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1. Introduction

Let X stand for a real Banach space with norm || - || and normalized duality J. The
symbols 8D and D denote the boundary and closure of the set D, respectively. An operator
T : D(T) C X — 2% is accretive if for every z,y € D(T) there exists j € J(z — y) such
that (u—v,j) > 0 for every u € Tz,v € Ty. An accretive operator T is called m-accretive
if R(T + AI) = X for every A > 0, where I denotes the identity operator on X. It is
called m-dissipative if —7T is m-accretive. For an m-accretive operator T, the resolvents
Jx: X — D(T)of T are defined by Jy = (I+AT) ! for all A € (0,00). J) is a nonexpansive
mapping on X for all A > 0. The operator T = %(I — J))is a globally Lipschitz mapping
with Thz € TJ)z for every z € X. An operator C : D(C) C X — X is compact if it is
continuous and maps bounded subsets of D(C) onto relatively compact sets. We denote
by B,(0) the open ball of X with center at zero and radium r > 0.

Kartsatos noted in [1] that it would be very interesting to know anything about the
relationship between the boundary condition

(I = (T + C)(D(T) N 8B-(0)) C B-(0), (1)

and the following inner product condition: for every z € D(T)NJB,(0)there exists j € Jz
such that
(u+t Ce,j) > 0 @)
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for every u € Tz. This last boundary condition and its other extensions provide the
standard criteria for the existence of zeros of the operator T' + C.

In this paper, we first point out that (1) actually is a norm condition and (2) can
be deduced from (1), but the converse is not necessarily true. In this sense, the norm
condition is stronger than the inner condition. After that, we give under an inner condition
an existence theorem of zeros without the convex set condition in Theorem 1 in [1].

2. Main results

Theorem 1 LetT:D(T)C X —2X,C: B,(0) -» X. If

[I-(T + C)|(D(T)n dB.(0)) C B.(0) (1)
then for every z € D(T) N 8B,(0) there exists j € Jz such that
(u+Cz,§) 20 (2)

for every u € Tz. Conversely, it is not necessarily true.

Proof For every z € D(T)N3B,(0) and every u € Tz, we have from (1) that ||z — u — Cz|| <
r, this means that (1) is a norm condition.

If there exist zq € D(T) N 8B,(0) and uy € Tz such that (uy + Czo, j) < 0 for every
J € Jzg, then |jzg — ug — Czol|||2o|| > (20 — o — Co,7) > (20,]) = ||:r:0||2 = r?, and
hence ||zg — up — Cz¢|| > r, which is a contradiction.

Conversely, consider a counterexample. Let T : (—E, I) — R be defined by Tz = tgz
which is m-accretive and C = 0 which is compact. It is obvious that there exists zo €
(%, %) such that |z — tgzy| = tgzo — zy > 2y, but zetgzo > 0 and (—2z¢)tg(—2z0) > 0. O
Theorem 2 Let G be a bounded, open subset of X. Let T : D(T) C X — 2% be
m-accretive and C : G — X compact. Assume that z, € D(T)N G and for every
z € D(T) N 8G, there exists j € J(z — zo) such that

(u+Cz,5)>0 (3)

for every u € Tz, then 0 € R(T + C). If instead of the compactness of C, let J; = (I+T)™*
be compact and C be continuous and bounded, then 0 € R(T + C).

Proof We may assume that zo = 0 and 0€ T0. In fact, if one of these is not true, we
may consider instead the operators Tand C defined on D(T) and G, respectively, where
D(T) = D(T)-20,G = G20, Tz = T(z+20)—v,Cz = C(z +z0)+vo. Here vy is a fixed
point in Tzo. It can be inferred from the proof of Theorem 2 in [2] that J; = (I + T)™!
is compact when J; is compact.

Consider the homotopy mapping H(t,z) = (tnT + I)"}(—tnCz),(t,z) € [0,1] x G, we
shall show that (i) H(t, ) : G — X is compact for each t € [0,1}; (ii) H(t, ) is continuous,
w. r. t. tatt, € [0,1], uniformly w. r. t. z € G; (iii) H : {0,1] x G — X is continuous.
To do this, we claim that

[(¢nT + I)"}(~tnCz) — (tonT + I)"}(—tnCz)| < 2|tT_tolthC:l:H for ty € (0,1).
0
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In fact, let y; = (tonT + I)"'(-tnCz),y = (tnT + I)~(—tnCz), thus

Yeo = —tnCzx — tgnTy . (—tnCz),
yt = —tnCz — tnTy,(—tnCz),
Yo — yt, = —n(tTen(—tnCz) — tyTiyn(—tnCe).

Since Tin(—tnCz) € TJp(-tnCz) = Ty, Ty n(~tnCz) € TJy p(-tnCz) = Ty, and T
is accretive, we can select j € J(yg — yy,) such that (Tyn(~tnCz) - Ty n(—tnCz),j) 2 0,
then

Nyt = v I = —n(tTyn(—tnCz) — tyTy n(~tnCz), 5)
= —Tlt(Ttn(—tanB) — Tton(—tnC:c),j) - n(tTtUn(—tnCz) - t()TtOn(—tnCz),j)
< nft = tol|Teyn(—tnCa)llllye — el

2
BY |[Tyyn(~tnCa)l| = [Tyyn(~tnC2) = Tyn(0) < 7 [ItnCzll, we have

20t — to]
ty

lyt ~ e, ll < [[tnCzl.

Now, (i) follows immediately. And by the claim, for t, € (0,1],

|H(t,z) — H(to,2)|| < [(tnT + 1)~ (=tnCz) — (tonT + I)~}(~tnCz)||+
W(tonT + 1)~} (—tnCz) — (tonT + I)}(~tonCz)||
2|t -t

< 227
> t

[tnCz|| + [t - toll|Cz||.

Since G is bounded, t € [0, 1], C is compact and H(0,z) = 0, it follows that H(t,z) is
continuous w. 1. t. ¢ at t; € [0, 1}, uniformly w. r. t. z € G; (iii) It is obvious that H(t,z)
is continuous w. 1. t. z, so at (tg,Z¢) € [0,1]x G, for every € > 0, there exists &;(to,zo) > 0

such that ||H(to,z) — H(to,zo0)|| < % whenever z € G and ||z — z4|| < 81(to,20). We know
from (ii) that there exists §;(ty) > 0 such that ||H(t,z) ~ H(ty, z)|| < % whenever te [0,1]

and |t — to| < 82(to). Let § = min{éy,4,}, then when |t — to| < 4, and ||z — zo|| < &, we
have ||H(t,z) — H(to,20)|| < €. '
Now we show that the equation z — H(t,z) = 0 has no solution z, € dG for any
t € {0,1). Assume that z, = H(t,z;) for some t € [0,1) and some z, € 3G. Sincet =0
is impossible and z; € G implies z, # 0, we have t € (0,1). Also z, € D(T) N G

1
and for some u;, € Ty, tu; + —2, + tCzy = 0. From (3), there exists j € Jz, such that
n
1 1 <.
- lze))? < t(z¢ + Cs,5) + = ||2:])* = 0, which is a contradiction to the fact that z, € 8G.
n

If 2 — H(1,z) = 0 has a solution z € G, T2+ Cz + lz 5 0. Otherwise, z — H(1,z) =

n
0 has no solution z € 9G, thus from (3, P.144], we have that Leray-Schaunder degree
d(I - H(1,),G,0) =d(I - H(0,-),G,0) = 1 and the equation z — H(1,z) = 0 is solvable
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in G. This implies that Tz + Cz + —l-z 5 0 is solvable in D(T)NG. We denote the solution
n

by z, and let n — oo ({z.} is bounded), then 0 € R(T + C).
On tlf other hand, instead of the compactness of C, let J; = (I + T)~! be compact
and C : G — X continuous and bounded. We observe that the resolvent identity Jyz =

1 A-1
J1 (Xz + 3 J,\t) implies that J, is compact for A > 0. Thus, the entire proof above

goes through with no change. We complete the proof by lemma 2 in [1]. O

Corollary 3 Let G be an open, bounded subset of X. Let T : D(T) C X — 2% be
m-dissipative with (I — T)™! compact, C : G — X continuous and bounded. Assume that
0 € D(T)NG and for every z € D(T) N JG, there exists j € Jz such that (u+Cz,j) <0
for every u € Tz, then the operator T + C has a fixed point in D(T)NG, i. e., there exists
z € D(T)N G such that (T + C)z > z.

Proof Theorem 2(with I —T in place of T and —C in place of C') implies that the operator
I — (T 4 C) has a zero in D(T)N G. This completes the proof.

A real number A is called an eigenvalue of a pair of operators (T, C) if the equation
ATz + Cz 3 0 is solvable in D(T) N D(C).

Corollary 4 Let G be a bounded open subset of X. Let T : D(T) ¢ X — 2% be
m-accretive with 0 € D(T)N G and 0 € T0, J; = (I + T)™! compact, C : G — X
continuous and bounded. Assume that for every z € D(T)N 3G, there exists j € Jz such
that (u+ Cz,5) > 0 for every u € Tz, then 0 € R((A+1)T + C)(X > 0), i. e., the number
A + 1 is an eigenvalue for the pair (T,C).

Proof The result follows from Theorem 2 ( with (A + 1)T instead of T').
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