continuous extension toD and ¢/(z) # 0,z €
D, and so that fj(z) has a continuous extension to D.

From (1.2) and (1.3), it can be deduced from [4] that

¢"(z) = O(dist(2,T)* ),z € D,

£(2)= 5 ¢}(Z)[%%]1/2 x ¢"(z) = O(dist(2,T)*"1), 2 € D.

Thus, it follows from [4] that
f2(2) € Lipa,z € D. O

We come to construct polynomials T,(z) € I, such that T),(z) can approximate fj(z)
in the norm of E?(D). Since this result has its own independent value, we write it as the
following

Theorem 2 IfT € C'**,0 < a < 1, then there exists a polynomial Tn(z) € 11, such that
max f4(2) ~ T4(2) = O("2), e

and ||f; — T;fl2 = O(n™°).

Proof It is sufficient to prove (2.1) only. By the known result in [2], there exists a
polynomial sequence Q,,(z) with degQ,, < n such that max,.p |f2(2)-Qn(2) = O(n717%),
and

max |f3(2) - Qi (2)| = O(n ™). (2.2)
Setting T,,(2z) = Qn(z) + (1 — @4(0))z — Q,(0). We have
max | f3(z) — T4(2)| < max | f5(2) - @4(2)| + |1 - QL(0)).
zeD zeD

By (2.2), we get
max |£4(2) - T4(2)] = O(n™). :

Finally, we establish an inequality similar to the Andrievskii inequality ([1},[3]) for
polynomials.
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Lemma 2.2 Let D be a domain bounded by a quasiconformal Jordan curveT, and 0 € D.
Then for every polynomial P,(z) of degree n > 2 with P,(0) = 0, we have

max |Pa(2)] = O(( [ |Pa(2)[*|d=I]"/* og ).
zeD r
Proof From [6], we know that there exist constants 8 € (0,1] and B > 0 such that
|th(w1) - P(wz)| < Blwr - wyl’, wi,wr €.

Let f(z) be analytic in D with f(0) = 0,
(L1 @2 < +oo.

For we U, |w] <r < p <1, we have

271t

By integration on the segment [0, w], we have

o) = o [ roe)wene [7 e (2:3)

T o

Applying Hélder inequality to (2.3) we get

£ < el [ @R[ WO (o= 07 dn?ael

< o) 171l og (24)

where T, = {z = ¢(w) : |w| = p} is the inner level curve of T, and I(T) is the length of I'.
By (2.4), taking r =1 — n~2/8, n > 2, we obtain

F@I < gD 1714 g,
where z = ¥(w) with |w| < 1 —n~?/8,

Now assume that f(z) is a polynomial of degree n > 2. Bernstein’s lemma (see [9])
states that for any R > 1,

£ < Z= @)1 ()1l B ogn (2:5)

for z in the interior of T, g, where I, r denotes the outer level curve of T',, with r, =
1-n~P2 1t follows from Lemma 1 in [3] that there exists M > 0 such that D is contained
in the interior of T',_ g, with R, = 1+ M/n. Hence from (2.5) we deduced that

max |f(2)| = '(2)|?|d2|]/? log n).
max |7(2)] = O([ [ 11'(2)Pld=I[*log ) 0
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3. The Proof of Theorem 1

Note that for any p,(z) € II,,,

S FRFOIP(i) - 18/ 8O

L WO o - (01
/wl 1 [¢'(0)]1/2 [/ (w )]1/2(P w(¥(w)) = [¥'(0)/¥'(w)]™/*)|dw]

L W@l
=1 [, G B w) - U

= 27[P,(¥(0)) - 1] = 0,

we conclude immediately that for any P,(z) € II,,,
L@ - Bz = [1Pi)Pe - [ 15)P1asl
Therefore by the extremal property of P, ;(z), it follows from Theorem 2 that
[ 15(2) = Pra(@) el = 0(n~). (31)
Applying Minkowskii’s inequality to (3.1), we obtain that for n with 2* < n < 2k+1
[ 1Piser a(2) = Pha()PIGSl = O(n). (32)

On the other hand, we know by the Cauchy’s integral formula that P, ;(z) converges
uniformly to f;(z) on every compact subsets of D. Consequently, for z € D, we have

£2(2) = Paz(2) = Prss a(2) = Pas(2) 4 3" [Pyiss a(2) = Paia(2)].

Jj=k+1
Then by Lemma 2.2 and (3.2),
: logn
max |fy(2) - Pa2(z)| = O(—22), n=2,3,---. (3.3)
zeD n

Evidently, (3.3) implies that there exists a constant C > 0 such that

max| fo(2) = Pz(2)] < Cn~log(n +1)
z€
for any nonnegative integer n.
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