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Abstract: We prove the following main result: Let X be a normed linear space,f, €
X\{6),Ha = {2 € X : fa(z) = 1},n = 0,1,2,-- Then v" ~ lm fu = fo iff Ho C
liminf H, and 8 ¢ limsup H,; when X is a reflexive Banach space, lim||f, — fo|| = 0. If
n n n
and only if 8 ¢ w — limsup H, C Ho. It simplifies the related results in {1].
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1. Introduction

In [1], G. Beer proved that when X is a Banach space, weak™ convergence of a sequence
{fa} C X* to fo # 0 is equivalent to the Kuratowski convergence of level sets (i.e. ,
hyperplanes determined by f, and a J{z € X : fu(z) = a}(n = 1,2,--) to {z € X :
fo(z) = a} for each real a, and that when X is reflexive, norm convergence of {f,} in X*
to fo # 0 is equivalent to the Mosco convergence of level sets. Motivated by his work, in
the present paper we shall prove, in order to characterize geometrically weak* convergence
(resp. norm convergence ) for a sequence of non zero continuous linerar functionals on X
one merely needs to use one of the two inclusion relations in the definition of Kuratowski
convergence (resp. Mosco convergence ) for corresponding sequence of level sets. Precisely,
let f, € X*\{0},H, = {2z € X : fu(2) = 1}(n = 0,1,2,---). When X is a normed linear
space , w* -—li'rlnf,, = foiff Hy C ﬁ'{nmf H,and§ ¢ li’r‘nsup H,, (see Theorem 1); and when
X is a reflexive Banach space, li'I‘ann —fo|ll=0iff 6 g w— 1i1rlnsup H,, C Hy (see Theorem
2). This is an improvement and simplification of the related results in [1].

2. Preliminaries
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Let X be a real normed linear space and X* be its dual. The origin of the space is
denoted by . We begin by recalling several notions of convergence for a sequence of sets
in X. Let {A,} be a sequence of nonempty subsets of X. Define

li'rlniann ={z€ X :z=limz,,z, € 4,(n =1,2,---)},
limsupAp, ={z€ X :2 :Hin‘”nmznk € Ay, (k=1,2,--4)},
w—H'{nsupAn = {:B €X:z= w—h)rcnz“k’z"k € Aﬂk(k = 1a2’)}

If A C X is satisfies that A C hmmfA and hmsupA C Ajie. hmmfA = A=
hm sup A, then we say that {4,} Kuratowskl converges to A and write K hmA = A.

IfACXlssuchthatAChmmfA and w — hmsupA C Aj.e., hmmfA =A=
w— hmsup A,., then we say that {An} Mosco converges to A and write M hmA = A.

Ev1dent1y M —1lim A, = A implies K — lim A,, = A.

Ifh'xlnd(:c,An) = d?:c,A) for each z € X, where d(z,A) = inf{]| 2 — a ||: a € A}, then
we say that {4, } Wijsman converges to A and write W — 11’1111 A, = A

There are many references for various types of convergence mentioned above (see, for
example, [1-6]).

It is well known that [7,8,9], as a particular kind of closed and convex subsets of
X, closed hyperplane in X which do not pass through the origin 6 are in one-to-one
correspondence with the nonzero continuous linear functional on X. This correspondence
is given by H = {z € X : f(z) = 1} and is called the characteristic hyperplane of f.
Obviously , the characteristic hyperplane is a particular case of the level sets.

For simplicity , we focus our discussion on characteristic hyperplanes . As in [1], the
results obtained in the present paper remain valid for level sets which are the form of
{z € X: f(z) = a} where a # 0.

3. Main results

In this section, H,, will always denote the characteristic hyperplane of a continuous
linear functional f, on X, ie., H, = {z € X : f,(z) = 1},where n is a non-negative
integer.

Lemma Let X be a real normed linear space and {f,}>2, be a sequence of nonzero
continuous linear functionals on X. The following statements are equivalent:

(i) {fa} is norm-bounded;

(ii) inf{d(8, H,) : n € N} > 0;

(iii) 6 ¢ limsup H,.

Proof By Ascoli’s Lemma [8,p.24], we have that d (¢, H,) = m}m(n =1,2,---). thus the
equivalence of (i) and (ii), follows immediately.
Next suppose 8 € h'{nsup H,. Then there exists a sequence {z,,},2n, € Hyn,(k =
2,--+), such that z,, — 6,i.e.,|| z,, ||— 0(k — o0).Since d(0,H,,) <|| zn, || (k =
2,--+).Then d(8, Hn,) — 0 as k — oo. Therefore (ii) implies (iii).
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Finally , suppose inf{d(6, H,) : n € N} = 0. Then there exists a subsequence {H,, }
of {H,} such that d(9, H,,,) — 0 as k — oo. Thus § € lim,, sup H,,. Therefore (iii) implies
(ii). And so the proof is complete.

Theorem 1 Let X be a normed linear space, and let f, € X*\ {8} and H, = {z € X :
fa(z) =1}(n =0,1,2,---). Suppose 8 ¢ 1i111nsup H,. Then w* — li,rlnfn = fo if and only if
Hy C liminf H,.

Proof First assume that Hy C lizninf H,. Since 0 ¢ li'xtnsup H,,, we may assume from the

Lemma that ||f,]| < M for each n € N, where M is a positive number.
Suppose w* — li'rln‘fﬂ = fo fails. Then there exist &, > 0 and z; € X\{f}, and a

subsequence {f,,, } of {f.} such that for each k € N,

| fae(21) = fo(z1)] 2> 1. (1)
if fO(zl) ;é 01 let
o = ;2 €g = """‘"“—1
°T Folzn) " T TG

Then zo € Hy and

| fae (20) = 1| = | far (20) — fo(z0)l = 17— fne(21) — fo(=1)| 2 €0.

lf( 1)l
By Ascoli’s Lemma, we have
|fri(z0) = 1| | €0
d(zg, H,, ) = ~H o — > —| 2
R T I )

On the other hand , since z € hmme means hmd(z H;) = 0, the assumption z¢ €
Hy C hmme C ]1mme,”|= nnphes hmd(:co, nu) = 0, which contradicts to (2).

Iffo(zl) =0, then (1) becomes simply |fr,(21)] > €1 for all k € N. Choose 2o € Hg,and
let y; = 21 — z9. Thus

| fri (91) = fo(y1)l = [ fas(21) = far(20) + fo(20)]
> | fae(21)] = | fre(20) = 1
= |fnk(21)| - ||fn,,||d(20, Hn,,)
2 | fau(21)| — Md(z0, Hy,).

From the assumption Hy C llmmf H,, it follows that hm d(29, H,,) = 0. Hence there exists
ko € N such that for all &£ > ko,

[Fos (1) = Folwn)| 2 |fus(@1)| = Mid(z0, Ho) 2 5. (1)

In the same way as the above proof in the case of fo(z1) # 0 (merely replace z; by y; and
€1 by ), we obtain again a contradiction. Therefore we conclude that w* — lim f,, = fo.
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Conversely, assume that w* —]j;rlnfn = fo. We claim that Hy C lirrlninf H,. Let 2z € Hg,
then fo(z) = 1. For each n € N let fp(z) = an. Since lim f,(z) = fo(z) we have ap — 1
as n — o0o. Without loss of generality , we may assun’;e that a,, > 0 for each n € N.
Let 2, = -z, then fu(z,) = =fa(z) = 1, and so 2, € Hu(n = 1,2,.-:). Moreover,
|zn —2|| = ||51:z —-z| = Ial—" - 1| |zl = 0 as n — oo, so that z € lignianm

This completes the proof . O

As an immediate consequence of Theorem 1 and Lemma, we have

Corollary 1 Suppose § ¢ 1i'1‘nsup H,. Then K — lim H,, = Hg if and only if Hy C
li'rlnian,,.

Corollary 2 Let X be a normed linear space, and let f, € X*\{0} and H, = {e € X :
fa(z) =1}(n=10,1,2,---). Suppase 6 ¢ lirr‘nsup H,. Then W —lim H, = Hy if and only if
Hy C li}pinf H, and li1rlnd(«9,Hn) = d(0, Ho).

Remark Even if X is a Banach space the “if” part of Theorem 1 and Corollary 1, may
fail without the assumption 8 ¢ limsup H,,.

Example Let X = I,. For each n € N let f,, = ne,, and fo = e;, where e, is the n—th unit
vector. It is easily seen that {f,} is (norm) unbounded (i.e.,6 € limsup H,, by Lemma).

By Uniform Boundedness Principle, {f,} is not weak* convergent.
To see that Hy C liznian,,, let ¢ = (&)2, € Ho, so that fo(z) = & = 1. Then

O
z = (1,&,&s,---), where £3,&3,- - are real numbers such that Y |€]|2 < oo. For each
i=2

n € N, we can choose z, = (1,&2,- -, €1, %,fn_‘.l,“ -} € H,, so that
1
|zn — 2|2 = |;'5n| — 0 asn — oo.
This implies z € liminf H,,.

Theorem 2 Let X be a reflexive Banah space, and let f, € X*\{0} and H, = {z € X :
fa(z) =1}(n=10,1,2,--). Then 1irrln||fn —foll = 0 ifand only if 6 ¢ w—]i711nsup H, C Hp.

Proof Suppose E'{nllfn — foll # 0. Then there exist £y > 0 and a subsequence {f,,} of

{fn}g2, such that for each k € N, ||f,, — foll > €o. Since X is reflexive , for each k € N
there exists z; € S(X) such that

|fri(zk) — fol(2i)| = Il fa, — foll 2 €o. (3)
From 6 ¢ w — limsup H, it is easily seen that 8 ¢ limsup H,,. By the Lemma we know

that {f.} is norm bounded. Thus {f,, (=)} is a bounded number sequence and so it has
a convergent subsequence. Without loss of generality, we may assume that f,, (zx) — a
as k — oo.

Since X is reflexive {2} has a weak-convergent subsequence. Without loss of generality
we may assume that zj, — zg € X.
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If a # 0, we may assume that f,,(z;) # 0 for all £ € N. Now let

1
Yo = —Zo and yr = zr (k=1,2,---).

1
fa(zi)
Then yi € H,,(k = 1,2,---) and for every ¢ € X* we have that

80) = Gy #len) = 59(z0) = 6(30)

as k — oo, which means that y; = yo as £ — co0. Thus we obtain that yo € w—lirr‘nsup H,.
By the hypothesis w —h"{n sup H,, C Ho we have that yo € Hp and so fo(yo) = 1. Therefore
fo(zo0) = afo(ye) = a. On the other hand, from (3) we obtain that |a — fo(zo)| > €0 ,a

contradiction.

If a =0,i.e., liinfnk(:ck) = 0. From (3) we see that |fo(z0)| > €o. Since § ¢ w —
limsup Hp, then 6 ¢ limsup H,. Hence {f.}, and so {f,,} is norm bounded. By Banach-
Anlaoglu’s theorem we nknow {fn.} has a weak*-convergent subsequence. Without loss of
generality, we may assume that f,, v f as k — oo. By Theorem 1 and the hypothesis
we obtain that {z € X : f(z) =1} = H C liiniannk C w — limsup H, C Ho. Since H

and Hy are both hyperplanes in X , hence H = Hg and so f = f,. Thus f,, N fo, which

implies that K _li};ank = Hg. Let yg = ﬁxo)xo, then yo € Hg. Moreover we may choose

Y € Hy,, for each k € N, such that {|yx — yo|| — 0 as £ — oco. Next let
1 v 1
= g k —
fnk (yk - foila:ojwk) fO(zO

FAN )zk]

for each k € N. Clearly, for each k € N z;, € H,,. Furthermore, for every ¢ € X* we have

1 1 1
Fas(W0) = 7leey fnk(zk)[¢(yk) - };‘(z—o)ﬂzk)] — ¢(yo) — mmo) =0

$(zx) =

as k — oo. This shows that z;, = 8, contrary to the hypothesis § ¢ w — limsup H,,.
Conversely, assume that HrI;n“f" — foll = 0. Let # € w — limsup H,. Then there
n
exists a sequence {zx},zx € H, (k = 1,2,---), such that z 3 z as k — oo. Since a
weak convergent sequence is norm bounded and f,,(zx) = 1(k € N), from the following
inequality

fo(z) = 1] < 1fo(2) = fo(zi)l + 1 fo = farllllzill + | fap (=) — 11,

where the right side tends to zero as k — oo, we obtain easily fo(z) = 1 which means that
z € Hy. Then w — li'Ilnsup H, C Hp. It is obvious that § € w — limsup H,,.

This completes the proof. O "

Observe that the proof of the “only if” part of the above Theorem 2 does not require
the assumption on reflexivity of the space X.
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1 B AP, RITEVTREESER: () R X RBRURESME, f.c X*\{0},H, =
{z € X: fu(z) = 1},n = 0,1,2,---, T w* —liizlnfn = fo ¥HNY Hy C li'ﬁniann

H ¢ ¢ limsup H,,; (ii) % X R HKH Banach ZF[E[HY, lim||fy — foll = 0 HHA Y
6 ¢ w—limsup H, C Ho. IFILT SCHR [1] PAIHXRLER
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